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Abstract The studies about hybrid mappings are mainly focused for single-valued mappings in Hilbert
spaces. We define a new class of multivalued mappings in CAT (k) spaces which contains the multival-
ued nonexpansive mappings, a-nonexpansive mappings and some hybrid mappings such as («, 3)-hybrid
mappings and we study existence and convergence of this new class of mappings on CAT(k) spaces which

is more general than CAT(0) spaces and also non-Euclidean generalization of Hilbert spaces.
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1. INTRODUCTION

Fixed point theory has a large application area as mathematics, economy, computer,
medicine and so on. But all of them mentioned above have different behavior according
to come true real life. In the real world, events have both linear and nonlinear structures.
Fixed point theory includes works about both of them. In this theory, nonlinear structures
is important more than linear ones. In this sense, geodesic spaces are an example to these
nonlinear structures. We also have to point out that the CAT(0) and Hilbert spaces are
similar structures. On the other hand, single and multi valued mappings in the theory
are important two concepts. There are huge studies about linear and nonlinear single
valued mappings. But nonlinear and multivalued studies are a few in the literature.

In this study we improve and generalize the wide mapping classes defined by P. Ko-
courek et. al. [P. Kocourek, W. Takahashi and J.-C. Yao, Fixed point theorems and
weak convergence theorems for generalized hybrid mappings in Hilbert spaces, Taiwanese
J. Math., 14 (2010),2497-2511]. These classes are more general than nonspreading map-
pings, nonexpansive mappings, hybrid mappings and multivalued mappings. We also
prove some fixed point results in CAT(k)-space for & > 0.
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This new definition for multivalued mapping class is more general than most of mul-
tivalued mappings in literature, for example multivalued nonexpansive mapping. Along
with that it is also multivalued generalization of many mapping classes of single valued
hybrid mappings which are not their multivalued generalization in literature.

2. PRELIMINARIES
Let H be a Hilbert space and K C H, K # (. Let us take T as a single valued mapping
from K to H. If T satisfies
Tz — Tyl < [|lz —yll,
2||Ta — Ty||* < ||Tz — y|]” + || Ty — |
and
3|/ Tx — Tyl|* < lla —yl* + [T — yl* +[|Ty — ||
for all z,y € K then it called non-expansive, non-spreading [1] and hybrid [2] respectively.

None of these classes of mappings is included in the other. In 2010, Aoyama et al. [3]
defined A\—hybrid as follows;

L+ N7z = Tyl* = Nz = Ty[[> < 1 = Nl|z = y|I* + Al|T2 - y||?
where z,y € K and ) is fixed real number. A—hybrid mappings are general than non-
expansive mappings, non-spreading mappings and hybrid mappings. In 2011, Aoyama
and Kohsaka [1] introduced ae—non-expansive mappings in Banach spaces as follows;
T2 = Ty|[* < (1 = 2a)[|z — y|] + a||Tz — y|]* + al|lz — Ty||?
where z,y € K and a < 1 is fixed. They showed that a—non-expansive and A—hybrid
are equivalent in Hilbert spaces for A < 2. Kocourek et al. [5], introduced more general

class of mappings than the above mappings in Hilbert spaces, called («, 8)—generalized
hybrid, as follows;

al[Tz = Tyl + (1 = a)||lz = Ty|* < B||Tz — y|* + (1 = B)l[x — y||?
where z,y € K and «, 8 are fixed real numbers.
Many iterative processes to find a fixed point of multivalued mappings have been

introduced in metric and Banach spaces. The well known one is defined by Nadler as
generalization of Picard as follows;

Tnt1 € Ty,
A multivalued version of Mann and Ishikawa fixed point procedures goes as follow;
Tpt1 € (1= Go)n + G Ty
and
Tnp1 € (1—=Cn)xn + 6T Yn,
Yn € (1 —gp)zn + T,

where {¢,} and {s,} are sequences in [0, 1].
Gursoy and Karakaya [0] introduced Picard-S iteration as follows;

Tpn+1 = Tyna
Yn (1 - Cn)Txn + G T2y,
zn = (1 —cu)xn + Tz,
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where {¢,} and {¢,} are sequences in [0,1]. Now, we give definition of the multivalued
version of Picard-S iteration in CAT (k) spaces as follows

Tp+1 = Px(un),
Yn = PK((l _Cn)wnEBCnUn);
Zn = Pr((1—6)Tn ® uwy) (2.1)

where {(, } and {¢,, } are sequences in [0, 1] with liminf,,(1—¢,)s, > 0, uy, € Typ, vy € T2y
and w, € Tz,.

Let (X, d) be a metric space and take K C X, K # @ . In the rest of this paper, we
will use following notations; C(X) for all nonempty, closed subsets of X, CC(X) for all
nonempty closed and convex subsets of X, KC(X) for nonempty, compact and convex
subsets of X and CB(X) for all nonempty, closed and convex subsets of X. Let H be
Hausdorff metric on CB(X), defined by

H(A, B) = max{sup d(x, B), sup d(z, A)}
z€EA z€B

where d(z, B) = inf{d(z,y);y € B}. A point p is called fized point of multivalued mapping
T if p € Tp and the set of all fixed points of T is denoted by F(T).

Let (X, d) be bounded metric space and take z,y € X and K C X, K # 0 . A geodesic
path (or shortly a geodesic) joining  and y is a map ¢ : [0,{] € R — X such that
c(0) = z, ¢(t) = y and d(c(r),c(s)) = |r — s| for all r,s € [0,¢]. In fact, ¢ is an isometry
and d(c(0), ¢(t)) = t. The image of ¢, ¢([o, t]) is called geodesic segment from x to y and it
is not necessarily be unique. It is unique then it is denoted by [z, y]. z € [z, 3] if and only
if there exists ¢ € [0, 1] such that d(z,z) = (1 —t)d(x,y) and d(z,y) = td(x,y). The point
z is denoted by z = (1 — t)z @ ty. For fixed r > 0, the space (X,d) is called r-geodesic
space if any two point x,y € X with d(z,y) < r there is a geodesic joining z to y. if for
every z,y € X, there is a geodesic path then (X, d) called geodesic space and uniquely
geodesic space if that geodesic path is unique for any pair x,y. We call a subset K C X
as a convex subset if it contains all geodesic segment joining any pair of points in it.

Definition 2.1 ([7]). Let take x € R.

i) if K = 0 then M? is Euclidean space E",

ii) if K > 0 then M is obtained from the sphere S" by multiplying distance
function by ﬁ,

iii) if Kk < 0 then M* is obtained from hyperbolic space H" by multiplying distance
function by \/%7

In geodesic metric space (X, d), a geodesic triangle, A(z,y, z) consist of three point
x,y, 2 as vertices and three geodesic segments of any pair of these points, that is, ¢ €
A(z,y, z) means that ¢ € [x,y] U [z, 2] U [y, z]. The triangle A(Z,7,z) in M? is called
comparison triangle for the triangle A(z, y, z) such that d(x,y) = d(%,9), d(z, z) = d(T, Z)
and d(y,z) = d(y,%z) and such a comparison triangle always exists provided that the
perimeter d(z,y) + d(y, z) + d(z,x) < 2D, (D, = \/”7 if kK > 0 and oo otherwise) in M?
(Lemma 2.14 in [7]). A point point Z € [Z,7] is called comparison point for z € [x,y] if
d(z,z) = d(T,z). A geodesic triangle A(z,y, z) in X with perimeter less than 2D, (and
given a comparison triangle A(Z,7,%) for A(z,y,2) in M?2) satisfies CAT (k) inequality
if d(p, q) < d(p,q) for all p,q € A(z,y, z) where p,§ € A(Z, 7, %) are the comparison points
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of p, q respectively. The D,-geodesic metric space (X, d) is called C AT (k) space if every
geodesic triangle in X with perimeter less than 2D, satisfies the C AT (k) inequality.
If for every z,y,z € X, there is a R € (0, 2] satisfying

(2, (1= Ay @ A2) < (1— \)d(z,y) + A2 (. 2) — gm ~ Ny, 2)

then (X,d) called R—convex [8]. Hence, (X,d) is a CAT(0) space if and only if it is a
2—convex space.

Lemma 2.2 ([9]). Let & > 0 and (X,d) be a CAT (k) space with diam(X) <
some e € (0,%). Then (X,d) is a R—convex space for R = (m — 2¢) tan(e).
Proposition 2.3 ([7]). Let X be CAT (k) space. Then any ball of radius smaller than

5 ~—= are convexr.

2Vk
Proposition 2.4 (Exercise 2.3(1), [7]). Let k > 0 and (X,d) be a CAT (k) space with

diam(X) < % = ﬁ Then, for any x,y,z € X and t € [0, 1], we have

d(1 -t dty,z) < (1 —1t)d(z,z) + td(y, 2).

’2’\7% for

Proposition 2.5 ([10]). The modulus of convezity for CAT (k) space X (of dimension
> 2) and number r < 52~ and let m denote the midpoint of the segment [x,y] joining x

and y defined by the modulus &, by sitting
1
0(r,e) = inf{l — ;d(a, m)}
where the infimum is taken over all points a,x,y € X satisfying d(a,z) < r, d(a,y) <r
and e < d(z,y) < ﬁ )

Lemma 2.6 ([10]). Let X be a complete C AT (k)space with modulus of convezity §(r, )
and let x € E. Suppose that §(r,€) increases with r (for a fized €) and suppose {t,,} is a
sequence in [b,c] for some b,c € (0,1), {x,} and {yn} are the sequences in X such that
limsup,,_, o d(zn,x) <7, limsup,,_, . d(yn,x) <7 andlim, oo d((1—1t,) 2, Btryn, ) =7
for some r > 0. Then lim,, o d(zy,yn) = 0.

Let {x,,} be a bounded sequence in a CAT (k) space X and x € X. Then, with setting
r(z,{z,}) = lim_)sup d(x, zy)
the asymptotic radius of {x,} is defined by
r({z,}) = inf{r(z,{z,});z € X.},
the asymptotic radius of {x,} with respect to K C X is defined by
rr({zn}) = inf{r(z,{z.});z € K.},
and the asymptotic center of {z,} is defined by
A({zn}) ={z € X :r(z,{zn}) = r({zn})}
and let wy, (x,) := UA({x,}) where union is taken on all subsequences of {z,,}.

Definition 2.7 ([11]). A sequence {z,} C X is said to be A—convergent to xz € X if
is the unique asymptotic center of all subsequence {u,} of {z,}. In this case we write
A —lim, z,, = z and read as x is the A—limit of {z,}.
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Proposition 2.8 ([11]). Let X be a complete CAT (k) space, K C X nonempty, closed
and convex, {x,} is a sequence in X. If rx({zn}) < ({zn}) consist exactly
one point.

Lemma 2.9 ([12]). We have the following facts.

i) Every bounded sequence in X has a A-convergent subsequence,
it) If K is a closed convex subset of X and if {x,} is a bounded sequence in K,
then the asymptotic center of {x,} is in K.

Lemma 2.10 ([12]). If {x,} is a bounded sequence in X with A({x,}) = {z} and {u,}
is a subsequence of {x,} with A({u,}) = u and the sequence {d(z,,u)} converges, then
r = u.

Lemma 2.11 ([11]). Let & > 0 and X be a complete CAT (k) space with diam(X) < 7
for some € € (0,7/2). Let K be a nonempty closed convex subset of X. Then

Zllm

i) the metric projection Pk (x) of x onto K is a singleton,
i) if x ¢ K andy € K with u # Pk(x), then Zp, (z)(z,y)
i11) for each y € K, d(Pk(x), Px(y)) < d(z,y).

s
257

Definition 2.12. T is called (a1, as, b1, by)—generalized multivalued hybrid mapping from
X to CB(X) if

ay(x)H*(Tx, Ty) + az(x)d*(Tz,y) < by(x)d*(z, Ty) + ba(x)d*(z,y)

is satisfied for all 2,y € X where a;,as : X — Rand by, by : X — Rwith a1(z)+as(x) > 1
and by (z) + ba(z) <1 for all x € X.

3. MAIN RESULTS

Proposition 3.1. Let X be a complete CAT (k) space, K be a nonempty, closed and
convex subset of X with rad(K) < ﬁ, T be (a1,as2,by, by)—multivalued hybrid mapping
from K to C(K) with F(T) # 0 and a1(p) > 0 for all p € F(T) then F(T) closed.

Proof. Let {z,} be a sequence in F(T') and z,, = = € K. Then we have

d*(Tx, ) (x)d*(Tx, z) + az(z)d*(Tx, 2,)
ay(x)H*(Tx, Txy) + ag(2)d*(Tx, 2,)
by(z)d*(z, Txy) + bo(x)d*(x, 2,)
d*(, )

ap(x

aq

IAIA A IA

then taking limit on n we have
d(Tz,z) =0
sox € Tx. ]

Theorem 3.2. Let k > 0 and X be a complete CAT (k) space with diam(X) < 5= for

some € € (0,7/2). Let K be a nonempty, conver and compact subset of X, T K —
CC(X) be a (a1, az, by, ba)—generalized multivalued hybrid mapping with a1 (x) > 0 for all
z € K. If {z,} is a sequence in K with lim, o0 d(xy, Tx,) =0 then F(T) # 0.
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Proof. Assume that {z,} is a sequence in K with lim, o d(z,T2,) = 0 Then since
K is compact, there is convergent subsequence {z,,} of {z,}, say z,, — z € K.Also, by
2.11 we can find a sequence {y,} such that d(z,,y,) = d(x,,Tx,) for all n € N. Since
d(xn,, Tz) < d(Tn,;, Yn;) + d(yn;, T2) and d(yn,,Tz) < d(@n;,Yn;) + d(xn,;,Tz) we have
that limsup,_, ., d(zn,, T2) = limsup,_, ., d(yn,, T2). Then using properties of T, we have

a1(2)d*(Tz,yn,) + as(2)d*(Tz, z,,) a1(2)H* (T2, Txp,) + as(2)d*(Tz, z,,)
bl(z)dz(za Txnz) + bQ(Z)dZ(Z’ 'Tm)
bl (Z) [d(‘z? xm) + d(xm ) Txm )]2

(

+bo(2)d? (2, ;)

ININ A

so we get that

lim sup d(T'z, zp,) < lim sup d(z,,,z) = 0.

i—00 i—00
Then
d(z,Tz) < d(z,xn,) + d(zp,, T%)
implies that

d(z,Tz) < lim sup d(z, z,,) + lim sup d(z,,,Tz) = 0.

1—00 1—>00

Hence we get that z € T'z. [

Example 3.3. Let X = [2,10] with usual metric and T : X — C(X) be multivalued
mapping defined by

_— {{2}7 z€[25);

3
3, %57), v e (58]

We will show that T is a (a1, as, b1, ba) —generalized multivalued hybrid mapping with

ai(z) = Q;Jff,ag(x) = %,bl(x) = i ba(z) = ﬁ for all x € X.

Case 1: if x,y € [2,5], it is obvious.

Case 2: if z € [2,5],y € (5,8], then we have that H*(Tz,Ty) < 4,9 < d*(Tz,y),0 <
d*(z, Ty) and so

20 +2 o 4z 4+ 8
H*(Tx, T <
T+1 (Te,Ty) =< T+1
9r+9 x+1 , 1 5
< d*(z,T —d
< S 14 @ Ty) + —=d(@,y)
z+1 5 z+1 5 1 5
< a(T ——d(z, T —d .
< ¢ Twy) + g di(@ Ty) + ——di(wy)
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Case 3: if z,y € (5, 8], then we have that H?(Tz, Ty) < 1,1 < d*(Tx,y), 1 < d*(x,Ty)
and so

2 2 2 2
S H2(Tx,Ty) < S
r+1 r+1
1 1 1
< T T 2,y

z+1 x+1 z+1

z+1 , z+1 4 1 5
d2(T TR, Ty) + ——d .
P (ﬂc,y)erJrl (z, y)+x+1 (z,y)

<

Thus T is a (ay,as, by, bs)—generalized multivalued hybrid mapping with fixed point,

T(2) = {2}.

Theorem 3.4. Let k > 0 and X be a complete CAT (k) space with diam(X) < 5= for

some ¢ € (0,7/2). Let K be a nonempty, conver and compact subset of X and T K —
CC(X) be a (a1, az, by, ba)—generalized multivalued hybrid mapping with a1(x) > 0 for all
x € K. If {z,} is a sequence in K with A —lim, oo x, = z and lim,_, oo d(zy,, Tz,) = 0,
then z € K and z € T(z).

Proof. Tt can be shown similar to proof of Theorem 3.2. [

Lemma 3.5. Let & > 0 and X be a complete CAT (k) space with diam(X) < NG
for some € € (0,7/2). Let K be a nonempty, conver and compact subset of X and
T:K — CC(X) be (a1, as, by, bs)—generalized multivalued hybrid mapping with a;(x) > 0
for all x € K. If {x,} is a sequence in K with lim,_,o d(zy,Tx,) = 0 and {d(z,,p)}
converges for all p € F(T), then wy(x,) C F(T) and wy,(z,) include exactly one point.

Proof. Let take u € wy(x,) then there exist subsequence {u,} of {z,} with A({u,}) =
{u}.Then By Lemma 2.9 there exist subsequence {v,, } of {u,} with A—lim, v, =v €
K . Then by Theorem 3.4 we have v € F(T) and by Lemma 2.10 we conclude that u = v,
hence we get wy,(x,) € F(T). Let take subsequence {u,} of {z,}with A({u,}) = {u}
and A({zn}) = {z}. Because of v € wy(zy,) C F(T), {d(xn,u)} converges, so by Lemma
2.10 we have & = u, this means that w,,(z,) include exactly one point. [

Theorem 3.6. Let £ > 0 and X be a complete CAT (k) space with diam(X) < NG
for some € € (0,7/2). Let K be a nonempty, convex and compact subset of X and T :
K — CC(X) be a (a1,as, by, bs)—generalized multivalued hybrid mapping with F(T) # 0,
Tp = {p} for all p € F(T) and a1(x) > 1 for all x € K. If {x,} be a sequence in K

defined by (2.1) with liminf,, (1 —¢,)s, > 0, then it have a A—limit which in F(T).

Proof. Let p € F(T) then for all z € C' we have

d*(Tx,p) < ai(x)d*(Tx,p) + az(x)d*(Tz,p)
< ay(x)H*(Tx, Tp) + ag(x)d* (T, p)
< by(x)d*(z,p) + ba(x)d®(z, p)
< bi(x)d*(2,p) + by(z)d* (2, p)
< d*(x,p).
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If as(x) > 0 for all x € C then we have that

ar(x)H*(Tz,Tp) <
<
So we have

1

H*(Txz,Tp) < (@)

by (x)d*(z,p) + ba(x)d*(x,p) — az(z)d*(Tx, p)
d*(x, p).

d*(x,p) < d*(z,p).

And now if az(z) < 0 for all # € C then since a;(x) + az(z) > 1 implies 1 > ——~ — gz(z)

so we have that
al(a?)HQ(Tx, Tp) <
<

which implies that

H?*(T, Tp)

ai(z)  ai(x)
by (x)d*(z,p) + ba(x)d*(z,p) — az(z)d*(Tx, p)

d*(x,p) — ag(x)d*(Tz,p)

< al}x) d2($,p) _ Z?(p) dQ(Taj,p)
1

Hence we have that H(Tp, Tx) < d(p, z).

d(zn,p)

(VAN VAN VAN VAN VANRI VAN

and

d(Yn,p)

(VAN VAN VAN VAN VANRI VAR VAN

d(Pr((1 = 6p)Tn @ pwn), Pr(p))
d(PK(( §n)xn D gnwn)aP)

Tn B SnWn, P)

Tn,P) + Snd(wn, p)

) + snd(wn, Tp)
p)+ snH(Txy, Tp)
p) + snd(n,p)

d(PK((l - Cn)wn S2) Cnvmp)

d(Pr ((1 = Co)wy @ Cuvn, Pr(p))

d((1 = Cn)wn & Cuon), p)

(1 = Cn)d(wy, p) + Cud(vn, p)

(1 = Cn)d(wn, Tp) + Cud(vn, Tp)

1= Co)H(Ty,p) + G H (T2, Tp)
1= Gu)d(zn,p) + Cud(2n, p)

d(zn, p)

o~ o~
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and

d(Pr (un), Pr (p))
d(ump)

H(Tyy, Tp)
d(Yn; p)

50, d(Zp11,0) < d(yn,p) < d(zn,p) implies lim, oo d(zp,p) = lim, o0 d(yn,p) exists.
Let us say, limy, o0 d(2n,p) = k. Since d(wn,p) < d(zn,p) and d(v,,p) < d(zp,p) <
d(xy,p), we have that limsup,,_, . d(wy,p) < k,limsup,,_, o d(v,,p) < k and

d((l - Cn)wn 82 Cnv'rwp)

(1 - Cn)d(wnap) + Cnd(vnap)

(1 - Cn)d(xnap) + Cnd(znvp)

d(y, p)

which implies that that lim,, . d((1 — {,)w, @ (o, p) = k, so by Lemma 2.6, we have
that lim,,—,cc d(Wy,v,) = 0. And again from

d(PK((l - Cn)wn @ Cnvnap)

d((1 = Gu)wn @ Gun, p)

(1 = Gu)d(wn, p) + Cud(vn, p)

(1 = Gu)(d(wp, vy) + d(vn; p)) + Cad(vn, p)

(1 = Ca)d(wy, vn) + d(vn, p)

we have that k < liminf,, o d(v,,p) and since d(v,,p) < d(z,,p) < d(z,,p), we have
that lim, e d(2n,p) = k. By R—convexivity, we have

d(x’ﬂJrlvp)

ININIA

VAN VAN VAN VAN

d(ymp)

VAN VAN VAN VAN

Plensp) = P (P((1 = )0 ® sun), B)
< (1 = 60)Tn ® Spwp, p)
S (1= ), p) + ond () = 5 (1= 62)nd (s 02)
< (1= P, ) + (s ) — 5 (1= 60 )n s )
< onp) — o (0= )nd o w0)

which implies that

R
5(1 - gn)gndQ(mn,wn) < dz(xn,p) - dz(zn,p).

Since limy,— o0 (d* (2, p) — d*(2n,p)) = 0 and liminf, (1 — ¢,)s, > 0, therefore we get
limy, 00 d(zp, wy,) = 0 and hence lim, o d(zn, T2,) = 0. So, by Lemma 3.5, {z,,} has
A—limit which in F(T). ]

Theorem 3.7. Let £ > 0 and X be a complete CAT (k) space with diam(X) < g&%
for some ¢ € (0,7/2). Let K be a nonempty, conver and compact subset of X and

T: K — CC(X) be a continuous (ay, as, by, be)—generalized multivalued hybrid mapping.
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If {z,} is a sequence in K defined by (2.1) with liminf, (1 — ¢,)s, > 0 and (¢,) C (0,1)
then {xn} is strongly convergent to an element of F(T)

Proof. By Theorem 3.6, we have that lim,,_, o d(TZy, z,) = 0 and lim,, o d(z,, p) exists
for all p € F(T). Since K is compact there is a convergent subsequence {z,,} of {z,},
say lim;_, &, = 2. Then we have

d(z,Tz) < d(z,zp,) + d(xn,, Tey,) + H(T2y,, Tz)

and taking limit on ¢, continuity of 7" implies that z € T'z. [
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