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Abstract In this work, the authors introduce a subclass ζΣλq (b, φ) in the open unit disk which associated

with q-difference operator and satisfy some subordination conditions. The estimates for |a2| and |a3| are

obtained by making use of Taylor-Maclaurin series. Our results serve as a new generalization in this

direction and still pave way for researchers to study this class by means of the Chebyshev polynomials

and Sigmoid functions.
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1. Introduction

Let A denotes a class of functions of the form

f(z) = z +

∞∑
n=2

anz
n, (1.1)

analytic in the open unit disk ∆ = {z : |z| < 1} and normalized by f(0) = f ′(0)− 1 = 0.
For two analytic functions f, g such that f(0) = g(0), we say that f is subordinate to g
in u and write f(z) ≺ g(z), z ∈ ∆ if there exist a Schwartz function w(z) (analytic in ∆
with w(0) = 0, and |w(z)| ≤ |z| , z ∈ ∆) such that f(z) = g(w(z)) (z ∈ ∆). Furthermore
if the function g is univalent in ∆, then we have the following equivalence

f(z) ≺ g(z)⇔ f(0) = g(0) and f(∆) ⊂ g(∆).

See details in [1].
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Ma and Minda [2] unified various subclasses of starlike and convex functions for which
either of the quantities

zf ′(z)

f(z)
and

zf ′′(z)

f ′(z)
+ 1, (1.2)

is subordinate to a more general superordinate function. For this purpose, they considered
an analytic function φ with positive real part in the unit disk ∆, φ(0) = 1, φ′(0) > 0 and
φ maps ∆ onto a region starlike with respect to 1 and symmetric with respect to the real
axis. In the light of this, it is assumed that such a function has a series expansion of the
form

φ(z) = 1 +B1z +B2z
2 +B3z

3 + ... (B1 > 0), (1.3)

for details check [3].
Koebe theorem in [4] shows that the image of ∆ under every univalent function f ∈ A

contains a disk of radius
1

4
. Thus every univalent function f has an inverse f−1 satisfying

f−1(f(z)) = z, (z ∈ ∆) and f−1(f(w)) = w (|w| < r0(f), r0(f) ≥ 1

4
). A function f ∈ A

is said to be bi-univalent in ∆ if both f and f−1 are univalent in ∆. Let Σ denote the
class of bi-univalent functions defined in the unit disk ∆. Since f ∈ Σ has the Maclaurin
series given by (1.1), a computation shows that its inverse g = f−1 has the expansion.

g(w) = f−1(w) = w − a2w2 + (2a22 − a3)w3 + ... (1.4)

Several researchers have introduced and investigated subclasses of bi-univalent functions
and obtained the first few bounds (see [5–9]).

The q-analysis plays a vital role in complex analysis and geometric function theory. It
has been used to construct and investigate several subclasses of analytic functions and
their interesting results are too voluminous to discuss. Just to mention but few, it has
an application in dynamical system, quantum groups, q-deformed superalgebras and so
on. Jackson [10, 11] initiated the application of q-calculus and later, the geometrical
interpretation of q-analysis has been recognized through the studies on quantum groups.
This has led many researchers in the field of q-theory for extending all the vital results
involving the classical analysis to their q-analogs. For recent work on q-calculus, see
[12–16].

In this paper, we provide some basic definitions and concept details for q-calculus by
the following notation and terminology.

Definition 1.1. Let 0 < q < 1 and define

[n]q =
1− qn

1− q
(1.5)

for n ∈ N = {1, 2, ...}.

Definition 1.2. The q-derivative of a function f , defined on a subset of C is given by

(Dqf)(z) =


f(z)− f(qz)

(1− q)z
, for z 6= 0

f ′(0), for z = 0.
(1.6)
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It is noted that lim
q→1−

(Dqf)(z) = f ′(z) if f is differentiable at z. Additionally, in view of

(1.6), we deduce that

(Dqf)(z) = 1 +

∞∑
n=1

[n]qanz
n−1. (1.7)

For functions g of the form (1.4), we define

(Dqg)(w) = 1− a2[2]qw + (2a22 − a3)[3]qw
2 + ... (1.8)

and introduce new subclass of bi-sakaguchi functions to obtain the estimates on the co-
efficients |a2| and |a3| by Ma-Minda subordination.

2. Bi-Sakaguchi Function Class ζΣλ
q (b, φ)

In this section, due to Sharma and Riana [17], we introduce a subclass ζΣλq (b, φ) of Σ
and find coefficients |a2| and |a3| for the functions in this new subclass by subordination.
Throughout our study, we let

λ ≥ 0; 0 < q < 1; n ∈ N0.

Definition 2.1. For λ ≥ 0, a function f ∈ Σ of the form (1.1) is said to be in the class
ζΣλq (b, φ) if the following subordination hold:

(Dqf)(z)

(
(1− b)z

f(z)− f(bz)

)λ
≺ φ(z) (2.1)

and

(Dqg)(w)

(
(1− b)w

g(w)− g(bw)

)λ
≺ φ(w) (2.2)

where 1 6= b ∈ C, |b| ≤ 1, z, w ∈ ∆ and g is given by (1.8).

In order to prove our main results, we shall make use of the lemma below:

Lemma 2.1 ([18]). If a function p ∈ P is given by

p(z) = 1 + p1z + p2z
2 + p3z

3 + ... (z ∈ ∆) (2.3)

then |pi| ≤ 2 (i ∈ N).

Here P is the family of functions p, analytic in ∆ , for which

p(0) = 1; and Re(p(z)) > 0 (z ∈ ∆).

3. Main Results

Theorem 3.1. Let f be given by (1.1) be in the class ζΣλq (b, φ). Then

|a2| ≤
B1
√
B1√(

λ[ 1+λ
2

(1 + b)2 − [2]q(1 + b)− (1 + b + b2)] + [3]q

)
B2

1 + (B1 − B2)([2]q − λ(1 + b))2

(3.1)
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and

|a3| ≤
B1

[3]q − λ(1 + b+ b2)
+

(
B1

[2]q − λ(1 + b)

)2

(3.2)

where λ ≥ 0, for 1 6= b ∈ C and |b| ≤ 1.

Proof. Let f ∈ ζΣλq (b, φ) and g = f−1. Then there are two analytic functions u, v : ∆ −→
∆ with u(0) = 0 = v(0) satisfying

(Dqf)(z)

(
(1− b)z

f(z)− f(bz)

)λ
= φ(u(z)) (3.3)

and

(Dqg)(w)

(
(1− b)w

g(w)− g(bw)

)λ
= φ(v(w)). (3.4)

Define the functions p(z) and q(z) by

p(z) =
1 + u(z)

1− u(z)
= 1 + p1z + p2z

2 + ... (3.5)

and

q(w) =
1 + v(w)

1− v(w)
= 1 + q1w + q2w

2 + ... (3.6)

or equivalently,

u(z) =
p(z)− 1

p(z) + 1
=

1

2

[
p1z +

(
p2 −

p21
2

)
z2 + ...

]
(3.7)

v(w) =
q(w)− 1

q(w) + 1
=

1

2

[
q1w +

(
q2 −

q21
2

)
w2 + ...

]
(3.8)

Then p(z) and q(w) are analytic in ∆ with p(0) = 1 = q(0). Since u, v : ∆ −→ ∆, the
functions p(z) and q(w) have a positive real part in ∆, |pi| ≤ 2 and |qi| ≤ 2.
Using (3.7) and (3.8) in (3.3) and (3.4) respectively, we have

(Dqf)(z)

(
(1− b)z

f(z)− f(bz)

)λ
= φ

[
1

2

(
p1z +

(
p2 −

p21
2

)
z2 + ...

)]
(3.9)

and

(Dqg)(w)

(
(1− b)w

g(w)− g(bw)

)λ
= φ

[
1

2

(
q1w +

(
q2 −

q21
2

)
w2 + ...

)]
. (3.10)

In light of (1.1) - (1.8) and from (3.9) and (3.10), we have

1 + ([2]q − λ(1 + b))a2z +

(
λ

[
1 + λ

2
(1 + b)2 − [2]q(1 + b)

]
a22 + ([3]q − λ(1 + b + b2))a3

)
z2 + ...

= 1 +
1

2
B1p1z +

[
1

2
B1

(
p2 −

p21

2

)
+

1

4
B2p

2
1

]
z2 + ...

and

1+ (λ(1+ b)− [2]q)a2w+

[(
λ

[
1 + λ

2
(1+ b)2− [2]q(1+ b)

]
+2([3]q −λ(1+ b+ b2))

)
a22− ([3]q −λ(1+ b+ b2))a3

]
w2+...

= 1 +
1

2
B1q1w +

[
1

2
B1

(
q2 −

q21

2

)
+

1

4
B2q

2
1

]
w2 + ...
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which yields the following relations

([2]q − λ(1 + b))a2 =
1

2
B1p1 (3.11)

λ

[
1 + λ

2
(1+b)2− [2]q(1+b)

]
a22+([3]q−λ(1+b+b2))a3 =

1

2
B1

(
p2−

p21
2

)
+

1

4
B2p

2
1 (3.12)

(λ(1 + b)− [2]q)a2 =
1

2
B1q1 (3.13)

and (
λ

[
1 + λ

2
(1+b)

2− [2]q(1+b)

]
+2([3]q−λ(1+b+b2))

)
a
2
2−([3]q−λ(1+b+b2))a3 =

1

2
B1

(
q2−

q21

2

)
+

1

4
B2q

2
1 .

(3.14)

From (3.11) and (3.13) it follows that

p1 = −q1 (3.15)

and

8([2]q − λ(1 + b))2a22 = B2
1(p21 + q21). (3.16)

From (3.12),(3.14) and (3.16), we obtain

a
2
2 =

B3
1(p2 + q2)

4

[(
λ[ 1+λ

2
(1 + b)2 − [2]q(1 + b)− (1 + b + b2)] + [3]q

)
B2

1 + (B1 − B2)([2]q − λ(1 + b))2
] (3.17)

Applying Lemma 2.1 to the coefficients p2 and q2, we have

|a2| ≤
B1
√
B1√(

λ[ 1+λ
2

(1 + b)2 − [2]q(1 + b)− (1 + b + b2)] + [3]q

)
B2

1 + (B1 − B2)([2]q − λ(1 + b))2

(3.18)

By subtracting (3.14) from (3.12) and using (3.15) and (3.16), we get

a3 =
B2

1(p21 + q21)

8([2]q − λ(1 + b))2
+

B1(p2 − q2)

4([3]q − λ(1 + b+ b2)

Applying Lemma 2.1 once again to the coefficients p1, p2, q1 and q2, we get

|a3| ≤
B1

[3]q − λ(1 + b+ b2)
+

(
B1

[2]q − λ(1 + b)

)2

(3.19)

Setting b = 0 we have

Corollary 3.2. Let f be given by (1.1) be in the class ζΣλq (b, φ). Then

|a2| ≤
B1

√
B1√[

λ

(
1+λ
2 − [2]q − 1

)
+ [3]q

]
B2

1 + (B1 −B2)([2]q − λ)2

(3.20)

and

|a3| ≤
B1

[3]q − λ
+

(
B1

[2]q − λ

)2

. (3.21)
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Putting λ = 0 in corollary 1, we obtain

Corollary 3.3. Let f be given by (1.1) be in the class ζΣλq (b, φ). Then

|a2| ≤
B1

√
B1

[3]qB2
1 + (B1 −B2)[2]2q

(3.22)

and

|a3| ≤
B1

[3]q
+
B2

1

[2]2q
. (3.23)

Also taking λ = 1 in corollary 1, we get

Corollary 3.4. Let f be given by (1.1) be in the class SΣλq (b, φ). Then

|a2| ≤
B1

√
B1√

([3]q − [2]q − 1
2 )B2

1 + (B1 −B2)([2]q − 1)2
(3.24)

and

|a3| ≤
B1

[3]q − 1
+

(
B1

[2]q − 1

)2

. (3.25)
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