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1. INTRODUCTION

Let A denotes a class of functions of the form
f(z) :z—i—Zanz", (1.1)
n=2

analytic in the open unit disk A = {z : |z| < 1} and normalized by f(0) = f/(0) — 1 =0.
For two analytic functions f, g such that f(0) = g(0), we say that f is subordinate to g
in u and write f(z) < g(z), z € A if there exist a Schwartz function w(z) (analytic in A
with w(0) = 0, and |w(z)| < |z|, z € A) such that f(z) = g(w(z)) (¢ € A). Furthermore
if the function ¢ is univalent in A, then we have the following equivalence

f(z) <g(2) & f(0) = g(0) and f(A) Cg(A).
See details in [1].
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Ma and Minda [2] unified various subclasses of starlike and convex functions for which
either of the quantities

) )

f(z) f'(z)
is subordinate to a more general superordinate function. For this purpose, they considered
an analytic function ¢ with positive real part in the unit disk A, ¢(0) = 1, ¢’(0) > 0 and
¢ maps A onto a region starlike with respect to 1 and symmetric with respect to the real
axis. In the light of this, it is assumed that such a function has a series expansion of the
form

+1, (1.2)

&(z) =1+ Biz+ Boz® + Bs2® + ... (By > 0), (1.3)

for details check [3].
Koebe theorem in [1] shows that the image of A under every univalent function f € A

1
contains a disk of radius 1 Thus every univalent function f has an inverse f~! satisfying

1
FHf(R) = 2 (2 € A) and fH(f(w)) = w (jw] <70(f),0(f) = 7). A function f € A
is said to be bi-univalent in A if both f and f~! are univalent in A. Let ¥ denote the

class of bi-univalent functions defined in the unit disk A. Since f € ¥ has the Maclaurin
series given by (1.1), a computation shows that its inverse g = f~! has the expansion.

g(w) = fHw) = w — agw? + (2a3 — az)w® + ... (1.4)

Several researchers have introduced and investigated subclasses of bi-univalent functions
and obtained the first few bounds (see [5-9]).

The g-analysis plays a vital role in complex analysis and geometric function theory. It
has been used to construct and investigate several subclasses of analytic functions and
their interesting results are too voluminous to discuss. Just to mention but few, it has
an application in dynamical system, quantum groups, g-deformed superalgebras and so
on. Jackson [10, 11] initiated the application of g-calculus and later, the geometrical
interpretation of g-analysis has been recognized through the studies on quantum groups.
This has led many researchers in the field of g-theory for extending all the vital results
involving the classical analysis to their g-analogs. For recent work on g¢-calculus, see
[12-16].

In this paper, we provide some basic definitions and concept details for g-calculus by
the following notation and terminology.

Definition 1.1. Let 0 < g < 1 and define

1—-q"
[n]qi 1_q

forne N ={1,2,...}.

(1.5)

Definition 1.2. The g-derivative of a function f, defined on a subset of C is given by

1o~ faD)
D)) =4 gz @ 70 (1.6)
1/(0), for z = 0.
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It is noted that lim (D, f)(z) = f'(2) if f is differentiable at z. Additionally, in view of

q—1-

(1.6), we deduce that

(Def)(2) =1+ [n]gan=""". (L.7)

n=1

For functions g of the form (1.4), we define
(Dgg)(w) = 1 — az[2]qw + (2a3 — a3)[3]qw” + ... (1.8)

and introduce new subclass of bi-sakaguchi functions to obtain the estimates on the co-
efficients |as| and |as| by Ma-Minda subordination.

2. BI-SakAGUCHI FUNCTION CLASS (X (b, ¢)

In this section, due to Sharma and Riana [17], we introduce a subclass CZ;‘(b, @) of ¥
and find coefficients |as| and |as| for the functions in this new subclass by subordination.
Throughout our study, we let

A>0; 0<g<1l; ne€Ng.

Definition 2.1. For A > 0, a function f € ¥ of the form (1.1) is said to be in the class
¢ E;‘ (b, ¢) if the following subordination hold:
(1-"0)z
) —

D)) ) <ot (21)

ERNIC
and
A
a5 ) < olw) (22)

where 1 #b e C,|b] <1,z,w € A and g is given by (1.8).
In order to prove our main results, we shall make use of the lemma below:

Lemma 2.1 ([18]). If a function p € P is given by
p(2) =1+p1z+p22® +p32® +... (2 €A) (2.3)
then |p;| <2 (i€ N).

Here P is the family of functions p, analytic in A | for which
p(0)=1; and Re(p(z)) >0 (z€A).

3. MAIN RESULTS
Theorem 3.1. Let f be given by (1.1) be in the class (X (b, ¢). Then

B1vVB1
laz| <

(3.1)

\/(A[#u +8)2 = [2]g(1+b) — (1+b+b2)] + [%)B% +(B1 — Ba)([2]q — A1 + )2



546 Thai J. Math. Vol. 19 (2021) /S. O. Olatunji et al.

and

By By 2
< 2
i < g () &
where A >0, for 1 #be C and |b| < 1.

Proof. Let f € CEé(b, ¢) and g = f~!. Then there are two analytic functions u,v : A —
A with 4(0) = 0 = v(0) satisfying

A
(75 ) = 4D (33
and
A
D) 5= = oot (3.4
Define the functions p(z) and ¢(z) by
p(z) = 11_352 =1+piz+pz’+.. (3.5)
and
q(w) = m =1+ qw+ gu’ + ... (3.6)
or equivalently,
_plz)—1 1 B - 2
u(z) = b+l 2 [pl + ( 5 ) + ] (3.7)
q(w) 1 4

Then p(z) and g(w ) are analytlc in A with p(0) = 1 = ¢(0). Since u,v : A — A, the
functions p(z) and g(w) have a positive real part in A, |p;| < 2 and |ql| <2.
Using (3.7) and (3.8) in (3 3) and (3.4) respectively, we have

Z D Y oL (et (=) @9
(

(Dyg)(w) M)A - qu (qlw + <q2 - ‘él)w + )] (3.10)
In light of (1.1) - (1.8) and from (3.9) and (3.10), we have

and

L+ (@) - A0+ D)azs + (A[ 22

(1+0)? —[2]q (1+b)}a§+([] 7A(1+b+b2))a3>z2+...
1 1 2
:1+§Blp1z+[531(172*?)+ szl]z + -
and

1+ (A1 +0) - [2lg)azw + [(A[“;A

(1+6)% - [21q<1+b>] 213l A1+ b+ 1%)) ) a3 = (3l —A<1+b+b2>)a3]w2+4.4

1 1 q? 1
=14+ -B w+[7B ( ——)4—713 2:|w2+.<.
2 191 2 1192 5 1 2497
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which yields the following relations

1
([2lq = AL +b))az = 5Bip (3.11)
14+ A 1 2 1
AR 2,0+ (3~ A 0+ )0s = 5B () + (Bt (312
1
and
(A[FE2 a0 ~elan)] 2081 - A1 +0+2) a3 = (31 - A@+0+6 e = 2By (q2—§)+232q?4
(3.14)
From (3.11) and (3.13) it follows that
P1=—q (3.15)
and
8([2lg — M1 +b))*a3 = B (0} + q7)- (3.16)
From (3.12),(3.14) and (3.16), we obtain
2 B} (p2 + a2)
a2 = (3.17)
A (AR 02 < 21+ 8 — b 8] + By ) B + (B - Ba)([2lg — AG +)?]
Applying Lemma 2.1 to the coefficients po and g2, we have
laz| < BivB (3.18)
\/(A[#u #0224 0) = A+ b+ 0]+ By ) B + (Br — Ba)([2)g = (1 +1)?
By subtracting (3.14) from (3.12) and using (3.15) and (3.16), we get
as = B (p? + i) " Bi(p2 — ¢2)
8([2]g — A1 +10))?  4([3]lq — A1 +b+b?)
Applying Lemma 2.1 once again to the coefficients p1, p2, ¢1 and g2, we get
B1 Bl 2
< n 3.19
sl < B s ) ([2]q—)\(1+b)> (3.19)
Setting b = 0 we have [
Corollary 3.2. Let f be given by (1.1) be in the class CE;(b, @). Then
BivB
las| < V1 (3.20)
¢ (52 - R -1) 4 Bl B2+ (51~ Bl - 22
and
B, B, \?
las| < + ( ) . (3.21)
Bla—A  \[2g—A
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Putting A = 0 in corollary 1, we obtain
Corollary 3.3. Let [ be given by (1.1) be in the class (Egl\(b, @). Then

B1vBy
314BY + (BL — B2)[2]3

las| < [

and

2
lag| < 2L 4 D1
Bly (212

q

Also taking A = 1 in corollary 1, we get
Corollary 3.4. Let f be given by (1.1) be in the class SX;(b,¢). Then
BV B,

lag] <
V(Blo — 20 - DB+ (B1 - Ba) (2], — 1)
and
B B 2
las] < [3Jq11+(mq11) |
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