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1. INTRODUCTION

Fuzzy set theory introduced by Russian mathematician L. A Zadeh [1] in 1965 plays an
important role in solving real world problems, by making the description of vagueness and
imprecision clear and more precise. Later in 1967, his student J. A Goguen [2] extended
this idea by replacing the unit interval [0, 1] with a completely distributive lattice L to
form L-fuzzy set theory.

In the late 1960s Nadler [3] established a multi-valued entension of Banach Contraction
Principle [4]. Later in 1981, Heilpern [5] presented a fuzzy extension of Banach contraction
principle [4] and Nadler’s [3] fixed point theorems by introducing the concept of fuzzy con-
traction mappings and established a fixed point theorem for fuzzy contraction mappings in
a complete metric linear spaces. Afterwards, several authors [6—14] among others studied
and generalized the result in [5]. In 1975, Dass and Gupta [15] established an extension
of the Banach Contraction Principle [4] satisfying a rational expression and derived some
related results. Later, Fisher [16] presented a common fixed point result for single valued
mappings satisfying rational expressions in complete metric spaces. Subsequently, many
researchers ([17-22] and references therein) proposed different generalizations.
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On the other hand, Rashid et al. [23, 24] introduced the notions of d$°-metric and
Hausdorf distances for L-fuzzy sets, they presented some fixed point results for L-fuzzy
set valued mappings and some coincidence theorems concerning a crisp mapping and a
sequence of L-fuzzy mappings.

Recently, Azam [25] studied and deduced some common fuzzy fixed point results satis-
fying a rational inequality in a complete metric space. Following suit, in this manuscript
we establish the existence of common L-fuzzy fixed point results for L-fuzzy mappings sat-
isfying a rational expression via a Hausdorff metric on L-fuzzy sets. Our results improve
and extend results in [25]. Some examples and applications are also given to support the
validity of our results.

2. PRELIMINARIES

In this section, some basic definitions and preliminary results which will used through-
out this paper are recalled.
Let (X, d) be a metric space. We denote and define.

C(X)={A: A is nonempty and compact subsets of X}

CB(X) = {A: A is nonempty closed and bounded subsets of X }.
Let A, B € CB(X) and define

d(z,A) = ylrelg d(z,y)

d(A,B) = inf d(x,y).

r€A,yeB
The Hausdorff distance H on CB(X) induced by d defined as:

H(A, B) = max { sup d(x, B), sup d(y, A)}
z€A yeB

Definition 2.1. (Zadeh [1]). A fuzzy set in X is a function with domain X and values
in [0,1]. i.e A is a fuzzy set if A: X — [0, 1].

Let F(X) denotes the collection of all fuzzy subsets of X. If A is a fuzzy set and
x € X, then A(x) is called the grade of membership of x in A. The a-level set of A is
denoted by [A], and is defined as below:

[Alo ={x € X : A(z) > a}, for a € (0,1],

[A]p = closure of the set {z € X : A(x) > 0}.

Definition 2.2. (Abdullahi and Azam [0]). A partially ordered set (L, <) is called

(i) alattice;ifaVvbe LyaAbe L for any a,b € L,
(ii) a complete lattice; if \V A€ L,ANA € L for any A C L,
(iii) a distributive lattice; if a V (bA¢) = (a VD) A (a V ¢),

aN(bVe)=(aNnb)V (aAc)for any a,b,c € L,
(iv) a complete distributive lattice; if a V (A b;) = A,;(a A b;),

a (\/ bi) = \/(a Ab;) for any a,b; € L,

3

(v) a bounded lattice; if it is a lattice and additionally has a top element 1; and
a bottom element 0y, which satisfy 0, <y = <, 1, for every = € L.
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Definition 2.3. (Abdullahi and Azam [6]). An L-fuzzy set A on a nonempty set X is a
function A : X — L, where L is bounded complete distributive lattice with 17 and Op.

Definition 2.4. (Goguen [2]).

Let L be a lattice, the top and bottom elements of L are 1 and 0y, respectively, and
ifa,be L,aVvb=1p and a A b= 0f, then b is a unique complement of a denoted by a.

Remark 2.5. If L = [0, 1], then the L-fuzzy set reduces to fuzzy set (in the original sense
of Zadeh [1]), which shows that L-fuzzy set is larger.

Let F1(X) denotes the class of all L-fuzzy subsets of X. The ay-level set of an L-fuzzy
set A is denoted by A,, and define as below:

Ao, ={r e X :ar < A(z)} for ag € L\{0},

Ap, = closure of the set {x € X : 01, <1, A(z)}.

Definition 2.6. An L-fuzzy set A in a metric linear space V' is said to be an approximate

quantity if and only if A,, is compact and convex in V for each oy, € L and sup A(x) = 1.

We suppose that T is the mapping induced by an L-fuzzy mapping 7. That is, for
z,y,t € X

T(2)(t) = {y : T(2)(y) = max T(x)(t)}.

Now, we define some sub-collections of Fr(X) and Fr(V).
Wr(V)={A e Fr(V): A is an approximate quantity in V'}
K(X)={AecFL(X): AcC(X)}

D(X)={Ae Fr(X): A,, € C(X), for each af, € L}
(X): A,, € CB(X), for each af, € L}
Dr(X)={Ae Fr(X): A,, € C(X), for some ay, € L}

Er(X)={A e Fr(X): Ay, € CB(X), for some ay, € L}.

For A,B € Fr(X), A C B < A(z) =1 B(z) for all z € X. If there exists oy €
I\{01} such that A,,,B,, € CB(X). Then, we define

oY ,A = inf 3
Pay (T, A) yelg%d(x Y)

Doy (A, B) = xeAaf}feB% d(x,y)

D.,(A,B) = H(A.,,Ba,)-
If Ay, ,B,, € CB(X) for each o, € L\{0p}. Then, we define
p(A, B) = sup pa, (4, B)
ar

d?(A,B) =sup D,, (A, B).

Note that, d7° is a metric on F.(X) and the completeness of (X,d) implies that
(C(X),H) and (FL(X),d?) are complete.
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Definition 2.7. (Rashid et al. [23]). Let X be an arbitrary set, ¥ be a metric space.
A mapping T is called L-fuzzy mapping, if T is a mapping from X to Fr(Y)(i.e class
of L-fuzzy subsets of Y). An L-fuzzy mapping T is an L-fuzzy subset on X x Y with
membership function T'(x)(y). The function T'(z)(y) is the grade of membership of y in
T(z).

For convenience, we denote the ay-level sets of T'(z) by [Tz, instead of [T(z)]a, -
Definition 2.8. Let (X,d) be a metric space and T : X — Fr(X). A point z € X
is said to be an L-fuzzy fixed point of T if z € [T'z],,, for some ar € L\{0L} (see
[23, 24]). The point z is known as a fixed point of T if T'(2)(z) > T'(z)(x) for all z € X

D-
(see [7]). Moreover, we say z is an Heilpern fixed point of T' if {z} C Tz (see [0]). If
z € [S2]a, N [T2]a,, then z € X is a common L-fuzzy fixed point of S and T

Remark 2.9. If oy = 1, then it is called a fixed point of the L-fuzzy mapping T.

Lemma 2.10. (Nadler [3]). Let (X,d) be a metric space and A,B € CB(X). Ifa € A
then d(a, B) < H(A, B).

Lemma 2.11. (Nadler [3]). Let (X,d) be a metric space and A, B € CB(X) and ¢ > 0.
Then, for any a € A there exists b € B such that d(a,b) < H(A, B) + 1.

In the following, we give an L-fuzzy versions of lemmas due to Abu-Donia [7] and Arora
and Sharma [8] respectively.

Lemma 2.12. Let (X,d) be a metric space, z € X and T : X — Fr(X) be an L-fuzzy
mapping such that Tz € C(X) for allz € X. Then z € T(z) «— T(2)(z) > T(2)(x) for
allz € X.

Lemma 2.13. Let (V,d) be a complete metric linear space, xg € V and T : V — W (V)
be an L-fuzzy mapping. Then there exists x1 € X such that {x1} C T(x¢).

3. MAIN RESULTS

In the following, the existence of a common L-fuzzy fixed point result satisfying a
rational type inequality is presented.

3.1. L-Fuzzy FiXeED POINTS OF L-Fuzzy MAPPINGS

Theorem 3.1. Let (X,d) be a complete metric space, S, T : X — Fr(X) be L-fuzzy
mappings and for x € X, there exists apg(a), np(z) € L\{OL} such that [Sz]

ALg ()

[Tzla,, ., € CB(X). If for all z,y € X
H([S2ay.. s [Toles, ) < Md(,y) + Aod(z, [S2]a, )
>‘4d(‘r7 [S‘T]a )d(y’ [Ty]a )
)\ d T N Lg(x) L1 (y)
+ 00 Tlarp) + I+ dz.y) |

and (3.1)
)\4d(l’, [S‘T]Oth(z)) /\4d(ya [Ty]aL ( ))

<1, Ao + L2 <1, 3.2

3 1+ d(z,y) ? 1+d(z,y) 42
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where A1, A2, A3 and Ay are non-negative real numbers with A1 + Ao + A3 + Ay < 1. Then,
there exists ©* € X such that z* € [Sz*] N [Tz*]

XLg(z*) XLy (z*) "

Proof. We will consider the following 3 possible cases:
(l) AL+ A =0;
(ll) AL+ A3 =0;
(111) A1+ Ao # 0,1 + A3 7é 0.
Case i: For 2 € X, there exists ay ) € L\{0r} such that [Sz]
closed and bounded subset of X. Let y € [Sx]

apg(a 18 nonempty,

ang( Then from Lemma 2.10, we have

Ay, [(TYlar, ) < H([SToy g0 [Tay, o)) (3.3)
(3.1) and (3.3) implies
d(y7 [Ty]aLT(y)) < Ald($7 y) + /\Qd(‘ra [SZE]QLS(M) + )‘3d(y7 [Ty]aLT(y))

4 )\4d(1‘, [Sx]aLs(z))d(y’ [Ty}OCLT(y))
1+d(x,y)

Since A1 + A2 = 0, we get

1— _ Agd(z, [S‘r]aLs(w))
3 1+d(x,y)

)0 T1ls0) <0
By (3.2), we have

d(y, [Tylay,.q,) < 0.

Thus, y € [Ty]aLT(y). Applying (3.1) again, yields

(1 - )‘2)d(y7 [Sy]aLS(y>) <0.

which implies y € [Sy] Hence, y € [Sy] N [Ty

ALg(y)” AL g(y) ALp(y)”

Case ii: Forz € X, let y € [Sac]aLs(z). Then, similar to case i, there exists a.(y) €
L\{0z} such that [T]a, , is nonempty, closed and bounded subset of X. Let z €
[Tylay, - Then from Lemma 2.10, (3.1) and (3.3), we have

d(z,[S7ayy.) < H([TWlay,, [97]
S Ald(za y) + )\Qd(za [SZ}(XLS(Z)) + )‘Sd(yv [Ty]aLT(y))

n >‘4d(za [SZ]QLS(Z))d(y7 [Ty]OéLT(y))

14d(z,y) '

Oth(z))

Using A1 + A3 = 0, we have

1— _ )\4d(y7 [Ty]aLT(y))
2 1+d(z,y)

Using (3.1) again, will yield

>d(z, [SZ]aLS<z>) <0.

Therefore z € [Sz]

*Lg(2)"
(1= A3)d(z, [T]ay,,(.,) < 0.
Thus, implying z € [T'2]a, ... Hence, z € [Sz]a, ., N [T?a,, .,
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Case iii: Let

~ nax A1+ A3 A1+ A2
1= T— -\ I m—n

Then, since A\; + Ay # 0, A1 + A3 # 0 and A\; + Ao + A3 + Ay < 1, it implies that ¢ < 1 and
non-zero. Choose zg € X, then there exists ary(,) € L\{0r} such that [Szola, ,,, i
nonempty, closed and bounded subset of X. Take x; € [Szga Ls(eo)” It follows that there
exists . (z,) € L\{Or} such that [T'z] is nonempty, closed and bounded subset

XLy ()

of X. Then by Lemma 2.11, there exists x5 € [T:cl]aLT(zl) such that

d(xlva) < H([SxO}&LS(mD)’ [Tml]aLT(zl)) + q(l — Az — )‘4)' (3'4)
Similarly, one can get arg(.,) € L\{0r} and x5 € [Sx2]a, (,,, such that

d(.%‘g,xg) < H([SZ‘Q}@LS(Q), [Txl]%ﬂzn) + q2(1 — Ao — )\4) (35)

Continuing in this fashion, we can construct a sequence {x,} in X such that, for each
n=20,1,2,... we have

d(@2n41, Tont2) < H([STon]ap oy [TT2nt1]ar, oy, 1))

+ q2n+1(1 o )\3 o )\4)’

and

d(m2n+27 x2n+3) < H([S$27l+2]0‘1‘s('x2n+2) , [T$2n+1]aLT(w2n+1))

+q27l+2(1 _ )\2 _ )\4)7

where

Ton+1 € [SmQH]O‘LS(Izn) and Topi2 € [Tz?nJrl]aLT(z%,_,_l)'

By (3.1) and (3.4), we have
d(z1,22) < Mid(2o, 1) + Aad(o, [Sola, () T Asd(z1, [T21]a,_(,))
" )\4d(.’£07 [Sxo]aLS<zo))d($1, [Tl’l]

1+ d(l‘o, .1‘1)

“eres) +a(l =g = Aa).

Which implies

AL+ A2
<l — .
d(z1,x2) < (1 " )\4>d(330,:131) +q

Similarly by (3.1) and (3.5), we have
d(l‘g, .1‘3) < )\1d($2, .’L‘l) + )\Qd(xg, [SmZ]O‘Ls(wz)) + )\3d(l‘1, [T%l]aLT(ml))

N Aad(x2, [S2]a, () )d (@1, [T21]
1+ d(IQ, 1‘1)

SEL R )

Thus

)\1+>\3 2
</ -
d(.’L‘Q,LEg) < (1 _)\2 _/\4>d($1,$2) +4q

< qd(z1,72) + q.
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Which further implies
d(@n, Tny1) < qd(Tn—1,20) + "
< @d(Tn_2,Tn-1)) +2q"
< @Pd(xn-3,n—2) +3¢"

< q"d(zo,z1) +ng".
Consequently, for each n =0,1,2,... we obtain
d(xp, Tp1) < ¢"d(zo, 1) + ng".

Next, we show that {z,} is a Cauchy in X. Let m > n > 0. By triangular inequality, we
have

m—1
A(Tn, Ton) g d(xg, Tp+1)
k=n

m—1

<> (g d(xo, 1) + kq")

k=n
q
- d(xo,xl) +Sp_1 — Sm_1, where S, = qu
k=1
Since g < 1, by Cauchy’s root test it implies that > ng™ is convergent. Hence, it follows

that {z,} is Cauchy sequence, and since X is complete there exists * € X such that
T, — ¥ as n — oo.
Now, consider

3

<

d(z*7[S:C*}(¥LS(x*)) Sd( )+d(x2"?[s ]QLS(I*))
< d(z*,zo,) + H([Szan— 1]%5(%_1), [sx*]%s(w*))
{ A < (2301, T2n) )}1
g ——=nm e en)
1 —i—d(x*,a?gn,l)

<d(x*, Zon) + Md(z*, Ton—1) + Asd(z2n—1, xzn)>
Letting n — oo in the above inequality, we have
d(@", [Sz"]a, () < 0.
Thus, 2* € [S2*]a, (., Similarly one can show that «* € [I'z"]q, ., by using
Az, [Tx" ]y, () <A@ 22nt1) + d(@ont1, (T2 oy o0 ))-

Hence,

"€ [S2™ay e, N [T27]

QAL (z*) "

Next, an example is given to help validate our result.
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Example 3.2. Let X =[0,1] and L = {0, 3,7,6} where 0 <, 8 31, 0, and 0 < v < 4,
such that 8 and v are not comparable. Then, (X, d) is a complete metric space with the
usual metric d and (L, <) is a complete distributive lattice. Let S, T : X — F1(X) be
L-fuzzy mappings such that Sz, Tx € F(X) and be define as:

v, if0<t<E;

it & <t <&

@ ={ 5 yPIEE
9, if 55 <t < g55;

o, if L <t<1

and
0, fo<t< %;
_ ) v ifgs St <45
T(z)(t) = o, if G <t<E
B, fL<t<l
Observe that,
N €T X ~ X
So=[Sals = [ =, = Tx =[Tx]s = |0, — ).
@ = [5als (25’20)’ v = [Tals {’15)
Hence, Sz, Tx ¢ K(X). But, for x € X if ap ) = ap, @) =7 € L\{0r}.
x x
su = o] el = o5

Thus, Sz, Tx € Dr(X) C £(X). Furthermore,

Aad(2,[ST)ay () 1 1<|x— Zlly — & ) -

8 1+ d(z,y) =15 20 1+ |z — vy

Similarly,
)‘4d(y7 [Ty]aLT(y))
1+d(z,y)
So, whenever = y we have
H([SCC](XLS(x)v [Ty]aLT(y)) =0,

but whenever = # y, we have

2 < 1.

Y
10

L1 (=gl Bl

20 1+ |z —y|
Since [S2la, .y, [T%]ay, ., & C(X) for each ap € L and X is not linear, one can not
apply many known results of the literature (see; [7—10]) even if Ay = 0. But, S and T
satisfy all the hypothesis of Theorem 3.1 for A\; = %,)\2 = 1—10, A3 = % and \y = %.

Hence, a common L-fuzzy fixed point for S and T exists.

1 1 T 1
H([Szlap s [TYar, ) < g|x -yl + 0%~ %| Tl

Below, we obtain some common fixed points results for L-fuzzy mappings and multi-
valued mappings as an application of the above L-fuzzy fixed point result (see [3, 12, 13]).
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Theorem 3.3. Let (X,d) be a complete metric space and S, T : X — Fr(X) be L-fuzzy
mappings such that Sz, Tx € CB(X). If for all x,y € X
1+d(z,y)

H(Sm,Ty) < Ad(z,y) + Aaod(, SJ;) + )xgd(y,Ty) +

)

and

)\4d(y7 Ty)

Myd(z, S)
As + 1+d(x,y)

2P o, Ao +
T I d(a,y) :

where A1, A2, A3 and Ay are non-negative real numbers with A1 + Ao + A3 + Ay < 1. Then,
there exists z € X such that S(z)(z) > S(2)(z) and T(z)(z) > T(z)(x) for all x € X.

Proof. For x,t € X. Let
max S(z)(t) = X and mtaXT(m)(t) = K.
Then for every x,y € X, we have
Sz = [Sz], and Tz = [T'z],.
Thus
H(Sz,Ty) = H([Sz],, [Tz].)
< Ad(z,y) + Aad(z, [Szl ) + Asd(y, [Ty)x)

Aad(, [Sz],)d(y, [Ty])
1+ d(z,y) '

Then, from Theorem 3.1 we obtain z € X such that
2€[S2],N[Tz],=S2NTx.

Therefore, using Lemma 2.12 we have
5(2)(2) = S(2)(x),

and
T(2)(z) 2 T(z)(x),

for all z € X as required. u

Theorem 3.4. Let (X,d) be a complete metric space and K,L : X — CB(X) be

multi-valued mappings. If for all x,y € X

Md(x, Kz)d(y, Ly)
1+d(,y) 7

H(Kz,Ly) < Ad(z,y) + Aed(z, Kz) + A3d(y, Ly) +
and

Md(z, K Md(y, L
A+4(:v7 ) /\2+4(y7y)

/T T L, =D 7 4,
T 1 d(x,y) 1+d(x,y)

where \1, A2, A3 and Ay are non-negative real numbers with A1 + Ao + A3 + Ay < 1. Then,
there exists * € X such that x* € Kx* N Lx*.
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Proof. Take a pair (arbitrary) of mappings A, B : X — L\{0.} and let S,T : X —
Fr(X) be L-fuzzy mappings defined as follows:

Az, ifte Ka;
Sta)(t) = { 0,, ift¢Ka.
and

Bz, ifte€ Lx;
T@)) = { 0, ift¢La.

For each z € X.

[Sx}OéLS(m) ={te X: ALs(z) 2L S(z)(t)} = K.
Similarly
(Tzla,, ., = L.
Now, from Theorem 3.1 we obtain x* € X such that
z* € [Sz¥ap e N [T ay, o, = Kz N L™,
completing the proof. =

Moreover, as an application of Theorem 3.1, we establish the existence of a common
fixed point for L-fuzzy mappings under a rational contractive condition on a metric space
with the d7°-metric for L-fuzzy sets.

Theorem 3.5. Let (X,d) be a complete metric space and S,T : X — Ep(X). If for all
r,y € X

Aap(z, Sz)p(y, Ty)
1 +d(x,y)

dP(Sz, Ty) < Md(z,y) + Xop(z, Sz) + Asp(y, Ty) +

and
Aap(z, S7) Aap(y, Ty)
1+d(z,y) 1+ d(,y)

where \1, A2, A3 and Ay are non-negative real numbers with A1 + Ao + A3 + A\g < 1. Then,
there exists z € X such that {z} C Sz and {z} C Tz.

)\3+ <1) )‘2+

Proof. Choose © € X. By hypothesis [Sz]q,, [T%]a, € CB(X) for all y, € L. So, for
every x,y € X, we have

D, (Sz,Ty) < d°(Sz, Ty)

Aap(, Sz)p(y, Ty)
1+d(z,y) ’

< Md(z,y) + Xep(x, Sx) + Asp(y, Ty) +

But
p(x, Sz) < d(z,[Sx]a,)-
Which implies
H([S.’L‘}QL, [Ty}OCL) < Ald(xa y) + >‘2d($7 [S‘r]OLL) + )‘Sd(ya [Ty]OéL)

/\4d($, [Sx]aL)d(yv [Ty]OtL)
1+d(z,y)




L-Fuzzy Fixed Point Theorems for L-Fuzzy Mappings ... 539

Therefore, Theorem 3.1 implies the existence of z € X such that

{z} C Sz and {z} C Tz. m

Theorem 3.6. Let (V,d) be a complete metric linear space and S, T :V — Wr (V). If
forallz,y eV

Aap(z, Sz)p(y, Ty)

e <
AP (Sz, Ty) < \d(x,y) + Aap(z, Sz) + A3p(y, Ty) + T+ d(z.)

and
Agp(x, Sz)
1+d(z,y)

where A1, Ao, A3 and Ay are non-negative real numbers with Ay + Ao + Az + Ay < 1. Then,
there exists z € V such that {z} C Sz and {z} C Tz.

Aap(y, Ty)

— = < 1.
1+d(x,y)

A3 + <1, Ao +

Proof. Choose zp € V. By applying Lemma 2.13 there exists z; € V such that {21} C Sz.
Which implies that pq, (21, 520) =0 <= 21 € [Sz0]a,, for all ay, € L. Similarly, one can
find 22 € V so that z3 € [T20]a,-

Thus, for each z € V, [Sz]a,, [T%]a, € C(X). To complete the proof, one can employ a
similar approach to the proof of Theorem 3.5 above. ]

Corollary 3.7. Let (V,d) be a complete metric linear space and T : V — Wi (V) be an
L-fuzzy mapping such that for all x,y € V

A (Ta, Ty) < Bd(z,y),
where 0 < B < 1. Then, there exists z € V such that {z} C Tz.

Remark 3.8.

(i) If we consider L = [0,1] in Theorems 3.1 3.3, 3.4, 3.5, 3.6 and Corollary 3.7
above, we get Theorems 2.1, 3.1, 3.2, 4.1, 4.2 and Corollary 4.3 of [25] respectively;
(ii) If L =10,1] in Corollary 3.7, then the result reduces to Theorem 3.1 of [5];
(iii) If ay = 1y in Theorems 3.1, 3.3, 3.4, 3.5 and 3.6, then by Remark 2.9 the
L-fuzzy mappings S and T have a common fixed point;
(iv) If ar =1y in Corollary 3.7, then by Remark 2.9 the L-fuzzy mapping 7" has a
fixed point.
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