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1. INTRODUCTION

Let H be a real Hilbert space and K a nonempty, closed and convex subset of H. We
shall denote the family of all nonempty closed and bounded subsets of K by CB(K),
the family of all nonempty subsets of K by 2%. A mapping T : K — K is said to be
nonexpansive if

[Tz —Ty|| < [|lz —yl| V 2,y € K. (1.1)
A point x € K is called a fized point of T if Tx = x. The set of fixed points of T is
denoted by F(T') and a Fixed Point Problem (FPP) for T is to find € F(T). Tt is a
common knowledge that if T is nonexpansive and F(T) # § then F(T) is a closed and

convex subset of K. Let T : K — 2K be a multivalued map, then z € D(T) is a fixed
point of T if x € F(T). If T is multivalued then the set Fy(T) = {x € D(T) : Tx = {z}}
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is called the strict fixed point set of T. Let H be a Hilbert space. A subset K of H is
called proximal, if for each « € H there exists k € K such that

llz — k|| = inf{|]x —y[| : y € K} = d(x, K), (1.2)

and the family of all proximal subsets of H will be denoted by P(H). It is known that
every closed convex subset of a Hilbert space is proximal. Let H(.,.) denote the Hausdorff
metric induced by the metric d on H, that is for A, B € CB(H),

H(A,B) = max{ sup d(a, B), sup(b, A)} (1.3)
acA beB

Let H be a Hilbert space and T : D(T) C H — 2 be a multivalued mapping. T is said

to be L—Lipschzian (see [1, 2]) if there exists L > 0 such that for all z,y € D(T)

H(T2,Ty) < Lije -y (1.4)

In (1.4), if L € [0,1), T is a contraction while T" is nonexpansive if L = 1. T is called
quasi-nonexpansive if F(T) = {x € D(T) : x € Tz} # ) and for p € F(T),

H(Tw,Tp) < ||z — pll (L5)

T is said to be s-strictly pseudocontractive-type in the sense of Isiogugu [3], if there exists
k € [0,1) such that, given any pair z,y € D(T) and u € Tz, there exists v € Ty satisfying
[lu—v|| < HTz,Ty) and

H*(Tw,Ty) < [lo = ylI* + lle —u — (y = v)|I*. (1.6)

T : D(T) C H — CB(H) is said to be s-strictly pseudocontractive in the sense of
Chidume et al. [4], if there exists k € [0,1) such that for all x,y € D(T)

H*(Tx,Ty) < ||z —y||*> + &||z —u — (y —v)||*, Yu € Tx,v € Ty. (1.7)

It has been observed (see Isiogugu [5]) that every s-strictly pseudocontractive mapping
T:D(T)C H— P(H) is s-strictly pseudocontractive-type.

The study of fixed points for multivalued contractions and nonexpansive mappings (see
[6]) was initiated by Nadler [7] and Markin [8] respectively, and by now there exists an
extensive literature on multivalued fixed point theory which has applications in convex
optimization, differential inclusions, fractals, discontinuous differential equations, opti-
mal control, computing homology of maps, computer-assisted proofs in dynamics, digital
imaging and economics (e.g., [9-13] and references cited therein). There are many clas-
sical and well developed areas of applications, where a multivalued map is used as a
generalization of a single valued map.

Let f : H — H be a single valued nonlinear mapping and let M : H — 29 be a set valued
mapping. The variational inclusion problem is to find z € H such that

0€ fz) + M(x), (1.8)

where 0 is the zero vector in H. The set of solutions to the variational inclusion problem
(1.8) is denoted by I(f, M). For further studies on variational inclusion problem see for
example [141-20] and some of the references therein.
A mapping T : H — H is said to be
(i) monotone, if

(Tz — Ty,x —y) >0, Vo,y € H;
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(ii) a-strongly monotone, if there exists a constant o > 0 such that
<T$ - Tyax - y> > OéHiU - yHQa any € Ha

(iii) S-inverse strongly monotone(5-ism), if there exists a constant 5 > 0 such that

(Tz —Ty,x —y) > f||Tz — Ty||*, Yo,y € H;
(iv) firmly nonexpansive, if

<T£L' - Ty7l' 7y> 2 ||TZE - Ty||27 Vl',y € H7
see [21]. A set valued mapping M : H — 2 is called monotone if for all z,y € H with
u € M(z) and v € M(y) then

(x —y,u—v) > 0.

A monotone mapping M is said to be maximal if the graph of M denoted by G(M) is not

properly contained in the graph of any other monotone mapping. The graph of a multi
valued mapping M is the set,

G(M) ={(z,y) :y € M(x)}.
It is well known that M is maximal if and only if for (z,u) € H x H, (z —y,u—wv) >0

for all (y,v) € G(M) implies u € M(z). The resolvent operator J}M associated with M
and A is the mapping JM : H — H defined by

JM(x) = (T +AM) 'z, € HA>0. (1.9)
It is known that the resolvent operator J/J\” (z) is single valued, nonexpansive and 1-
inverse strongly monotone (for example see [22]) and the solution of (1.8) is a fixed point

JM (x)(IT—X\f) VA > 0 (see for example [23]). If f is a-inverse strongly monotone mapping
with 0 < A < 2a, then one can easily see that JM (z)(I —\f) is nonexpansive and I(f, M)
is closed and convex.

Let Hy and Hs be real Hilbert spaces. Let f1 : Hi — Hq, fo : Ho — Hj be inverse strongly
monotone mappings and By : H; — 271 By : Hy — 22 be maximal monotone mappings.
Let A : H; — Hs be a bounded linear mapping. The Split Monotone Variational Inclusion
Problem (SMVIP) is to find 2* € H; such that

0 € fi(z") + Bi(z") (1.10)
and

y* = Axz* € Hy such that, 0 € fo(y*) + Ba2(y"). (1.11)
We shall denote by € the solution set of (1.10)—(1.11). That is,
Q={z"€ Hy:0¢€ f1(z") + B1(z") and y* = Az™ € Hy such that 0 € fo(y*) + Ba(y™)}.

If we consider (1.10) and (1.11) seprately, we have that (1.10) is a variational inclusion
problem with its solution set I(f1, B1) and (1.11) is a variational inclusion problem with
solution set I(fo, Ba).

Moudafi [24] introduced SMVIP (1.10)—(1.11) and proposed an iterative method for solv-
ing it. In Moudafi [24], it was noted that the SMVIP generalises the Split Fixed Point
Problem (SFPP), Split Variational Inequality Problem (SVIP), Split Zero Problem (SZP)
and Split Fasibility Problem (SFP) (see [24-31]), which have been studied extensively
by many authors and applied to solving many real life problems such as in modelling
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intensity-modulated radiation therapy treatment planning, modelling of inverse problems
arising from phase retrieval, and in sensor networks in computerised tomography and
data compression [32, 33].

Suppose in SMVIP (1.10)—(1.11), f; = 0 and fo = 0, we obtain the following Split
Variational Inclusion Problem (SVIP): Find z* € H; such that

0 € By(z") (1.12)
and

y* = Az™ € Hy such that, 0 € Ba(y*). (1.13)
Byrne et al. [34] using the following iterative scheme: for a given x¢ € H;, the sequence

{zn} generated iteratively by;
Toy1 = Iy 2y + YA (T2 — 1) Axy,), X >0,

obtained a weak and strong convergence theorem solving SVIP (1.12)—(1.13). Inspired
by the work of Byrne et al., Kazmi and Rizvi [35] proposed the following algorithm for
approximating a solution of SVIP (1.12)—(1.13) which is a fixed point of a nonexpansive
mapping S: for a given zyp € H; let the sequences {u,} and {z,} be generated by

{ un:Jfl(anrfyA*(JfQ—I)Amn),

Tpi1 = anf(xn) + (1 — ) Sun,n >0, (1.14)

and proved that both {u,} and {z,} converge strongly to z € F(S) NI, where I is the
solution set of SVIP (1.12)—(1.13). For more on variational inclusion problem see [36, 37].

Recently, Shehu and Ogbuisi [38] motivated by the works of Moudafi [24] and Kazmi and
Rizvi [35] propose an iterative scheme for approximating a common solution of a fixed
point problem and the SMVIP (1.10)—(1.11) without f; and f; being necessarily zero and
obtained a strong convergence result.

In this paper, we introduce an iterative scheme and obtain a strong convergence result
for approximating a solution of the SMVIP (1.10)—(1.11) ( f; and fz not necessarily zero)
which is also a common solution of two multivalued strictly pseudocontractive mappings
in the sense of Isiogugu [3].

2. PRELIMINARIES

In the sequel, we will need the following important definition and lemmas to establish
our main results.

Definition 2.1. Let 7 : H — 29 be a multivalued mapping; for each = € H, Prx is
defined by

Pr(z)={yeTx: ||z —y|| =d(z,Tx)}. (2.1)

Lemma 2.2 ([5]). Let K be a nonempty subset of a real Hilbert space H and let T : K —
P(K) be a k-strictly pseudocontractive-type mapping such that Fs(T') is nonempty. Then
Fy(T) is closed and conver.
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Lemma 2.3 ([39, 40]). Let H be a Hilbert space and T : H — H a nonexpansive mapping,
then for all x,y € H,

1
((x = Tz) = (y = Ty), Ty = Tx) < [|(Tx — x) = (Ty = )|, (2.2)
and consequently if y € F(T) then

1
<ac—Tx,Ty—Tx>§§||Tx—a:H2. (2.3)

Lemma 2.4 ([41]). Let H be a real Hilbert space. Then the following result holds
[l +yll* <2l + 2(y,x + ),V v,y € H.

Lemma 2.5 ([41]). Let H be a Hilbert space, then Vx,y € H and o € (0,1), we have
llaz + (1 = a)yll* = allz[]® + (1 = o) [lyl* - a(1 = a)[]z — y*

Lemma 2.6. (Demiclosedness principle) Let K be a nonempty, closed and convex subset
of a real Hilbert space H and T : K — K a nonexpansive mapping. Then I — T 1is
demiclosed at 0, i.e., if t, = x € K and x,, — Tx,, — 0, then x =Tz.

Lemma 2.7 ([12]). Assume {a,} is a sequence of nonnegative real numbers such that
An 41 S (1 - ’Yn)an +’Yn5n7 n Z O;

where {y,} is a sequence in (0,1) and {0,} is a sequence in R such that
(Z)E;)LO=O’Y" = 00,

(©)limsup,,_, o 0n < 0, or X0 o||0n7n || < 00,

Then lim,, o a, = 0.

Lemma 2.8 ([23]). Let M : H — 25 be a maximally monotone mapping and f : H — H
be a Lipschitz continuous mapping. Then the mapping G = M + f : H — 2His a mazimal
monotone mapping.

A mapping T : H — H is said to be averaged if and only if it can be written as the
average of the identity mapping and a nonexpansive mapping, i.e.,

T:=(1-p)I+pS

where 5 € (0,1) and S : H — H is a nonexpansive mapping and [ is the identity
mapping on H. Every averaged mapping is nonexpansive and every firmly nonexpansive
mapping is averaged. Thus since the resolvent of maximal monotone operators are firmly
nonexpansive, they are averaged and therefore nonexpansive. For details, see [24, 43].

3. MAIN RESULTS

Theorem 3.1. Let H, and Hy be two real Hilbert spaces and A : Hy — Hy be a bounded
linear operator. Let f1 : Hy — Hy be p-inverse strongly monotone mapping and fo : Ho —
H, be v-inverse strongly monotone mapping. Let By : Hi — 271 and By : Hy — 2H2
be multi-valued maximal monotone mappings. Let Q be a solution set of (1.10)—(1.11).
Let S,T : Hi — P(Hy) be two strictly pseudocontractive-type mappings with contractive
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coefficients k1 and ko such that Fs(S)NFs(T)NQ # 0. Let {z,} be the sequence generated
for xg € Hy by

wy = (1 — ap)x,
Yn = J)]\BI(I — M) (wn + ’YA*(J)]\B2(I = Af2) = I)Awy,) (3.1)
Tn+1 = Brnyn + (1 - ﬂn)[pnvn + (1 - Pn)un]a Yn >0

where vy, € Ty, and u,, € Sy, 0 < A < 2u,2v and v € (0, %), L is the spectral radius of
the operator AA* and A* is the adjoint of A. Suppose {a,}52 1, {pn}>2, and {5,}32,
are real sequences in (0,1) satisfying the following conditions

(i) im0 o, = 0, D007 | @y, = 00,

(it) Br, > max{ky, K2} Vn >0,

(iii) lim infoo(1 = Ba) (1 = pu) (B — K1) > 0,

(iv) liminf,, oo (1 — B,)(Bn — K2)pn > 0.

Then {x,}52, converges strongly to p € Fs(S) N Fs(T) N Q.

Proof. Let p € Fs(S) N Fs(T)NQ and let z,, = prvy + (1 — pn)uy,, then

||[Bnyn + (1 - /Bn)[pnvn + (1 - Bn)un]] - pH2
1Bnyn + (1 = Bu)zn] — plI?
Bl lyn *pHQ + (1= Bu)llzn *p||2 = Bn(1 = Ba)llyn — Zn||27 (3.2)

[T 741 —p||2

and
||2n —p||2 = |[pnvn + (1 = pp)un —p||2
= pullon = plPP + (1 = Ba)|[un — pl
_pn(l _pn)an _un||2~ (33)

From (3.16) and (3.3), we have

|41 _pH2 = ﬂn|‘yn_p||2+(1_5n)pn‘|vn_p|‘2+(1_6n)(1_pn)||un_p||2
_(1 - ﬁn)pn(l - pn)”vn - un||2 - ﬁn(l - Bn)”yn - Zn||2

< ﬁn|‘yn—p||2+(1_6n)an2(T?JmTp)'i‘(l_ﬁn)(l_pn)HQ(SymSp)
—(1 = Bn)pn(1 = Bu)l|vn — “n||2 = Bn(1 = Ba)llyn — Zn||2
< Ballyn = pII> + (1 = Ba)pnlllyn — pII° + #2llyn — vall’]
+(1 = Bn) (X = pn)[l|yn _P||2 + K1|yn — un||2]
—(1 = Bn)pn(1 = Bo)l|vn — “n||2 — Bn(1 = Ba)llyn — Zn||2 (3.4)
Again
||yn - Zn||2 = ||yn - [pnvn + (1 - pn)un]||2

/)n”yn - Un||2 + (1 - pn)Hyn - un||2 —pn(1— pn)an - un||2- (3.5)
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Inserting (3.5) into (3.4), we obtain

|| @741 _p||2 < [Bat+ (1 =Bn)pn + (1= Bn)(L = pn)llyn _p||2
+[(1 = Bn)pnkz — Bn(1 = Bn)pnlllyn — Un||2
+[(1 = Bn) (L = pnr1 — Bu(L = Bn)(1 = pn)]llyn — 'Un||2
(1= B2 = pu)pnBn — (1= Ba) (1 = pu)pullvn — unl[?
= |lyn _pH2 = pu(1 = Bn)(Bn — K2)||yn — UnHZ
—(1=Bn)(A = pn)(Bn — K1) |lyn — UnH2
—(1- Bn>2(1 = pn)pnllvn — un||2

< lyn — 2l (3.6)
But
lyn — 2|2 = TP = A1) (wn + A (JP2 (I = M fo) — ) Aw,,) — pl|?
< lwn +yAT (I = Af2) — 1) Aw, — p|
= jwn = pl® + VA% (J2 (1 = Af2) — I) Awy|?
+27(wn — p, AT (JP2(I — Mfa) — 1) Aw,), (3.7)
and

VA (T2 (I =M o)D) Aw,|[* = ¥ ((JP2(I=Af2) =) Awy, AA*(J P2 (1= fo)— 1) Aw,,)
LY (T2 (I =M fo) = I) Awy,, (J 2 (I=Af2) —T) Awy,)

LY2(|(J2 (I = M o) — I) Aw,| | (3.8)

IN

Let Y, = 2v(w, —p, A*(JP2(I — Afa) — I)Aw,) then from (2.3), we have

T, = 2y(w, — p, A*(JP*(I — Mfo) — I) Aw,,)
= 2v(A(wy — p) + (Y2 (I = Ma) — D) Aw,, (J2(I = A f2) — 1) Aw,,)
+29(— (S (I = A fa) = D) Awy, (JY2 (I = Af2) — I) Aw,)
= 2 [(JP2 (I fo) Aw, — Ap, TP (T =\ fo) — T) Aw,)
|| TE2 (1= fo) 1) Aw,| ] (3.9)
< [T = Afo) = D) Aw|P 17020 = Afo) — 1) u |
= AT = M) — I)Aw,| .

From (3.7), (3.8) and (3.9), we have

A

1y = DI < Nwn=plP+ L2 NI 72 (T = A f2) =) Awn|[> = 4[| I (1 = Afo) = T) Aw, |
[[wn = plI* 4+ (Ly = DI (I = Af2) — 1) Aw,|[? (3.10)

|[wn —p||2.

IA
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By (3.6) and (3.10)

|[wy, — pl|

(X — an)zn — pl|

- H(l_an)(xn_p)_aan

[%n41 — Dl

< (1= an)|[zn — pl| + anllpl|
< max{||z, — ||, |||/}
< max{||zo — p|l, |[p|[}.

Therefore {x,} is bounded and consequently {y,},{Syn} and {w,} are bounded.
We divide into two cases to establish the strong convergence of {z,} to p.

Case 1. Assume that {||z, —pl||} is a monotonically decreasing sequence. Then {||x,, —p||}
is convergent and clearly

lim ||z, —p|| = lim [|z,41 — p|l.
n—o0 n—00

Now

7

\|$n+1—p\|2 < ||yn_p||2_pn(1_/gn)(6n_”f2)||yn_vn||2
_(1_ﬂn)(1_pn)(6n_’fl)|‘yn—un”Q_ (I_Bn)Q(l_Pn)pn‘|Un_un”2

< ||wn*p|‘2*Pn(lfﬂn)(ﬂn*”ﬁuyn*’uﬂ|2
_(1_Bn)(1_pn)(ﬁn_ﬁl)|‘yn_un||2_ (1_ﬁn)z(l_f)n)/’nuvn_unuz
< ||(1_an)xn_p||2_pn(l_ﬁn)(ﬂn_"wmyn_vﬂ|2
_(1_/6n>(1_pn>(6n_H1)|‘yn_un||2_(1_571)2(1_Pn)/’nan_unHZ
< ||xn_p|‘2+ai||xn||2_2an<xn_pamn)_pn(l_ﬁn)(ﬁn_"@)uyn_'Un||2
—~(1=80) (1= pn) (B — 1) lyn —uan|”
~(1=80)*(1=pn) pu [ — un[*. (3.11)
Let
D, = pn<1_6n)(ﬁn_52)||yn_vn||2

(1 = Ba) (L = pu)(Ba = £1)l[yn — unl*.

Thus, from (3.11) we have
Dy < lwn =l = llznts = plI* + af ||zl = 20m (s — p,2a) = 0, (3.12)

as n — oo. Thus, by conditions (iii) and (iv) and (3.12), we have

l|lyn — vnl] = 0, as n — oo, (3.13)
and

llyn — unl] = 0, as n — . (3.14)
From (3.1), we have

[|wn — || = anl|zn]] = 0 as n — oo. (3.15)
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Again from (3.6)

ot = pl1* < lyn — ol
1T (T = Af1) (wn + AT (I (I = Af2) — ) Awy) = pl|?
< lwn = pIP +3(Ly = DI = Afa) = 1) Aw,||?
< (1= an)?[len —pl” + aqllpl® — 200 (1 — @) (20 —p,p)
(LY = DI[(J2 (I = Af2) = D) Aw, ||, (3.16)
Therefore,

YA = INII = Af2) = DAw|[> < |lzn — pl]” = [|2ng1 — pl* + i lpl
—20,(1 — o) (@, — p,p) = 0, (3.17)
as n — oo. Hence,
[(J22 (I — Afa) — ) Aw,|| — 0 as n — oo. (3.18)
From (3.10), we have
llyn = pII* = [1J0 (I = Af1)(wn + YA (J2 (I = Mfa) = 1) Aw,) — pl|?
< {yn — pywn, + YA (TP (I — Mfo) — I) Aw,, — p)
= Jlllgn =PI + [ + 74 (TP = Afo) — 1) Aw, — ]
—lyn = p = (wn + YA (S (I = Afa) = 1) Aw, — p)||*]
%[Hyn — plI> + [Jwn = plI* + v(Ly = DI(J2 (I = Af2) — ) Aw,||?
~|lyn — wn = YA*(JY2(I = Mfa) = 1) Aw, — p)||*]
%[I\yn—pll%rlIwn—p\l2—(IIyn—wnl|2+72|IA*(Jf;Q(I—AJ%)—I)AwnH2
~2y(yn — we, A*(JY2(1 = Mfo) — T) Awn)]

IN

IN

IN

1
5 Yn =l + [fwn = pl* = [lyn — wall®
+29]|A(yn = wa) Il (JY2 (I = Af2) = 1) Awy||]- (3.19)
That is,
|1yn _pH2 < lwy, _pH2 —lyn — wnH2
+29/|A(yn — wa) (T2 (1 = Afo) = I) Awy . (3.20)
It then follows from (3.6) and (3.20) that
|zni1 = pl1? < lwn = pl* = |lyn — wal®
+ 29[| Ay — wa) I(JY2 (I = Afo) = I) Awy|l, (3.21)
which implies that
19n = wnll* < |lwn—=pl[* = [[@nt1 =D+ 27| Alyn —wn) [ (J2 (T =\ f2) = I) Awy|
= [|(1= )z —p|[* = |20 1=l +271| Ay —wn) [[[ (T2 (I = Af2) = I) Aw,|
< lzn = pl* = llznrs = pl* + a2 llpl* + 200 (1 — @) (zn —p,p)
+29||A(yn — wn)|||\(J>]\32(I —Afa) = DAw,]|| = 0 as n — oco. (3.22)
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Therefore,
|[yn — wn|| — 0 as n — .

From (3.15),

llzn = ynll < [l2n — wall + [Jwn = yul[ = 0.
Let 0,, = wy, + 'yA*(Jf"‘(I — Afa) — I)Aw,, then

100 = wal[* = Ly*|[(J (I = Af2) = I) Aw,[[* — 0.

Combining (3.23) and (3.25), we have

1yn — Onll < ||yn — wall + [|wyp — On]| — 0.

(3.23)

(3.24)

(3.25)

(3.26)

It follows from (3.13) and (3.14) that {y,} converges weakly to a point p € F(S) N F(T)

and so do {z,} and {w,} converge weakly to p.

1
We now show that p € I(fy,By). Since f; is —-Lipschitz monotone mapping and the

domain of f; is H; then by Lemma 2.8, we conclude that B; + f; is maximally monotone.

Let (v, z) € G(B1 + f1), that is z — fiv € By (v).
Since y,, = Jfl (I — \f1)0,, we obtain
(I —=Xf1)0n € (I 4+ AB1)yn.

That is,

1

X(en - )\flen - yn) € Bl(yn)

Using the maximal monotonicity of (B + f1), we have

1
<U_yn7z_f1'U_ X(en — A10n _yn)> > 0.

Therefore,

<U_yn7z> Z <U_yn>flv+%(an_)‘flan_yn»

= <U_ynaf1v_f1yn +f1yn _flen"" l(9n _yn)>

A

1
> 0+ <1} = Yn, f1Yn — f19n> + <U _ymx(en —yn)>

By (3.26), we obtain
lim || fiyn — f10n|| = 0.
n—oo

Also, since y, — p, we have

lim (v — yn, 2) = (v —p, 2).

n—o0

Thus from (3.27)
(v—p,z) >0.

Since By + f; is maximally monotone, we have 0 € (By + f1)p which implies that

pE I(thl).

(3.27)

Moreover, since ||w, — yn|| = 0, we have that Aw,, converges weakly to Ap and by (3.18)

and the fact that J?(I — Afz) is nonexpansive, then by Lemma 2.6, we have

0 € foAp + By (Ap).
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That is Ap € I(f2, B2). Hence p € F5(S) N Fs(T) N Q.

We now show that {z,,} converges strongly to p.

1y — pII?

[|wn, — pl[?

1(1 = an)an — pI?

1(1 = o) (2 = p) — anpl|®

= (1- O‘n)2||xn —p||2 + O‘31||p||2 —2a,(1 — o ){zn — p,p)
< (1= an)llen = plI* + anlanllpll* = 2(1 = an){@n —p,p)].

Therefore, by Lemma 2.7, we obtain x,, — p, n — oo.

lzn+1 = plf?

A IA

Case 2. Assume that {||z,, — p||} is not a monotonically decreasing sequence. Set T',, =
|z, — p||? and let 7 : N — N be a mapping for all n > ng(for some ng large enough)
defined by

7(n) :=max{k e N: k> n,T) <Tpi1}.
Clearly 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and I';(,) <
[ (ny+1, for n > ng.
It follows from (3.11) that

0 < |lzrgysr — Pl = llzr oy — pII?
< 2 (|7 12 =20 (n) (T () = D5 T (m)) = Pr(m) (L= Br(n)) (Br(m) = 52) [[Yr () = Ve () ||

—(1 = Brn) (1 = pr () Brin) — K)[Yr(n) — ey °

—(1 = Br(w)* (L = prw)Pr(m Vs () — ey 1.
Let

Driy = pr) (1= Br(m)) Brin) = K2)l|Yr(n) — vr(mlI?
+(1 = Brn) (1 = pr(n)) Br(my = £)[Yr(n) — wr(m |-

Then,

Drny < aZipllaem)|l? = 200y (@r(n) — Dy Tr(m)) = 0, as n— oo,
Thus, by conditions (iii) and (iv) and (3.12), we have
Y7 (n) = Vel = 0, as n — oo,
and
Y7 (n) — ur@yll = 0, as n — oo.

By the same argument as in case 1, we conclude that {z ()}, {¥7(n)} and {w;(,)} converge
weakly to p € F(S) N Fs(T) N Q. Now for all n > ny,

0 HxT(n)+1 _p”2 - er(n) _p”2

(1= armpll@rm) =PI + a2 () 1P1* = 200y (1 = () (@r(n) — 2, 0) = |27y — DI
Qr(n) [a'r(n) ‘ |p‘ |2 - za'r(n) (1 - O‘T(n))<£‘r(n) - p7p> - ||x7'(n) - p‘ |2]

Therefore,

IN A

||x7(n) _p||2 < O‘T(n)||p”2 - 2aT(n)(1 - O‘T(n))<x‘r(n) _pap> — 0.
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Thus,
nlgrolo HxT(n) _p||2 =0.
And hence

w3 ) = BB Tty

Furthermore, for n > ny, it is observed that I';(,,) < T'z(y41 if n # 7(n)(that is 7(n) < n)
because I'; > I';41 for 7(n) + 1 < j < n. Consequently for all n > ny,

o<r,< max{FT(n),FT(n) + 1} = FT(n) + 1.

So limy, 00 I'yy = 0, that is {x,, },{yn } and {w,, } converge strongly to p € Fs(S)NF,(T)NS.
"

Corollary 3.2. Let Hy and Hs be two real Hilbert spaces and A : Hy — Hy be a bounded
linear operator. Let fy : Hy — Hp be p-inverse strongly monotone mapping and fo :
H, — Hy be v-inverse strongly monotone mapping. Let By : Hy — 27 and By : Hy —
282 pe multi-valued mazimal monotone mappings. Let 2 be a solution set of (1.10)-
(1.11). Let S,T : Hi — P(H;y) be two multivalued nonexpansive mappings such that
F,(S)NFy(T)NQ #D. Let {x,} be the sequence generated for xo € Hy by

wp, = (1 —ap)z,
Y = JP T = Mf1)(wn + yA*(JP2(1 = Mfo) — I) Awy,) (3.28)
Tnt1 = BnYn + (1 - 5n)[pnvn + (1 - pn)un]7 Vn >0
where vy, € Ty, and u, € Syn, 0 < A < 2u,2v and v € (0, %), L is the spectral radius of
the operator AA* and A* is the adjoint of A. Suppose {a,}32 1, {pn}2, and {Bn}2,
are real sequences in (0,1) satisfying the following conditions
(i) im0 0, = 0, D00 | @y = 00,
(ii1) iminfy, o0 (1 — Bn)(1 = pn)Bn > 0,
(i) liminf,, o (1 — B,)Bnpn > 0.
Then {x,}2, converges strongly to p € Fs(S) N Fy(T) N Q.

Corollary 3.3. Let Hy and Hs be two real Hilbert spaces and A : Hy — Hy be a bounded
linear operator. Let f1 : Hy — Hy be p-inverse strongly monotone mapping and fs : Hy —
H, be v-inverse strongly monotone mapping. Let By : Hi — 271 and By : Hy — 282 be
multi-valued mazimal monotone mappings. Let Q be a solution set of (1.10)—(1.11). Let
S, T : Hy — P(Hy) be two strictly pseudocontractive mappings with contractive coefficients
k1 and ko such that Fs(S)NFs(T)NQ # 0. Let {z,} be the sequence generated for vg € Hy
by
wy = (1 — ap)x,
Y = JEI = Mf1) (wn + yA*(J22(1 = Mfa) — I) Awy,) (3.29)
Tn4+1 = ﬁnyn + (1 - Bn)[pnvn + (1 - pn)un]a Yn >0
where vy, € Pry, and u, € Psy,, 0 < X < 2u,2v and v € (0, %), L is the spectral radius
of the operator AA* and A* is the adjoint of A. Suppose {an}>2 1, {pn}S2; and {Bn}22,
are real sequences in [0, 1] satisfying the following conditions
(i) limy, o0y, = 0, Y00 |y = 00,
(ii) Br, > max{ky, K2} Vn >0,
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(i3) iminf, o (1 — Bn)(1 — pn)(Bn — K1) > 0,
(iv) liminf,, oo (1 — By)(Bn — K2)pn > 0.
Then {xn}22, converges strongly to p € Fg(S) N Fs(T) N Q.

4. APPLICATIONS

4.1. SpLIT MINIMIZATION PROBLEM
Consider the following Split Minimization Problem (SMP): Find z* € H; such that

z” = min (¢1(2) +¢1(2)), (4.1)
and y* = Az* € Hs is such that
y* = min (2(y) + ¥2(y)), (4.2)
yEH,

where ¢1,%1 : Hi — R and ps,%9 : Hy — R. Moreover ¢; and 9 are assumed to be
differentiable. A : Hy — Hs is a bounded linear operator. Denote the solution set of
(4.1)—(4.2) by A.
Recall that the subdifferentials of a function h : H — R at x is the set-valued operator
on H defined by

Oh(z) :={z€ H:h(Z) > h(z)+ (2,2 —x) VT e H}

It is well known that 0v¥; and 0v» are maximal monotone operators. Also we know that
Jf¢i = proxy, (¢ = 1,2). The proximal operators proxyy, (¢ = 1,2) of ¢, with parameter
A > 0 is defined by

. 1
prowy, (z) = arg min {gi(u) + o[l — ull}.

Lemma 4.1. ([141] Lemma 1.5, [15] Corollary 10) Let ¢ : H — R be a differentiable
convex function and let L > 0. Suppose that Vi is L-Lipschitz continuous. Then Vi is
L~ -inverse strongly monotone. In [11], the word cocoercive is used for inverse strongly
monotone.

Theorem 4.2. Let Hy and Hs be two real Hilbert spaces and A : Hy — Hs be a bounded
linear operator. Let vy : Hi — Hi be a differentiable convexr function with i—Lipschitz
continuous gradient and po : Hy — Hs be a differentiable convex function with %-Lipschitz
continuous gradient. Let 11 : Hy — 271 and o9 : Hy — 272 be convex lower semicontin-
uous functions. Let S, T : Hy — P(Hy) be two strictly pseudocontractive-type mappings
with contractive coefficients k1 and ko such that Fs(S)N Fs(T)NA # 0. Let {x,} be the
sequence generated for xog € Hy by

wy, = (1 — an)xy,
Yn = Proz g, (I — AVe1)(wy, + yA* (proxay, (I — AVpa) — I)Aw,,) (4.3)
Tn1 = Bnyn + (1 - ﬂn)[pnvn + (1 - pn)un}, Yn >0

where vy, € Ty, and u, € Syn, 0 < X < 2u,2v and v € (0, %), L is the spectral radius of

the operator AA* and A* is the adjoint of A. Suppose {on}52 1, {pn}o, and {Bn}22,
are real sequences in [0,1] satisfying the following conditions

(Z) limy, 00 a0, = 0, ZZO::[ Qp = OO,
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(it) Br, > max{ky, K2} Vn >0,
(iti) iminf,, 00 (1 = B5)(1 = pn)(Bn — K1) > 0,
(iv) liminf,, oo (1 — By )(Bn — K2)pn > 0.
Then {x,}52, converges strongly to p € Fs(S) N Fs(T) N Q.

Proof. Let fi = V1, fo = Vo, g1 = 0¢1 and g2 = 9. Then the conclusion follows
from Theorem 3.1. n

4.2. SPLIT VARIATIONAL INEQUALITY PROBLEM

Let f1 : Hi — Hy and fy : Hy, — Hs be two inverse strongly monotone operators and
A : Hy — H; a bounded linear operator. Suppose C and @ are nonempty, closed and
convex subsets of H; and Hs respectively. We consider the following Split Variational
Inequality Problem (SVIP):

Find a point 2* € C such that (fi(z*),z —2*) >0V z € C, (4.4)
and such that
the point y* = Az* € @ solves (f2(y"),y —y*) >0V y € Q. (4.5)

Let © denote the solution set of (4.4)—(4.5).

If considered alone, (4.4) is the classical variational inequality problem with solution set
VI(C, f1), (see [16-19]) for details and recent results.

Let D be a nonempty, closed and convex subset of a real Hilbert space H. The normal
cone of D at the point = € D is defined by

Np(x):={de H:{(d,y—z) <0,Vy € D}. (4.6)
By means of normal cones, (4.4)—(4.5) can be written as
find a point «* € C such that 0 € By(z*) + No(z*), (4.7)
and such that
the point y* = Az* € @ solves 0 € By(z*) + Ng(z™). (4.8)

It is well-known that the normal cone of a nonempty closed convex set is a maximal
monotone operator (since, it is equal to the subdifferential of its indication function), then
by applying Theorem 3.1 with B; = N¢ and By = Ng, we obtain a strong convergence
result for approximating a point of Fy(S) N Fy(T) N ©.
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