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Abstract In this paper, we discuss some stability theorems for mappings in cone Banach Spaces. Let
X be a cone Banach space with normal cone P and T be a self mapping on X satisfying some specific
condition. Here we derive different conditions under which the Mann iteration and Picard-Mann hybrid
iteration schemes are stable in cone Banach space X. The stability of another iteration process converging

to a common fixed point of two self mappings S and T on X is also discussed here.
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1. INTRODUCTION

In 2007, Huang Long-Guang, Zhang Xian [1] introduced cone metric spaces, and de-
rived some fixed point theorems of contractive mappings on such spaces. In 2008, Mujahid
Abbas, B.E. Rhoades [2] derived common fixed point theorems for mappings without us-
ing commutativity conditions and periodic point results in cone metric spaces. In 2009,
Asadi et al. [3] investigated the T-stability of Picard’s iteration procedures in cone metric
spaces with some applications. Since then a number of researchers viz., T. Abdeljawad
et al. [1], Sh. Rezapour and R. Hamlbarani [5], Radonvic [6] etc., developed the fixed
point theory in cone metric spaces. In 2009, Duran Turkoglu et al. [7] defined cone normed
spaces, and Erdal Karapinar [3] proved some fixed point theorems in Cone Banach Spaces.

A subset P; of a real Banach space E is called a cone if and only if
(i) Py is closed, nonempty and P; # {0}.
(ii) o, €R; o, > 0 and x,y € P, , then ax + By € P .
(iii) If both z € P; and —z € P; then z = 0.
For a given a cone P; in F1, a partial ordering “ <” on F; with respect to P; is defined
by x < y if and only if y —x € P, . We write x < y to indicate that z < y but = # vy,
while z << y will stand for y — z € int(Py).
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Cone metric space: [1] Let X be a nonempty set. Suppose the mapping d : X x X — E}
satisfies:
(i) d(z,y) 20 for all z,y € X,
(ii) d(z,y) =0 if and only if z =y,
(iil) d(z,y) = d(y,z) for all z,y € X and
(iv) d(z,y) < d(z,2z) + d(z,y) for all x,y,z € X
then the pair (X, d) is called a cone metric space.

Cone normed space: [7] Let X be a vector space over R. Suppose the mapping ||.||p :
X — FE; satisfies:

(i) [|z]|p >0 for all z € X,
(ii) ||z|]lp = 0 if and only if x = 0,
(iii) ||kz|p = |k|||z||p for all k € R, x € X and
(v) flz+yllp <llzlp + [lyllp for all ,y,z € X
then the pair (X, ||.||p) is called a cone normed space.

Normal cone: [1] A cone P is called a normal cone if there is a number K > 0 s.t.
Vz,y € By
0<z <y = [lzf < Kyl

Regular Cone: [I] The cone P; is called regular if every increasing sequence which is
bounded from above is convergent. That is, if {x,} is a sequence such that

for some y € Ey, then there is x € F; such that ||z, — z| = 0 as n — oo.

Example 1.1. Let X =R, E = (R,|.||), P = {z : x > 0}. Then ||.||p : X — E; defined
by ||z||p = |z| is a cone norm on R. Clearly, (R, |.||p) is a cone Banach space.

n [9], Qing and Rhoades derived a result regarding the T-stability of Picard’s iteration
in metric spaces. Asadi et al. [3] generalized their results in cone metric spaces.

An iteration procedure x, 1 = f(T,x,) is said to be T-stable w.r.t. T, if {z,} con-
verges to a fixed point ¢ of 7" and whenever {y, } is a sequence in X with
hmn—)oo d(yn+17 f<T7 yn)) = O> we have hmnﬁoo Yn = (.
Lemma 1.2 ([3]). Let P be a normal cone with constant K, and let {a,} and {b,} be
sequences in E satisfying the following inequality:
An41 < han + bnv

where h € (0,1) and b, — 0 as n — co. Then a, — 0 asn — oo.

Theorem 1.3 ([3]). Let (X,d) be a cone metric space. P a normal cone, and T be a
self-mapping on X having a fived point q. If there exist numbers a > 0 and 0 < b < 1,
s.t.

d(Tx,q) < alw, Tx) + bi(z,q)
for each x € X, and in addition, whenever {y,} is a sequence with d(yn,Ty,) — 0 as
n — oo, then Picard’s iteration is T-stable.

In [2], we have the following fixed point theorem in a complete cone metric space.
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Theorem 1.4 ([2]). Let (X,d) be a complete cone metric space, and P be a normal cone
with normal constant K. Suppose T be a self-mapping on X satisfying

d(Tz,Ty) < ad(z,y) + Bld(x, Tx) + d(y, Ty)] + vld(z, Ty) + d(y, Tz)] (1.1)
forall x,y € X , where a,, 8,7 > 0 and a+28+2v < 1. Then T has a unique fized point
qimn X.

For xy € X, we have the Mann iteration scheme ([10]) as:
Tne1 = (1 —ap)zy + apyTax, Vn=0,1,2,....

where {o, }§° is a real sequence in [0, 1] such that >~ oy, = 0.

The Mann iteration scheme is said to be stable w.r.t 7' [11], if {z,} converges to the
unique fixed point ¢ of T', and whenever {y,} is a sequence in X with

nler;O(||yn+1 — (1 —an)yn — anTyn|lp = 6,) = 0 then nth;O Yn = q (1.2)

In 2013, Khan [12] introduced Picard-Mann hybrid iteration scheme as:
For xp € X

Tny1 = TYn
yn = (1 —ap)z, + ayTx, Vn=0,1,2,....
where {a, }&° is a real sequence in [0, 1].
The Picard-Mann iteration scheme is said to be stable [12] w.r.t T, if {x,} converges

to the unique fixed point ¢ of T, and whenever {z,} and {y,} are real sequences in X
with

nler;o(||zn+1 — Tynllp = ¢n) = 0 then nhHH;O Zn =(q (1.3)
where
Zn+1 = Tyn

Yn =1 —an)zn + @y Tz, Vn=0,1,2,....
For zy € X, we have the Ishikawa iteration scheme ([13]) as:
Tpi1 = (1 = an)zn + anTyn
yn = (1= Bn)xn + BnT2, Vn=0,1,2,....

satisfying the conditions 0 < o, < B < 1Vn, lim,, o B = 0 and Zf;l anfBn = 0.

The Ishikawa iteration scheme is said to be stable [14] w.r.t T, if {z,} converges to
the unique fixed point ¢ of T', and whenever {z,} and {y,} are real sequences in X with

nlLH;o(||zn+1 — (1 —ap)zn — anTynllp = ¢n) = 0 then nhﬁn;(} Zn =¢q (1.4)
where
Yn = (1= Bn)zn + BnT2, V0 =0,1,2,....

Here, we discuss the stability of the above iteration schemes w.r.t T in a cone Banach
space X with a normal cone P (with normal constant 1).
[We have, every cone normed spaces is a cone metric space with d(z,y) = ||z — yl/,]-
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2. MAIN RESULTS

In all the following results we take d(x,0) = ||z||,, where z € X(the cone Banach
space).

Theorem 2.1. Let (X,|.||,) be a cone Banach space with the normal cone P (normal
constant 1). Let T be self mapping on X satisfying the condition (1.1). Then the Mann
iteration scheme is stable w.r.t. T if for the real sequence {a,}5° in [0,1], 0 < k <
Qn, YN =0,1,2,... and o« + 20 + 4y < 1.

Proof. Let {y,} be the sequence in X satisfying
lim (Hyn-H - (1 - O‘n)yn - O‘nTyn”p = 5n) = 0.
n—oo
Let {x,} be the sequence in X converging to the unique fixed point ¢q of T', so,

nh—>Holo lzn, — Ty, = 0.

lyns1 = allp < yns1 — (1 = an)yn — anTynllp + (1 — @n)yn + anTyn — Tqllp

<On + |(1 = an)(Wn — Tq) + an(Tyn — TQ)HP

< 0n+ (1 —an)llyn — gllp + anl(allyn — qllp + Blllyn — Tynllp + llg — Tqll,]
+lllyn = Tallp + llg — Tynllp))

<O+ (1 —an)llyn — allp + an((a+27)lyn — allp + (B +V)yn — Tynllp)

=[(1 —an) + anla+279)][lyn — qnp +0n + an(B+)yn — Tyn”p (2.1)

19n — Znt1llp + [2n41 — Tynllp

[9n — Zns1llp + (1 — an)zn + anTzn — Tynlp

= [lyn — Zpt1llp + |1 — o) (@n — Tyn) + an (T2 — Tyn)llp

<y = Zngallp + (1 = ) lln = ynllp + lyn — Tynllp] + an(allzn—yallp
+ Blllzn = Tznllp + 1yn — Tynllp] + Ylllzn — Tynllp + l[yn — T2allp))

lyn — Tyn”P

NN

1
= -T < — — —
[y Ynllp < an(l— B —7) lyn = allp + lZnt1 — allp]

1 — Qp + (OZ—|—2")/)O[n
Yn — ¢ + In—4q

an(B+7)
an(]- - B - 'Y)

+ lzn, — Ty ]|p- (2.2)
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From (2.1) and (2.2) we get,
< M=BEN—ant+an(a+29)]+[F+7]2—an+an(a+27)]

e —ally < o Iy —allp 62
12 — gl + LML O 200, g,
22 e~ Tl
=1_“"+?ﬁ%t?0+5+”mn—ﬂb+@
12— gl + LM e O 200, g,
+ Wﬂxn — Tz,
We take ay, = ||yn, — ¢llp, h = L-anton(@t2y)+5+7 and
1-p—v
b= 0+ T — g+ IS OO, g,
+ OM”% — Tz ||p-

Hence b,, — 0 as n — oco. Also,

0<(l—apn)+an(at+2y)+28+2y
<1-k(l—a-—2y)+28+2y
=1—(k—(ak+28+2(1+k)y))
< 1 [Since maximum value of k is 1 and o + 25 + 4y < 1]

l—antoan(a+29)+B+7y
1-B—vy

s0, by the Lemma 1.2, lim,,_, oo @p41 = limy, 00 ||yn+1—¢l|, = 0. Hence the given iteration

is stable w.r.t. T

= h= <1

We can also show that if ¢, — ¢ then 6, = 0 asn — oo.

O = [|Yynt1 — (1 — an)yn — O‘nTyan
< ynsr — (IHp +llg— (1 — an)yn — anTyan
< Y1 — CI||p + (1= an)|lyn — QHp + an || Tyn — TQHP

1Tyn — Tqllp < allyn = allp + Blllyn — Tynllp + llg = Tallp] + A(llyn — Tallp + 1 Tyn — qll]
a+ B+
< ————yn — dqllp-
1—ﬂ—7” llp

Clearly, 6, —» 0as n — oo. [

In 2006, Rhoades and Soltuz [15], derived the following result.
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Theorem 2.2. Let X be a normed space and T : X — X a mapping. If for all {a,} C
(0,1), {Bn} C[0,1), im0 oy = 0 = limy,—y00 B and Y.~ 1 vy, = 00 then following are
equivalent:

(i) for {an} C (0,1), Mann iteration scheme is T stable.
(i) for {an} C (0,1), {Bn} C[0,1), Ishikawa iteration scheme is T stable.

For the normal cone P (with normal constant 1) with the above stated conditions we
can also derive the similar type of result:

Corollary 2.3. For the self mapping T on the cone Banach space X satisfying (1.1), if
the real sequences {a,} and {B,} satisfy the above conditions (Theorem 2.2) together with
0<k<ap Vn=0,1,2,... and a4+ 28 + 4y < 1, then the Ishikawa iteration scheme is
also T' stable.

> 0}. We take the same cone

Example 2.4. Let X = [0,1], E = (R, ||.]] ={z
1] — be deﬁned by Tx = 5 , where [0,1] has

norm as in Example 1.1. Let T : [0,
the usual norm.

T oy x
[Tz —Tyll, = ||§ - *Ilp = QII* - *II

Y Y z
=2l — — = - =z <z ~Z —_—
[” 16 + 128 16 + 16 128 + 16 128 + 128 16|| ]

1 x Y
< gux gl gllle = Sl lly = L]+ 5~ Sl + llz — 21
1 1 1
= gllz =yllp + glllz = Tlly +lly = Tyll] + Sllly = T2lly + llz = Tyll,]-

Thus T satisfies (1. )withazﬁzvzl.LetanZ%,yn— Vn = 1,2,... For

8
k € (0, f}wehavek<amVn—O,1,2 ,and a + 20 +4v < 1.
Now, ¢ = 0 is the unique fixed point of T and lim,,_,, y, = 0. Also we have,

n+l>

On = lYnt1 — (1 — an)yn — OénTZ/an
1 3 1
= || _ _
n+2 4n+1) 32(n+1)
— 0asn — oo.

[

Hence the Mann iteration scheme is T-stable for the cone Banach space X.

As the above theorem we can prove similar type of result for Picard-Mann hybrid
iteration scheme:

Theorem 2.5. Let (X,|.||,) be a cone Banach space with the normal cone P (normal
constant 1). Let T be self mapping on X satisfying the condition (1.1). Then the Picard-
Mann iteration scheme is stable w.r.t. T if a +28+ 2y <1 and

nh_}rxgo |z, — T2yl = 0.

Proof. Let {y,} and {z,} be real sequences in X with

nlgrgo(‘|zn+1 = Tynllp = ¥n) = 0.
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We have, for the unique fixed point g of T, lim,, s z, = q. Now,
lzn+1 = dllp < lzne1 = TYullp + 1 Tyn — qllp (2.3)
1Tyn = Tqllp < ellyn — allp + Blllyn = Tynlly + llg — Tqllp]
+llyn = Tallp + llg = Tynll,]

a+ B+
= T n - T < - 5 _ n -
1Ty ally < 5 _ﬁ_vlly allp
at+fB+y
=———||(1—an)zn +anTz, — q
S (R Iy
at+fB+y
< m[(l —an)llzn — dllp + anl| Tz — glf)
at+fB+y
< i[(l —an)llzn = dllp + anllzn — allp + anl|Tzn — 2n[,]-
1-f—~y
(2.4)
From (2.3) and (2.4),
a+pB+y a+p+y
Zn+1 — 4 <7Zn_q +wn+7an Tzn_zn . 2.5
s =l < T o =l + 0+ g ENCE)
a+ B+ .
We take a, = ||zn — q|lp, h = 1_75_7 and b, = ¢, + ﬁﬂf;’anHTzn — Zn|lp-
Now, b, — 0 as n — oo. Also, 0 < h < 1. By the Lemma 1.2,
Jim any = lim 241 = gflp = 0.
Hence the given iteration is stable w.r.t. T [

In [2], M. Abbas, B.E. Rhoades et al. established the following common fixed point
theorem in cone metric spaces.

Theorem 2.6 ([2]). Let (X,d) be a complete cone metric space, and P be a normal cone
with normal constant K. Suppose that S and T are two self-mappings on X satisfying

d(Sz,Ty) < ad(x,y) + Bld(z, Sz) + d(y, Ty)] +~[d(z, Ty) + d(y, Sz)] (2.6)

for all x,y € X |, where a, 8,7 2 0 and a + 28+ 2v < 1. Then S and T have a unique
common fized point q in X . Moreover, any fixed point of S is a fized point of T, and
conversely.

For zg € X, we consider the following iteration scheme ([2]) converging the above
common fixed point of S and T":
Ton+1 — Sl’gn, Ton+2 = Tl’2n+1, n = 0, 1, 2, (27)

Here, we discuss the stability of the above iteration scheme w.r.t. S and T in a cone
Banach space X with a normal cone P (with normal constant 1). The above iteration
scheme is said to be stable w.r.t. S and T, if {z,,} converges to the unique fixed point ¢
of S and T, and whenever {y,} is a sequence in X with

lim [|y2ny1 — Syanllp = 0, and lim |ly2ny2 — Ty2nt1llp =0

we have lim,, o yn = q.

Now, we derive a condition for stability of the iteration scheme (2.7).
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Theorem 2.7. Let (X,|.||,) be a cone Banach space with the normal cone P (normal
constant 1) and S and T be self mappings on X satisfying the condition (2.6). Then the
iteration scheme (2.7) is stable w.r.t. S and T, if a + 28+ 2v <1 and

Jim |[yan — Syanllp = 0 and  m_{lyani1 = TYantallp = 0.

Proof. We have,

< lly2ns1 = Syanllp + [[Sy2n — T4l

< ly2nt+1 = Sy2nllp + allyzn — allp + Blllyvan — Sy2nllp + llg — all5]
+lly2n = Tallp + llg — Sy2all,]

< lyant1 = Sy2nllp + ally2n — gllp + Bllyen — Sy2nllp
+lly2n = dallp + ly2n = allp + lly2n — Sy2ully]

= (a+29)[ly2n — dllp + [1Y2n+1 — Sy2ullp + (B + ly2n — Sy2nllp

||y2n+1 - q”P

we take an = ||y, — qllp and ban = [|y2n+1 — Sy2nllp + (B + V) Y20 — Sy2nllp-

Now, ||y2n+1 — Sy2nllp, — 0 as n — oo and ||y2, — Sy2nll, — 0 (given condition).
Hence b, — 0 as n — oo. Also, a + 27 < 1 so, by the Lemma 1.2, lim, o G2n+1 =
limy, o0 ||Y2n+1 — ¢llp = 0. Again,

ly2n+2—dllp < llY2n+2 — TY2n+1llp + I TY2n+1 — Sqllp
< y2n+2 — Tyantallp + allyznsr — allp + Bllyznt1 — Tyantallp
+70lg = van+1llp + [lY2n+1 — Ty2nt1llp + lly2nt1 — qllp)
= (@ +29)ly2n+1 — qllp + v2nt2 — Ty2n+1llp + (B +V)y2n+1 — Ty2n+1|lp-

Let by, = [[y2ns2 — Tyzntallp + (8 +)ly2nt1 — Tyonsrllp-

Now, ||y2n+2 —Ty2n+1llp = 0 as n — oo and ||y2n+1 — TY2n+1|l, — 0 (given condition).

Hence, 11mn—>oo a2n+2 = hmn—>00 ||y2n+2 - QHP =0.
Therefore, lim, o ||yn — ¢||, = 0. Hence the given iteration is stable w.r.t. Sand 7. m

Remark: In all the above results we have considered the normal cones with normal con-
stant 1. It can be further investigated whether the similar result holds without assuming
this condition. In view of the recent development of research, the analogous study can be
done considering cone Banach spaces over Banach algebras with some possible practical
applications.
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