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Abstract In this paper we use the notion of (A, B)-weakly increasing mappings in the sense of W.
Shatanawi and M. Postolache [W. Shatanawi, M. Postolache, Common fixed point results for mappings
under nonlinear contraction of cyclic form in ordered metric spaces, Fixed Point Theory Appl. 2013
(2013)] to introduce some new common fixed point results in complete G-metric spaces which can not be

deduced from fixed point theorems in the setting of standard metric spaces.
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1. INTRODUCTION

It is well known that the Banach contraction theorem is the first outstanding result
in the field of the fixed point theory that ensure the existence of unique fixed point in
complete metric spaces, which is known later as Banach contraction principle. After that,
many authors extended the Banach contraction theorem to many directions for example
see [1-14].

Recently Mustafa and Sims [15] introduced a new generalization of the standard notion
of metric space, named G-metric space. After that many authors proved several fixed
point theorems in complete G-metric spaces for example see [16-21].

Cyclic mappings are studied by many authors in the field of fixed point theory for
example see [22-38]

Jleli and Samet [39] and Samet et.al [10] showed that some of fixed point theorems in
G-metric spaces can be deduced from standard metric spaces or quasi metric spaces.

Karapinar and Agarwal [11] proved that the approach of Jleli and Samet [39] and Samet
et.al [10] cannot be applied if the contraction condition in the statement of the theorem
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can’t be reducible to two variables and they introduced and proved diverse results in
G-metric spaces.

Saadati et al. [412] initiated the notion of Q-distance. They employed the notion of
-distance to created and proved some fixed point results in G-metric spaces. After that,
Some authors obtained many fixed and common fixed point theorems in the setting of

G-metric space by using the notion of Q-distance [43—-47]. It is worth mentioning that,
the techniques of Jleli and Samet [39] and Samet et.al [10] are not working in the notion
of Q-distance.

Kirk et al. [48] gave a new generalization of Banach contraction theorem in very

smart way. For this instant, he introduced the notion of cyclic mappings and proved a
generalized version of Banach contraction theorem. Recently, many authors studied many
fixed and common fixed point theorems for mappings of cyclic form in different matric
space, for more details we refer the reader to [22-38]. Recently, Shatanawi and Postolache
[8] introduced the notion on (A, B)-weakly increasing mappings and generalized many
fixed and common fixed point results of cyclic form.

In this paper, we utilized the notion of (A, B)-weakly increasing mappings in the sense
of W. Shatanawi, and M. Postolache to derive fixed point results in the setting of G-metric
spaces where the techniques of Samet [39] and Samet et.al [10] are not working in our
works.

2. PRELIMINARY

In this section we present the important definitions and theorems which is used in
sequel.

Definition 2.1 ([17]). Let X be a nonempty set, and let G : X x X x X — R be a
function satisfying:

(G1)G(x,y,2) =0ifx =y =z,

(G2)G(x,z,y) > 0 forallz,y € X ,withx # y,

(G3)G(z,y,y) < G(x,y,2) forallz,y,z € X ,withy # z,

(G4) G(z,y,2) = G(p{z,y, z}), where p{z,y, 2z} is the all possible permutation of x,y,z
(symmetry in all three variables ),

(G5) G(z,y,2) < G(z,a,a) + G(a,y,2)Vx,y,2z,a € X(rectangleinequality). Then the
function G is called a generalized metric space, or more specifically G-metric on X, and
the pair (X,G) is called a G-metric space.

Definition 2.2 ([15]). Let (X,G) be a G-metric space, and let (x,) be a sequence of
points of X, we say that (z,) is G-convergent to x if
lim G(z,z,,z,) = 0; that is for any € > 0, there exists k € N such that G(z, z,, x,,) <

n,m— oo
€, for all n,m > k.

Proposition 2.3 ([15]). Let (X,G) be G-metric space then the following are equivalent.
(1) (zy,) is G-convergent to .

(2) G(xp, Tpn,x) — 0, asn — 0.

(3) G(xpn,x,2) = 0, asn — oo.

Definition 2.4 ([15]). Let (X, G) be G-metric space, a sequence (z,) C X is said to be
G-Cauchy if for every € > 0, there exists k € N such that G(z,, Ty, x;) < €
for all n,m,1 > k.
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Proposition 2.5 ([15]). In a G-metric space, the following are equivalent.
(1) The sequence () is G-Cauchy.
(2)For every € > 0, there exists k € N such that G(xy, T, Tym) < € for all n,m,l > k.

Definition 2.6 ([17]). A G-metric space (X, Q) is said to be G-complete or complete
G-metric space if every G-Cauchy sequence in (X, G) is G-convergent in (X, G).

Definition 2.7 ([17]). Let (X,G) and (X', G’) be two G-metric spaces and let

f: X — X’ be a function, then f is said to be G-continuous at a point a € X if given
€ > 0, there exists § > 0 such that x,y € X; G(a,x,y) < ¢ implies G'(fa, fz, fy) <e. A
function f is G-continuous on X if and only if it is G-continuous at every point a € X.

Proposition 2.8 ([17]). Let (X,G) and (X', G") be two G-metric spaces and let

f X — X' be a function, then f is said to be G-continuous at a point x € X if and
only if it is G-sequentially continuous at x; that is, whenever (x,) is G-convergent to z,
(f(xy)) is G'-convergent to f(z).

Proposition 2.9 ([15]). Let (X,G) be G-metric space. Then the function G is jointly
continuous in all three of it’s variables.

3. MAIN RESULT

We start with the following definitions:

Definition 3.1 ([3]). Let (X, <) be a partially ordered set and A, B be two nonempty
subsets of X with X = AUB. Let f,g: X — X be two mappings. Then the pair (f, g) is
said to be (A, B)-weakly increasing if fo < gfx for all z € A and gz < fgx for all z € B

Definition 3.2 ([19]). The function ¢ : [0,00) — [0,00) is called an altering distance
function if the following properties are satisfied

(1) ¢ is continuous and nondecreasing.

(2) ¢(t) =0 if and only if ¢t = 0.

For more acquaintance on theorems related to altering distance functions, see [3, 50—
].

Theorem 3.3. Let (X, X) be a partially ordered set and suppose that there exists a G-
metric on X such that (X,G) is complete G-metric space. Let A,B be two nonempty closed

subsets of X with X = AUB. Let f,g: AUB — AU B such that the pair (f,g) is (A, B)-
weakly increasing with f(A) C B, g(B) C A. Let ¢, be an altering distance functions.
Also suppose that

¢G(fr,gfz,gy) < omax{G(z,y,y),G(fz, fx,z),G(g9y,9y,y)}

—¢pmax{G(z,y,y), G(fz, fz,),G(g9y, 9y, y)} (3.1)
for all comparative x,y € X withx € A,y € B

and

#G(gz, fgz, fy) < ¢max{G(z,y,y),G(g7, gz, ), G(fy, fy,y)}

—1/1maX{G(1:,y,y),G(gz,g:c,:c),G(fy,fy,y)} (32)
for all comparative x,y € X with x € B,y € A.

If f or g is continuous then f and g have a common fixed point in AN B
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Proof. Let g € A. Since f(A) C B, then fxy = x; € B. Also, since g(B) C A,
then gr; = 22 € A. Continuing this process we obtain a sequence (x,) in X such that
fxon = Topt1, Tan € A and grony1 = Topt2, Tont1 € B n € N. Since (f,g) is (A, B)
weakly increasing, then 1 = fzg =X gfro = gr1 = x2 X fgxr1 = fre = x3--- . Therefore
Ty R Xpp1Vn € No If 29,41 = Zop4o for some n € N, then x9,41 is a fixed point for
gin AN B. To prove that zg,41 is a fixed point for f it is equivalent to prove that
T2n+1 = L2n+2 = L2n+3-
Since ;41 =< Tant2, then by (3.2) we get
OG(Tany2, Tongs, Tong3) = OG(9Tant1, f9Tont1, fTonta)

< ¢max{G(T2ant1, Tant2, Tant2),

G(T2n+2, Tont2s Tant1), G(Tan43, Tanis, Tant2)}

—Ymax{G(Tani1, Tant2, T2ny2),

G(€E2n+2, Ton+2;, $2n+1), G($2n+37 T2n+3, $2n+2)}~

Since xo,+1 = Tonto, then

G(Zant1; Tant2, Tant2) = G(Tant2, Tony2, Tant1) = 0,

and so

¢G($2n+2, T2n+3, $2n+3) < ¢G($2n+3, T2n43, $2n+2) - 1/JG(=’E2n+3, T2n+3, $2n+2)~

This implies that
VG (T2n43, Tants, Tantz) = 0
and hence G(z2n+3, Zon+3, Tant2) = 0. Thus, Topi3 = Tant2, and S0 o, i3 = Topio =
ZTon4+1. Therefore xo,41 is also a fixed point for f. Hence x2,41 is a common fixed point
for f and gin AN B.
Now assume that z,41 # x,, Vn € N. Let n € N. Since x9,+1 =X Zant2, then by (3.2) we
have
OG (Tan+2, Tants, Toants) = OG(9Tant1, f9Ton+1, [Tant2)
< ¢max{G(T2n+41, Tant2, Tant2),
G(Zant2; Tant2, Tant1), G(Tan43, Tant3, Tanya)}
—tp max{G(T2n+1, Tont2, Tant2),
G($2n+2, Ton4-2, $2n+1), G(302n+3, T2n+3, $2n+2)}
= ¢pmax{G(T2n+1, T2n+2, T2n+2),
G(T2n+43, T2n43, Tans2)}
—Ymax{G(T2n+1, T2nt2, T2n+2),
G(T2n43, T2n43, Tant2) )

If max{G(T2n+1, Ton+2; Tan+2), G(Tan+3, Tant3, Tant2)} = G(Tant3, Tants, Tant2), then
OG(Zan+2, Tonts, Lants) < OG(Zant2; Tant3; Tant3) — VG (Tan42, Tant3, T2n13)-

Therefore ’l,[}G(xQnJ,_Q, Ton+3, 172n+3) = O, and so G(1727L+2, T2n+3, $2n+3) =0.
Hence z9,+3 = 2,42 a contradiction. So,

maX{G($2n+1, Ton4-2, $2n+2), G($2n+3, Ton43, $2n+2)} = G($2n+17 T2n42, 332n+2)~
Hence

dG(2n+2, Tonts, Tants) < OG(Tant1, Tont2, Tant2) — VG (Tant1, Tant2, Tant2).  (3.3)
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G(2on+2, Tonts, Tonts) < G(Tont1, Tont2, Tant2). (3.4)

Again, since g, < Ta,y1, then by (3.1) we have
OG (Tont1, Tant2, Tantz) = OG(f2on, 9fT2n, 9Tont1)

< ¢max{G(r2n, Tont1, Tani1),

G(5E2n+1, L2n+1, Izn), G($2n+27 L2n+2, 12n+1)}

—tpmax{G(z2n, Tant1, Tant1),

G(T2n41: Ton+1, Ton), G(T2n2, Tont2, Tont1)}

= ¢max{G(@2n, Tant1, Tant1),
G($2n+2,$2n+2,$2n+1)}

—tp max{G(@2n, T2n+1, Tant1),
G($2n+2,$2n+2,$2n+1)}~

It maX{G(@n, T2n41, $2n+1), G($2n+27 T2n4-2, $2n+1)} = G($2n+2, Ton4-2, 332n+1),
then

OG (T2n41, Tant2, Tant2) < OG(T2pg1, Tony2, Tany2) — VG (Tant1, Tant2, Tani2)-
Therefore G (Tan+1, Tan+2, Tant2) = 0 and so G(xant1, Tant2, Tant2) = 0.
Hence z2,+2 = Ton4+1 a contradiction.

Thus
PG (Tan+1, Tant2, Tantz) < OG(T2n, Tont1, Tont1) — VG (Tan, T2ni1, Tans1)- (3.5)
G(Zon+1, Ton+t2, Tont2) < G(Zon, Tont1, Tant1)- (3.6)
From (3.4) and (3.6) we conclude that Vn € N
G($n+17xn+2axn+2> S G(xn;$n+17xn+l)~ (37)

which means that (G(z,,Zn+1,Znt1) : n € N) is a nonnegative decreasing sequence.
Therefore Ir > 0 such that lim G(2y,,Zp 41, Tnt1) = 7. From (3.3) and (3.5) we conclude

n—0o0
that Vn € N

PG (Tpi1, Tny2, Tng2) < OG(Tn, Tyt Tng1) — VG (T, Tng1, Tnga)- (3.8)
By taking the limit as n — oo in (3.8) and using the fact that ¢ and are continuous we
get
¢r < ¢r — r. Therefore pr = 0 and so r = 0.
Hence

le G(Xn, Tpt1, Tns1) = 0. (3.9)
Also, it can be proved that

lim G(xn,Zn,Tni1) = 0. (3.10)

n—oo
To show that (z,) is G-Cauchy sequence it is sufficient to show that (x2,) is G-Cauchy
sequence.
Suppose to the contrary that (z3,) is not G-Cauchy sequence. Then Je > 0 and two
subsequences (Zan, ),(T2m,) of (z2,) such that my is chosen as the smallest index for
which

G(xQnmx%nkamek) > € mg > N, (311)
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this means that
G(xgnk y Lomy —25 :L‘kafg) < €. (312)

From (3.11) and (3.12), we get
€ < G(Tanys Tamys Tomy,) < G(@any, Tamy—25 Tamy—2) + G(Tamy—2, Tamy s T2my, )
< G(Zony, Tame—2, Tamy—2) + G(Tamy—2, T2mp—1, Tame—1)
+G(T2my, -1, T2my > T2my,)
< G (Tamy—25 T2mp—15 T2mp—1) + G(T2my —1, Tamy, s T2my, )-

On letting k — oo and using (3.9) and (3.10), we get

lim G(xan,, Tom,, Tam, ) = €. (3.13)
k—o0

Also, by (G5) we have

G(Zony, Tang, Tamy,) — G(Tangs Tong, Tong—1) < G(Tan,—1, Tang—1, Tamy,)
S G(xan y L2np—1, (E2nk)
+G(m2nk7x2mk7x2mk)
On letting £ — oo and using (3.9), (3.10) and (3.13) we get
hm G(l’gnkfl,l'gnkfl,l'gmk) = €. (314)

k—o0
Again, by (G5) we have
G(Ian 9 xan+17 mek—‘rl) S G(Ian ) zan 9 xan—‘rl) + G(IQTLk ) x2nk ) I’ka)
+G(Z2my , T2my s T2mp+1)-
On letting k — oo and using (3.10) and (3.13) we get

lim G(z2n,, Ton,+1, Tame+1) < €.
k—o00

Also,
G($2nkax2nkax2mk) < G(man;x2nk+17m2nk+1) + G(xan+17x2nk7x2mk+l)
+G(T2mp+1, T2mp+15 T2my )-

On letting k£ — oo and using (3.9) and (3.13) we get

e < lim G(Zang,, Tong+1, T2mp+1)-
k—o00

Thus

lim G(l‘gnk,l‘znk+1,l‘2mk+1) = €. (315)
k—o00

Now, since oy, —1 =< Tam,, then by using (3.2) we get
¢G($2nk7$2nk+1,$2mk+1) :¢G(9$2nk71,f9$2nk71,f$2mk)
S (ﬁmaX{G(.’L'an,l,$2mk7$2mk),
G(T2n,,, Tang T2ny,—1)s
G($2mk+1ax2mk+lvx2mk)}
- maX{G(zan—laszmemk)a
G(xQTLk?xanvank*l)a
G(Zamy+1> T2myt+1, T2my ) }-

Taking the limit as k — oo and using the fact that ¢ and 1 are continuous and using
(3.9), (3.14) and (3.15), we get
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pe < pe — Pe.

Therefore e = 0 and so € = 0 a contradiction. Hence (z2,) is G-Cauchy sequence,
and so (z,) is G-Cauchy sequence. Since (X,G) is a complete G-metric space, then
there exists uw € X such that (z,) is G-converges to u. Therefore the subsequences
(922n+1)s f(z2n), (x2n+1), and (z2,) are G-converge to u. Since (za,) C A and A closed
then u € A, and since (r2,+1) € B and B closed, then v € B. First suppose (without
lose of generality) that f is continuous. Then
nl;ngo fro, = fu and nl;rgo fxo, = nl;ngo Ton+1 = u, by uniqueness of the limit we have
fu=wu. Since v € AN B and u < u then by (3.1) we have

¢G(u, gu, gu) = ¢G(fu, gfu,gu) < pmax{G(u,u,u), G(fu, fu,u),
G(gu, gu, u)}
—p max{G(u,u,u), G(fu, fu,u),
G(gu, gu,u)}
< ¢G(gu7 gu, u) - 1/)G(9U79Ua u)'
Therefore G(gu, gu,u) = 0 and so G(gu,gu,u) = 0. Hence gu = u. Hence u is a
common fixed point for fandg in AN B. [

Corollary 3.4. Let (X, <) be a partially ordered set and suppose that there exists a G-
metric on X such that (X,G) is complete G-metric space. Let A,B be two nonempty
closed subsets of X with X = AUB. Let f: AUB — AU B be a continuous function,
such that fx < f2xVx € X, with f(A) C B, f(B) C A. Let ¢, be an altering distance
functions, and suppose that

¢G(fx, f2x, fy) < omax{G(z,y.y),G(fz, fz,2),G(fy. fy,y)}
—Ymax{G(z,y,y),G(fz, fr,x),G(fy, fy,y)} (3.16)

for all comparative x,y € X withx € A,y € B orx € B,y € A. Then f has a fized point
in AN B.

Proof. Tt follows from Theorem 3.3 by taking g = f. [

Theorem 3.5. Let (X, <) be a partially ordered set and suppose that there exists a G-
metric on X such that (X,G) is complete G-metric space. Let A,B be two nonempty
closed subsets of X with X = AUB. Let f,g: AUB — AU B such that the pair (f,g)
is (A, B)-weakly increasing with f(A) C B and g(B) C A. Suppose that 3 r € [0,1) such
that

G(fr,g9fx,gy) < r max{G(z,y,y), G(fz, fr,z),G(9y, 9y,y)} (3.17)
forall comparativex,y € X withx € A,y € B ,and

G(gz, fgz, fy) < r max{G(z,y,y), G(9z, 9z, x), G(fy, fy,y)} (3.18)

forall comparativex,y € X withe € B,y € A
If f or g is continuous then f and g have a common fixed point in AN B.
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Proof. Define ¢, : [0,00) — [0,00) by ¢(¢t) = ¢ and ¥(t) = (1 — r)t. Then the proof
follows from Theorem 3.3. (]

Corollary 3.6. Let (X, =X) be a partially ordered set and suppose that there exists a G-
metric on X such that (X,G) is complete G-metric space. Let A,B be two nonempty closed
subsets of X with X = AUB. Let f: AUB — AU B be a continuous function such that
fx = f2xVx € X with f(A) C B and f(B) C A. Suppose that 3 r € [0,1) such that

G(fz, f*z, fy) < rmaz{G(z,y,y), G(fz, fz.x), G(fy. fy.y)} (3.19)

for all comparative x,y € X withz € A, y € B orx € B, y € A.
Then f has a fized point in AN B.

Proof. The proof follows from Theorem (3.5) by taking g = f. L]

CONCLUSION

Samet et al [39, 40] in their outstanding paper proved that some fixed point theorems
in G-metric spaces in sense of Mustafa and Sims [15] can be reduce to some known
fixed point theorems in standard metric space. While, Karapinar and Agarwal [41] in
their nice paper introduced some theorems where the method of Samet et al [39, 40] can
not be used in their theorems. In this paper, we showed that the study of fixed point
theorems in G-metric spaces in the sense of Sims and Mustafa [15] is significant and
real generalization of fixed point theorems in standard fixed point theorems. Our result
supported the conclusion of Karapinar and Agarwal in their paper [41] about the fixed
point theorems in G-metric spaces.
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