Thai Journal of Mathematics
Volume 19 Number 2 (2021)
Pages 431-444

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Three-Step Iterative Scheme for Solvability of
Generalized Quasi-Variational Like Inclusions in
Hilbert spaces

Mohd Igbal Bhat* and Bisma Zahoor

Department of Mathematics, South Campus University of Kashmir, Anantnag-192101
e-mail : igbal92@gmail.com (M. I. Bhat); bzbtamanna@gmail.com (B. Zahoor)

Abstract In this paper, we consider the system of generalized nonlinear variational-like inclusions in
Hilbert spaces. In particular, system of generalized nonlinear variational-like inclusions reduces to a
variational inclusion, an extension of variational inclusion studied by Hassouni and Moudafi. Using
fixed-point technique, we develop a three-step iterative algorithm for solving the system of generalized
nonlinear variational-like inclusions. Further, we prove the existence of solution and discuss convergence
criteria for the approximate solution of the system of generalized nonlinear variational-like inclusions.
Our three-step iterative algorithm and its convergence results are new and the theorems presented in this

paper improve and unify many known results in the literature as well.
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1. INTRODUCTION

One of the most significant and important problems in the variational inequality theory
is the development of efficient iterative algorithms to compute approximate solutions.
Although one of the most effective numerical technique for solving variational inequalities
is the projection method and its variant forms.

In 2007, Zeng et al. [1] extended the auxillary principle technique to develop a three-
step iterative algorithm for solving the system of generalized mixed quasi-variational in-
clusions in Hilbert spaces. For further generalizations of variational and quasi-variational
inequalities/inclusions see for example [2—6].

Motivated by recent research work going on variational inequalities, we consider the
system of generalized nonlinear variational-like inclusions in Hilbert spaces and suggest a
three-step iterative algorithm. Further, we prove the existence of solution of the system
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of generalized nonlinear variational-like inclusions and discuss the convergence criteria for
the three-step iterative algorithm.

The suggested three-step iterative algorithm include as special cases the algorithm
developed by Kazmi and Bhat [7]. The results presented in this paper improve and
extend some known results in the literature.

2. PRELIMINARIES AND BASIC RESULTS

Let H be a real Hilbert space with inner product (-, -) and norm || -||, respectively. The
following concepts and results are needed in the sequel:

Definition 2.1. A mapping 7 : H Xx H — H be a single-valued mapping, then for all
u,v € H, n(-,-) is said to be
(i) monotone, if
(n(u,v),u—v) = 0;
(ii) strictly monotone, if
(n(u,v),u —v) > 0

and the equality in above holds only when u = v;
(iii) d-strongly monotone, if there exists a constant § > 0, such that

(n(u,v),u—v) > 8llu—wvl?
(iv) 7-Lipschitz continuous, if there exists a constant 7 > 0, such that
[n(u, v)[| < 7llu—2.
We remark that strongly monotonicity of n implies strictly monotonicity of 7.

Definition 2.2. Let n : H x H — H be a single-valued mapping. Then a multivalued
mapping M : H — 27 where 2¥ is the power set of H, is said to be
(i) m-monotone, if
(x —y,n(u,v)) >0, Vu,v € H, Vo € M(u),y € M(v);
(ii) o-strongly n-monotone, if there exists a constant o > 0 such that
(x —y,n(u,v)) > ollu—v|? Yu,ve H Vee Mu),y € M();

(iv) mazimal n-monotone, if M is n-monotone and (I + pM)(H) = H, for any
p > 0, where I stands for an identity operator.

Definition 2.3. [2] Let  : H x H — H be a single-valued mapping. A proper convex
function ¢ : H — R U {+oco} is said to be n-subdifferentiable at a point u € H, if there
exists a point f* € H such that

¢(v) — d(u) = (f*,n(u,v)), Vv € H, (2.1)

where f* is called an n-subdifferentiable of ¢ at u. The set of all n-subdifferentiable of ¢
at u is denoted by d¢(u). The mapping ¢ : H — 2 defined by

I¢p(u) = {f" € H : p(v) — d(u) = (f*,n(u,v)), Yv € H},
is said to be n-subdifferential of ¢ at w.



Three-Step Iterative Scheme for Solvability ... 433

Definition 2.4. [2] Let ¢ : H — R U {400} be a proper convex function. For any given
uw € H and p > 0, if there exists a mapping nn : H x H — H and a given unique point
w € H such that

v, w),w —u) > pp(w) — pp(v), Yv € H, (2.2)
then the mapping u — w, denoted by J;?‘z’(u) is said to be n-proximal mapping of ¢.
By (2.1) and the definition of J9¢(u), it follows that
0 _ -1
Jp¢(u) =+ pdp)”"(u), Yu € H, (2.3)

is called the prozimal (resolvent) mapping of ¢, where I stands for identity mapping on
H.

Let N1,No,Ns : H x H —- H, g : H — H be single-valued mappings and let M :
H — 2" be a maximal n-monotone mapping. Then the system of generalized nonlinear
variational-like inclusions (in short, SGNVLI) is to find u,v,w € H such that

0 € gw) — g(0) + pr [N () + M(g(w))], p1 >0, (2.0
0 € g(v) — g(w) + p2 [Na(v,w) + M(g(v))], p2 >0, (2.5)
0 € g(w) — g(u) + p3 [ N3(w,u) + M(g(w))], ps > 0. (2.6)

We remark that if uw = v = w and p; = pa = p3, SGNVLI (2.4)-(2.6) reduces to a
variational inclusion of finding v € H such that

0 € Ny(u,u) + M(g(u)). (2.7)

Variational inclusion (2.7) is an important generalization of variational inclusion consid-
ered by Hassouni and Moudafi [8]. For applications of such variational inclusions, see

[ ) ) ) ]'
Some More Special Cases.

Case I: If g = I, the Identity mapping and M(g(.)) = 9¢(.), where ¢ : H — R U {+o0}
is a proper function, and d¢ denotes the n-subdifferential of ¢, then SGNVLI (2.4)-(2.6)
reduces to the following system of nonlinear variational-like inequalities: Find u,v,w € H
such that

(N1(u,v) = pi(u = v),n(w, u)) + ¢(x) — d(u) > 0, Yo € H,p1 >0, (2.8)
(Na(o,0) = 7 (0 = w),n(a,0)) + 6(2) = 6(0) > 0, Yo € Hopp >0, (29)
(N3(w,u) — p3 " (w —u),n(z,w)) + ¢(z) — p(w) >0, Vz € H,p3 >0, (2.10)

which appears to be a new one.
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Case II: If in the system (2.8)-(2.10), n(z,u) = = — u, n(z,v) = z — v, n(z,w) =
r —w, Vr,u,v,w,€ H and d¢ be the subdifferential of a proper convex lower semicon-
tinuous function ¢ : H — RU {+00}, then it reduces to the following system of nonlinear
variational inequalities: Find u,v,w € H such that

(N1 (u,v) — pi ' (u—v),z — u) + ¢(x) — ¢p(u) >0, Vo € H,py >0, (2.11)
(Ny(v,w) — p3 (v —w),z —v) + ¢p(z) — ¢(v) >0, Vz € H,ps >0, (2.12)
(N3(w,u) — p3*(w—u),x — w) + ¢(x) — p(w) >0, Vo € H,p3 >0, (2.13)

which appears to be a new system.

Case III: If in the system (2.11)-(2.13), we take d¢ = dg, the indicator function on a
nonempty closed convex set K C H, then system (2.11)-(2.13), reduces to the following
system: Find u,v,w € K such that

(p1N1(u,v) = (u—v),z—u) >0, Vo € K,p; >0, (2.14)
{paNa(v,w) — (v —w),z —v) >0, Vo € K,p >0, (2.15)
(psN3(w,u) — (w—u),z —w) >0, Vo € K,p3 >0, (2.16)

which also appears to be a new system.

Case IV: If we take N3 = 0, w = u, Ni(u,v) = Na(u,v) = T'(v), where T : H — H be a
single-valued mapping, then SGNVLI (2.4)-(2.6), reduces to the following system: Find
u,v € K such that

0 € glu) - g(v) + pu[T(v) + M(g(w))], p1 >0, (2.17)

0€ g(v) — g(u) + p2[T(u) + M(g(v))], p2 >0, (2.18)

which is same as the system of nonlinear variational-like inclusions considered by Kazmi
and Bhat [7].

Remark 2.5. For the suitable choices of the mappings Ny, N2, N3, g and M, SGNVLI
(2.4)-(2.6) reduces to similar types of variational inclusions and variational inequalities
considered by Yang et al. [10], Verma [(], Chang et al. [11], He and Gu [12].

Next, we give the following results, which are used in the sequel.

Lemma 2.6. [9] Let n: H x H — H be a strictly monotone and let M : H — 2H be a
mazximal n-monotone mapping. Then the following conclusions hold:

(a) (x —y,n(u,v)) >0, Y(y,u) € Graph(M) implies (z,u) € Graph(M),

where Graph(M) := {(z,u) € H x H : x € Mu};

(b) the mapping (I + pM)~1 is single-valued for any p > 0.
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Lemma 2.7. [9] Letn: H x H — H be 6-strongly monotone and 7-Lipschitz continuous
mapping and let M : H — 28 be a mazimal n-monotone mapping. Then the n-proximal

mapping of M, Jéw = (I +pM)~1 is %-Lipcshitz continuous, i.e.,

|75 (w) = I ()] < %Hu — |, Yu,v € H. (2.19)

where p > 0 is a constant.

Proof. Let u,v € H. From the definition of J, we have JM (u) = (I + pM)~!(u).
This implies that

P (= I} (w) € M(J} (w).
Similarly, we have
7 = I} W) € MUY (v).
Since M is maximal n-monotone, we obtain
0<p (=T} W) = (v = 1 @)n(J3 (W), I (0)))
= (u=vn( @, I @)) = 7 (I w) = 2 @) (S ), Y (@) )).

Since p > 0, and 7 is §-strongly monotone and 7-Lipschitz continuous, from the above
inequality, we have

2
|17 (w) = )" < 7llu— ol - 173" (w) = Tp" ().
This implies that

1957 w) = )] < Sllu = vl Vu,v e H,

and this completes the proof. [

3. ITERATIVE ALGORITHMS

In this section, a three-step iterative algorithm for solving SGNVLI (2.4)-(2.6) is sug-
gested and analyzed. First, we give the following lemma:

Lemma 3.1. u,v,w € H is the solution of SGNVLI (2.4)—(2.6) if and only if it satisfies:

glu) = I [g(v) = 1N (u,0) | p1 >0, (3.1)
where

g(w) = JM [g(w) — p2Na(v,w)]; p2 >0, (3.2)
and

g(w) = J)) [g(u) = p3N3(w, w)]; ps > 0. (3.3)

Here Jé\ff = (I +p;M)7t;i=1,2,3,... is the provimal mapping, I stands for the Identity
mapping on H.
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Proof. From the definition of J é‘f , we have
g(u) = (I +p1 M) [g(v) — p1N1(u,v)]

= g(v) = p1Ni(u,v) € (I + p1M)g(u)

= g(v) = p1Ni(u,v) € g(u) + p1M(g(u))

0 glu) - g(0) + pr [N (u,0) + M(g(w)].

Similarly,
= 0€g(v) — g(w) + p2[Na(v,w) + M(g(v))]
and

<  0€g(w) - g(u) + p3s[N3(w,u) + M(g(w))],Vu,v,w € H.

Thus u, v, w € H is the solution of SGNVLI (2.4)-(2.6). m

The above lemma allows us to suggest the following iterative algorithm:

Algorithm 1

For any arbitrary chosen wg, vy, wg € H, compute the sequences {u,}, {vn}, {w,} by
the iterative schemes:

Unt1 = Up — g(un) + J2" [g(vn) = p1N1(Un, vn)]; p1 >0

where
g(vn) = 1" [g(wn) — p2Na (v, wn)]; pa >0
and
g(wy) = JM*™ [g(un) — psN3(wn,un)]; p3 >0
n=01,2,...

If p1 = p2 = p3, un = vp = Wy, N1 = No = N3 and My = My = Mj3 for all n > 0, then
the Algorithm 1 reduces to the following iterative algorithm.

Algorithm 2
For any arbitrary chosen ug € H, compute the sequence {u,,} by the iterative scheme
Unt1 = tn — g(un) + T [g(un) = p1N1 (U, un)]; p1 >0
n=20,1,2,....

We remark Iterative Algorithm 2 gives the approximate solution to the variational inclu-
sion (2.7).

4. EXISTENCE OF SOLUTION AND CONVERGENCE CRITERIA
First, we recall the following concepts.

Definition 4.1. For all u,v € H, a mapping N : H x H — H, is said to be

(i) a1-strongly monotone with respect to first argument, if there exists a constant
a1 > 0 such that
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(N(u,.) = N(v,.),u—v) > aq|lu—v|?

(ii) ag-strongly monotone with respect to second argument, if there exists a con-
stant ap > 0 such that

(N(,u) = N(.,v),u—1v) > asllu—v|?

(iii) B1-Lipschitz continuous with respect to first argument, if there exists a constant
[B1 > 0 such that

IN(u, ) = N(v, )| < Biflu = vl

(iv) PBo-Lipschitz continuous with respect to second argument, if there exists a con-
stant B > 0 such that

N w) = N(s o) < Baflu — o]

Now, we prove the following theorem, which ensures the existence of solution and the
convergence criteria of Algorithm 1 for SGNVLI (2.4)—(2.6).

Theorem 4.2. Let H be a real Hilbert space. Letn: Hx H — H be §-strongly monotone
and T-Lipschitz continuous mapping, M : H — 29 be a mazimal n-monotone mapping,
Ny : Hx H— H be a;-strongly monotone with respect to second argument and (31, B2)-
Lipschitz continuous with respect to first and second argument, respectively, No : H X
H — H be ay-strongly monotone with respect to second argument and (B3, B4)-Lipschitz
continuous with respect to first and second argument, respectively, N3 : H x H — H be
ag-strongly monotone with respect to second argument and (Bs, Bg)-Lipschitz continuous
with respect to first and second argument, respectively, g : H — H be o-strongly monotone
and C-Lipschitz continuous. If there exist constants py > 0, po > 0, ps > 0 such that

x/Tg[ag(195)53}45173<ﬂ142a91>

a1+ Bt
- = Fm ’ (0
oy > Py /1—-07, 6, <1,
o — QaTy — (052 - 9172)53
? (87 — B3)™2
\/|:052T2 — (0'52 — 017‘2)53}2 — (62 - Bg){a52(2917'2 - 0'(52) + 7'22(1 - 9%)}
- 57— B /
(4.2)

Ty — (002 — 0172)B3 > \/(52—5§){052(29172—0’52)+722(1—9?)}>

_ 373 — (0'53 - 917‘3),65

P (8% — BE)ms
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s — (00 — 1)) — (58 - B2t 2017, — 08) + 730~ 0D}
(88 — B3)7s ’

<

(4.3)

asms — (003 — Oims)Bs > \/(82 — PR {00a(2bums — 0bs) + TE1—6D)),  (4.4)

where 61 = /1 — 20 + (2, then the iterative sequences {u,}, {v.}, {wn} generated by
Algorithm 1 strongly converge to u,v,w, respectively, in H and u,v,w € H is the solution

of SGNVLI (2.4)~(2.6).

Proof. From Algorithm 1, Lemma 3.1 and (3.1), we have

[tnro = tnia || = |Junt1 — g(uns1) + T [g(vns1) — pr N1 (tng1, vng1)]
— U + g(un) — Jé\f [9(vn) — p1N1(Un, vy)] H
< Hun+1 — tp — (g(unt1) — g(un))H
+ |15 [9(“n+1) — PNt (g1, vng1)] =I5 [9(0n) — p1 N1 (un, 0n)] ||
< ||Un+1 — Up — (g(un+1) — g(un))||
5 Hg (Unt1) — [Nl(un+1,vn+1) — Nl(un,vn)] H
< Hun_H oy — ( (unﬂ g(un>)|\
||g Un+1) — p1[N1(tnt1,Vns1) = Ni(tngr, vn)
+N1(un+1,vn) N un,vn)w
< g1 = un = (9(uns1) = g(un)) |
+ %Hg(vnﬂ) = 9(vn) = p1 [N1(tnt1,0n41) = Ni(Unt1,vn)]
+ 1 [ N1 (tn, vn) = Ny (tni1,vn)] ||
<t = un = (9(uns1) = g(un)) |
+ E||g (Unt1) — g(vn) = p1 [N1(tng1,vn41) = Ni(tny1,00)] ||
m”[ th, ) = Nt g1, 00)] |
< Jlg(uns1) = glun) - (un+1 —un) |
+ 5 l9(0n 1) = 9(on) = (ona = v

+ %an+1 —Un—pP1 [N1(Un+1,vn+1) - Nl(“"+1’v")] H

T N (1, 0) = Naatn, )] (4.5)



Three-Step Iterative Scheme for Solvability ... 439

Since g is o-strongly monotone and (-Lipschitz continuous, we have the following estimate:
lg9(vnt1) — g(vn) — (Vnt1 — Un)||2

= llgwn+1) = 9(0a) 2 = 2(g(0ns1) = 9(vn), Vns1 = vn) + [vnsr = va?

< C2||Un+1 - UnHQ —20[jvp1 — Un||2 + |lvnt1 — Un||2

< (1= 20+ ¢)|vnsr — vall*.
Hence,
19(vn+1) = g(vn) = (Unt1 —vn)[ < V1 =204 (2 [lvn1 — vall (4.6)
Similarly, we have

llg(tns1) — g(un) — (“n+1 - Un)H <V1-204¢? |1 — un” (4.7)

Also, since Ny is ay-strongly monotone with respect to second argument and (31, 82)-
Lipschitz continuous with respect to first and second arguments, respectively, we have
the following estimates:

||N1(Un+1,1ln) - Nl(umvn)” < Bl“un-‘rl - Un”a

and
2
an+1 —Un — P1 [Nl(un—i-la Unt1) — Ni(upy, ’Unﬂ H
< Jvns1 = vall? = 201 (N1 (Unt1, Vns1) — Ni(Un1, Vn), Ung1 — Un)
+ PF || N1 (g1, Ongr) — Nl(un+17vn)\|2
< lvpgr — vnH2 —2p1a1 vt — vnHQ + P%B%”vrﬁl - Un||2
= (1= 2101+ 9383 ) loms — vu
Hence,

[on41 = vn = p1 [N1 (g1, 0n11) = Ni(tngr,00)]|| < \/1 = 2p1a1 + P35 [[vnt1 —val|.
(4.8)

Now, we have

9(vn+1) = gl [[vn+1 — vnll > <g(vn+1) = 9(vn), vny1 — ”n>

> ollvnsr — Un”Za

which implies
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1
[ont1 = vnl| < ;Hg(vnﬂ) = g(va)||

< - || o [9(Wni1) = p2No(Vni1, wasn)] = T3 [g(wn) = paNa(vn, wn)] |
< @Hg Wnt1) — g(Wn) — p2 [N2(0n+1,wn+1) - Ng(vn,wn)] H
= %Hg(wnJﬂ) B g(w") P2 [NZ(U"""l’ w"+1) - NZ(Un+17 wn)

+ N2(0n+17wn) - N2(Unawn)] H

< (i) = 9(wn) = (g1 = wn) + (W — wn)
002
— P2 [NQ(Un+1, Wnt1) — Na(vny1, wn)] ||

+%HN2 Unawn) N2(Un+17wn)||

< — 0_5 Hg n+1) g(wn) - (wn+1 - wn)H
+ THMHH — wp, — p2[Na(Unt1, Wn1) — Na(vns1, wn)] ||

T2p2 HN2 v"+1’w”) N2(U7L7wn)||- (49)

Since Nj is ap-strongly monotone with respect to second argument and (83, 84)-Lipschitz
continuous with respect to first and second arguments, respectively, we have the following
estimates:

[IN2(Unt1, wn) = Na(vn, wn)ll < Bsllvnsr —onll

and
2
[wns1 = wn = pa [Na(vn g1, wn11) = Na(vng1,wn)]|
< ||wn+1 - U)n||2 _ 2p2<N2(vn+1,wn+1) - NQ(’Un_A,_l, wn)awn-i-l - wn>
+ P2 N2 (Vn 41, Wnt1) — Na(Vngt, wn)|?
< lwn g1 = wnl* = 20200 [wn 1 — wal|* + p367 [wn 1 — wn|*
= (1= 2p2as + p353) [lwn+1 — wn .
Hence,

lwns1 — wn — p2[Na(vns1, wnt1) — Na(vngr, wn)]||

< /1 20200 + 362 w1 —wall.  (4.10)

Again, since g is o-strongly monotone and (-Lipschitz continuous, we have the following
estimate:
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9(wnt1) = g(wn) — (Wnt1 — wn)||2
= [lg(wni1) = glwn)|I*> = 2(g(wn11) = g(wn), wn 11 — wn)
+ lwn g1 — wn?
< Cllwnsr — wal* = 20{|wnt1 = wa|l* + lwngs — wn?

< (1-20+ ) |lwpg1 — wnl?
Hence,
lg(uns1) = 9u) — (s —wn)| € VI= 20+ G w1 — wll (1D
Now, we have

lg(wni1) — glwn)|| lwny1 —wnl| > <9(wn+1) — g(wn), Wnyp1 — wn>

> U||wn+1 - wnH27

which implies

1
w1 — wall < g”g(wn+l) — g(wy)||
1

< *|| 2 19(unt1) = paNa(wny1,uni1)] =I5 [9(un) = p3Na(wn, up)] |
< 7”9 un+1) - g(un) —P3 [N3(wn+1aun+l) - NS(U}naun)] H
< = 06 ||g Unt1) — g(un) — p2 [NS(wn+17u7L+1) — N3(wnt1,un)

+ N3(wnt1, un) — Na(wn, un)]||
< L;Hg(un-‘rl) - g(un) - (Un+1 - Un) + (un+1 _ un)
003

— pP3 [NS(wn+la un+l) - N3(wn+la un)] ||

T3p3HN3 wn;un) NB(wnJrl»un)H

< UTS;;HQ Uni1) — g(tn) = (tny1 — u)||

I e =ty = pa [N (e, 1) = Nawrer, )] |

-‘r%HNg wn+1,un) Ng(wn,un)H (4.12)

Since Nj is as-strongly monotone with respect to second argument and (s, 8¢ )-Lipschitz
continuous with respect to first and second arguments, respectively, we have the following
estimates:

| V3 (wnt1, un) — N3(wnvun)H < Bsllwns1 — wall,
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and
Hun_H — tUn — p3[N3(Wpg1, Unt1) — N3(Wnt1, tn)] H2
< g1 = wnl|* = 205(Na(wp g1, 1) = No(Wni1, ), tn g1 = tn)
+ P31 N3 (wn s 1, ung1) — Na(wnp1, un)||?
< nt1 = unl|* = 2p3)untr — unl® + 365 [uns1 — unl®
= (1= 2psa3 + p338) [[tns1 — unll*.
Hence,

Hun+1 — Up, — p3[N3(Wnt1, Unt1) — N3(Wny1,un)) H < \/1 — 2pgas + P38 [[un41—unl.

Thus from (4.12), we have
-
[wnq1 —wyl| < 73 V1—20+¢? [t g1 — tnl

\/1 — 2p3a3 + P3B6 ||Un+1 unH =+

730305
0’(53

053 w1 — wall,

which implies

7'3(91 + 92)
003 — 130305

where 07 = /1 —20+(2; 0y = \/1 — 2psag + p3B2 .
Now from (4.9), we have

7-2
[vnt1 — vnll S \/ 1 =20+ (% [[wng1 — wy|
T2p2/33

T 1= 20200+ 382 s — wall + P52 s — v

||wn+1 - wn” < Hun-l-l - un”v (413)

0‘52

which implies

[wng1 —wnl, (4.14)

where 07 = /1 —20+(2; 03 = \/1 — 2paas + 353 .

Now from (4.5), we have

T161

||Un+2 - un+1|| S 01|‘un+1 un” + — 5 ||’Un+1 - UTL“
1

X 1-2pjoq + P%BS ||Un+1 - Un“

710151
01

i
€ (04 2 sl + 200 00) o

+

tn+1 — unll
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where 0; = \/1 =20+ (2 ; 0, = \/1 —2p1a1 + p3f33 .

||un+2 - un+1||

.
< (60 P22 s — |+

T172(01 + 03)(61 + 64)
01(0d2 — T2p2f3)

[ w11 — wh|

1
710151 T172(01 + 03)(01 + 04)
< (01 + ——=) |[up+1 — unll + Wyl — Wy,
< (014 255) T = wall + FE O g =
T1p151 T17273(01 + 62) (601 + 63)(61 + 64)
< (6; + Up+1 — Up|| + Un+1 — Up
( ! o ) [[n1 I 01(00a — T2p233)(003 — T3p305) lrinsa |
Tip1B1 TiTar3(01 4 02)(01 + 63) (01 + 04)
= 9 —+ + Unp — Un||,
{ ! 9 01(002 — Top2f3)(0d3 — T3p305) } lena |
where
b1 =V1-20 1 C; 0= /1 —2ps0s + p3B2 :
03 = \/1 —2ppay + p3f7 ; 04 = \/1 —2p1on + p3B3 .
Hence, we have
[un+2 = tns1|l < Ofluntr — ual, (4.15)
where
0= 0, + T1p1B1 | TiTam3(01 + 02)(01 + 03)(01 + 04)
) 01 01(062 — T2p2f3)(0d3 — T3p305)
Tip1fr | 161+ 6s)
< 01+ 5, + 5 .
. 73(01 + 02) T2(01 + 03) ..
Since —————— 1, ————=-— < 1 by conditions (4.2) and (4.3). Also
(063 — T3p305) (002 — T2p233) oo Y (4.2) (43)
condition (4.1) ensures that 6; + Tlglﬁl + m 15+ ) < 1
1 1

Thus 0 < # < 1. Now (4.15) implies that {u,} is a Cauchy sequence in H. Also,
(4.13) and (4.14) implies that {v,}, {w,} are cauchy sequences in H. Hence, there exist
u,v,w € H such that u,, — u, v, — v and w,, = w. Since N1,Ns,N3,q, J%,Jé\f, Jé\f are
continuous, then it follows from Algorithm 1 that u,v,w € H satisfy (3.1), (3.2), (3.3),
and thus, by Lemma 3.1, it follows that u,v,w € H is a solution of SGNVLI (2.4)—(2.6).

This completes the proof. L]

If py = p2 = p3s and v = v = w, Theorem 4.2 reduces to the following theorem
which ensures the existence of a solution and the convergence criteria of Algorithm 2 for
variational inclusion (2.7).

Theorem 4.3. Let n,M,N1 and g be same as in Theorem 4.2. If there exists a constant
p1 > 0 such that

| Tia1 — B1[01(1 — 61) — 1164]
. (58 = %)

\/{7101 — Bi[61(1 —61) —7191}2 — (B3 —512){T12 - (51(1 —01) —7191)2}
(B3 — B ’

<
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ria1 = A6l - 01) — nif] > \/ 5 - g7t~ (h0 -0 - )} (410

01 :=+/1—-20+ (%

then the iterative sequence {u,} generated by Algorithm 2 strongly converges to u € H is
the solution of variational inclusion (2.7).

where
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