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Abstract In this paper, the notions of (0,2)-hyperideals, (1,2)-hyperideals, bi-hyperideals and (0, 2)-
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1. INTRODUCTION

Hyperstructures are a generalization of a classical algebraic structure, and they were
introduced by the French mathematician F. Marty [1]. In a classical algebraic structure,
the composition of two elements is an element; while in algebraic hyperstructure, the
composition of two elements is a set. In 2012, the notions of (0,2)-bi-hyperideal were
introduced by S. Lekkoksung [2]. Moreover, S. Hobanthad and W. Jantanan [3] extended
the results of bi-ideal in [4] to bi-hyperideal in semihypergroups. In this paper, the author
would like to find conditions related to how a nonempty subset A of a semihypergroup H is
only (0, 2)-bi-hyperideal of H properly contained in A and prove that a semihypergroup H
with zero is a 0-(0, 2)-bisimple if and only if H is left 0-simple. The author also introduced
the notions of (0, 2)-bi-hyperideal and extended the results in [5] to semihypergroups.

2. PRELIMINARIES

The rest of this section terminology used throughout the paper. A hyperoperation on
a nonempty set H is a map o: H x H — P*(H) where P*(H) is the family of nonempty
subset of H. If A and B are nonempty subsets of H and x € H, then we define:

AoB= [J aobjzoA={r}oAand Aox=Ao{z}.
a€A,beB

A semihypergroup is a system (H,o) where H is nonempty set, o is a hyperoperation
on H and (xoy)oz=2xo0(yoz) for all z,y,z € H. An element e of a semihypergroup H
is called an identity of (H,o) if z € (xoe)N(eox) for all z € H, and it is called a scalar
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identity of (H,o) if (xoe)N(eox) = {a} for all x € H. A semihypergroup H with an
element 0 such that 0oz = 200 = {0} for all z in H, then 0 is said to be a zero element
of H, and H is called a semihypergroup with zero.

A nonempty subset A of a semihypergroup H is called a subsemihypergroup of H if
AoA C Aandif Ho A C A(Ao H C A); then, A is called a left hyperideal (right
hyperideal) of H. Moreover, if A is a left and a right hyperideal of H; then, it is called a
hyperideal of H.

Definition 2.1. Let (H, o) be a semihypergroup and m,n be non-negative integers. A
subsemihypergroup A is called a (m,n)-hyperideal of H if A™ o H o A™ C A.

In the above definition, if m = n = 1, then a subsemihypergroup A of semihypergroup
H is called a bi-hyperideal of H. If m = 0 and n = 2; then, a subsemihypergroup A of
semihypergroup H is called (0, 2)-hyperideal of H.

3. MAIN RESULTS

If A is a nonempty subsemihypergroup of semihypergroup H, it clearly demostrates
that AUHo A, AUAo H and AU Ao H o A are left hyperideal, right hyperideal and
bi-hyperideal, respectively of H. Moreover,

Ho(AUHoA*>? =Ho(AUH o A?)o (AU H o A?)
=HoA>UH?0A’UHoAoHoA? UH? 0 A? 0 Ho A?
CHoA>UHo A2UH o A2UH o A?
= Ho A?

CAUHOoA?,

it remains AU H o A? is a (0, 2)-hyperideal of H.

Lemma 3.1. If A is a subsemihypergroup of semihypergroup H; then, A is (0, 2)-hyperideal
of H if and only if A is a left hyperideal of some left hyperideal of H.

Proof. Since (AUH o A)o A = A2UHoA? C AUA = A, Ais a left hyperideal
of AUH o A. Conversely, if A is a left hyperideal of left hyperideal L of H; then,
HoA? CHoLoAC LoAC A. Therefore, A is (0,2)-hyperideal of H. m

Theorem 3.2. Let A be a subsemihypergroup of a semihypergroup H. The following
statments are equivalent.

i) A is a (1,2)-hyperideal of H.
it) A is a left hyperideal of some bi-hyperideal of H.
i11) A is a bi-hyperideal of some left hyperideal of H.
w) A is a (0,2)-hyperideal of some right hyperideal of H.
v) A is a right hyperideal of some (0,2)-hyperideal of H.

Proof. (i = ii) Since (AUAocHoA)oA=A?UAocHoA2C AUA= A, Ais aleft
hyperideal of bi-hyperideal AU Ao H o A of H.
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(ii = iii) Let A be a left hyperideal of some bi-hyperideal B of H. Consider:
Ao(AUHoA)oA=A>UAoHo A?
CAUBoHoBoA
CAUBoA
CAUA
= A.
Hence, A is a bi-hyperideal of AU H o A. Since AU H o A is a left hyperideal of H; then,
A is a bi-hyperideal of left hyperideal AU H o A of H.
(iii = iv) Assume that A is a bi-hyperideal of some left hyperideal L of H. Consider:
(AUAoH)oA? = A3 U Ao Ho A?
CAUAoHoLoA
CAUAoLoA
CAocA
= A.

Since AUAo H is aright hyperideal of H, then A is a (0, 2)-hayperideal of right hyperideal
AUAoH of H.

(iv = v) Suppose that A is a (0, 2)-hyperideal of some right hyperideal R of H. Counsider:
Ao(AUH o A?) = A2U Ao Ho A*

CAURo Ho A?

CAURo A?

CAUA

= A.
Since AU H o A? is a (0, 2)-hyperideal of H, A is a right hyperideal of (0, 2)-hyperideal
AUH o A% of H.

(v = i) Assume that A is a right hyperideal of (0, 2)-hyperideal R of H. Then, Ao HoA? C
AoHoR?>C Ao RC A. Hence, A is a (1,2)-hyperideal of H. n

Lemma 3.3. A subsemihypergroup A of a semihypergroup H is a (1,2)-hyperideal if and
only if there exist a (0,2)-hyperideal L of H and a right hyperideal R of H such that
RoI?CACRNL.

Proof. Let A be a (1,2)-hyperideal of H, L = AUH o A2 and R = AU Ao H. Consider:
RolL?=(AUAoH)o(AUH o A%)?
=(AUAoH)o(AUH o A?)o (AU H o A?)
=(A’UAocHoA’UAocHoAUAoH? 0 A*) o (AU H o A?%)
=(A2UAoHoA)o(AUH o A?%)
=A*UA’ocHoA?UAoHoA’UAcHo Ao Ho A?

CAUAoH o A?
= A.
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Hence Ro L? C A C RN L. Conversely, let R be a right hyperideal of H and let L be a
(0,2)-hyperideal of H such that Ro L? C A C RN L. Then,

AoHoA?C(RNL)oHo(RNL)o(RNL)C RoHoL?>C RoL?C A.
Thus A is a (1, 2)-hyperideal of H. L]

Let H be a semihypergroup with zero, and L is a left hyperideal of H. Since H o L? C
Ho L C L; then, L is a (0, 2)-hyperideal of H. Therefore, every left hyperideal of H is a
(0,2)-hyperideal of H.

A left hyperideal, right hyperideal, hyperideal, (0, 2)-hyperideal and (0, 2)-bi-hyperideal
A of a semihypergroup H with zero will be said to be O-minimal if A # {0} and {0} is the
only left hyperideal, right hyperideal, hyperideal, (0,2)-hyperideal, (0,2)-bi-hyperideal,
respectively of H properly contained in A.

Lemma 3.4. Let L be a 0-minimal left hyperideal of semihypergroup H with zero and A
be a subsemihypergroup with zero of L. Then, A is a (0,2)-hyperideal of H if and only if
A?={0} or A=L.

Proof. Let L be a O0-minimal left hyperideal of semihypergroup H with zero and A be a
subsemihypergroup with zero of H contained in L. Assume that A is a (0, 2)-hyperideal
of H. Tt easy to see that H o A? is a left hyperideal of H. Since H 0 A2 C A C L, we
have H o A2 = {0} or Ho A2 = L. If Ho A% = L; then, A = L. If H o A2 = {0} ; then,
Ho A% C A% A% is a left hyperideal of H contained in L. Hence A? = {0} or A% = L.
If A2 = L; then, A = L. Therefore, A2 = {0} or A = L. Conversely, if A2 = {0}; then,
HoA?=Ho{0}={0} CA If A=L,then HoA2=HoL?CHoLCL=A. n

Lemma 3.5. Let L be a 0-minimal (0,2)-hyperideal of a semihypergroup H with zero.
Then L? = {0} or L is a 0-minimal left hyperideal of H.

Proof. Since Ho L? C L, so Ho (L?)? = HoL?o L?> C Lo L? C L? Hence L? is a
(0,2)-hyperideal of H, contained in L. Then, L? = {0} or L? = L. If L? = L, implies
HoL = HoL?> C L. Thus, L is a left hyperideal of H. Let B C L and B is a left
hyperideal of H such that B # {0}; so, Ho B> C Ho B C B. Thus, B is a (0,2)-
hyperideal of H. Since L is a 0-minimal (0, 2)-hyperideal of H; then, B = L. Therefore,
L is a 0-minimal left hyperideal of H. [

The following corollary follows from Lemma 3.4 and Lemma 3.5.

Corollary 3.6. Let H be a semihypergroup without zero. Then, L is a minimal (0,2)-
hyperideal of H if and only if L is a minimal left hyperideal of H.

Lemma 3.7. Let H be a semihypergroup without zero and let A be a nonempty subset of
H. Then, A is a minimal (2,1)-hyperideal of H if and only if A is a minimal bi-hyperideal
of H.

Proof. Since (A20 Ho A)20 Ho (A20 Ho A) C A?0 Ho A; then, A20 Ho Ais a (2,1)-
hyperideal of H. Since A is a minimal (2, 1)-hyperideal of H; so, A20 Ho A = A. Consider
AoHoA = A20HoAoHoA C A20HoA = A; then, A is a bi-hyperideal of H. Assume that
B is a nonempty subset of A and B is a bi-hyperideal of H. Since B20 Ho B C B? C B;
then, B is a (2,1)-hyperideal of H. Since A is a minimal (2,1)-hyperideal of H; so,
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B = A. Therefore, A is a minimal bi-hyperideal of H. Conversely, let A be a minimal
bi-hyperideal of H. Clearly, A20 Ho A C Ao Ho A C A; so, Ais a (2,1)-hyperideal of H.
Let B C Aand B?0cHoB C B. Consider (B20oHoB)oHo(B?cHoB) C B%2oHo B, then,
B?0 H o B is a bi-hyperideal of H. The result is B2o Ho B = A. Since B?o Ho B C B;
so, A C B. Thus, A = B. Therefore, A is a minimal (2, 1)-hyperideal of H. m

Definition 3.8. A subsemihypergroup A of a semihypergroup H with zero is called a
(0,2)-bi-hyperideal of H if A is a bi-hyperideal of H and also a (0, 2)-hyperideal of H. A
(0,2)-bi-hyperideal A of H is called 0-minimal if A # {0} and {0} is the only (0, 2)-bi-
hyperideal of H properly contained in A.

A semihypergroup H with zero is called a 0-(0,2)-bisimple if H? # {0} and {0} is the
only proper (0, 2)-bi-hyperideal of H.

Lemma 3.9. Let A be a nonempty subset of a semihypergroup H without zero. Then A
is a (0,2)-bi-hyperideal of H if and only if A is a hyperideal of some left hyperideal of H.

Proof. Let A be a (0,2)-bi-hyperideal of H, i.e., Ao HoAC A and H o A2 C A. Since
AUH o A is a left hyperideal of H, we have

Ao(AUHoA)=A?UAoHoA
CAUA=A and

(AUHoA)o A= AU H o A?
CAUA=A

Therefore, A is a hyperideal of left hyperideal AU H o A of H. Conversely, let A be a
hyperideal of some left hyperideal L of H. By Lemma 3.1, A is a (0, 2)-hyperideal of H.
Since Ao HoAC AoHoL C Ao L C A. Thus, A is a bi-hyperideal of H. Therefore, A
is a (0,2)-bi-hyperideal of H. L]

Theorem 3.10. Let A be a 0-minimal (0,2)-bi-hyperideal of a semihypergroup H. Then
exactly one of the following cases occures:

i) A={0,a},a®> ={0},a0 H oa = {0}
ii) A={0,a},a®> ={0},aoHoa=A
iii) Ya € A\{0},Hoa? = A

Proof. Let a € A\{0}. Since (Hoa?)oHo(Hoa?) C Hoa?; so, Hoa? is a bi-hyperideal of
H. Morover, Hoa? is a (0, 2)-hyperideal, because Ho(Hoa?)? = HoHoa?oHoa? C Hoa?.
Since, H o a®> C H o A?2 C A, it follows that H o a? is a (0,2)-bi-hyperideal contained
in A. Therefore, H o a? = {0} or Hoa? = A. Let H oa? = {0}. The result is either
aoa=1{0}oraoa={a} or aoa={0,a} or there exists x € a? such that = ¢ {0,a}. If
aoa = {a}, this is imposible, because a € aoaoa C H oa? = {0}. If aca = {0,a}; so,
(aca)oa={0,aloca=00aUaoca={0}U{0,a} = {0,a}. This causes a contradiction,
because a € aoaoa C Hoa? = {0}. If there exists € a? such that = ¢ {0,a}; so,
x € A. Then, {0,2} C {0,z,a} C A. Since, Hox C Hoa? = {0}; so, Hox = {0}. Thus,



404 Thai J. Math. Vol. 19 (2021) /S. Hobanthad

Hox?=(Hox)ox = {0} Consider:
Ho ({0,2})?> = Ho {0,2} 0 {0,z}
=Ho0*UHoOoxUHozo0UH ox?
= {0}
€ {0,z},
so {0,z} is a (0,2)-hyperideal of H. Since
{0,z} 0o Ho{0,2} =00 Ho0UOoHoxUzoHoOUzoHox
=zxzoHox
=20 {0} = {0} € {0, 2},

so {0,z} is a bi-hyperideal. Therefore, {0,z} is a (0,2)-bi-hyperideal of H contained in
A. This is contradiction, because {0,z} # A and A is a 0-minimal (0, 2)-bi-hyperideal of
H. Thus, a® = {0} and A = {0,a}. Since, (aoc Hoa)o Ho(aoHoa)C aoH oa; so,
ao H oa is a bi-hyperideal of H,ao Hoa C Ao Ho AC A and

Ho(aoHoa)>=HoaoHoaoaoHoa
=HoaoHoda’oHoa
={0} CaoHoa.

Then, ao Hoa is a (0,2)-bi-hyperideal of H. Therefore, ao Hoa = {0} or ao Hoa = A.
n

The following corollary follows from Theorem 3.10.

Corollary 3.11. Let A be a 0-minimal (0,2)-bi-hyperideal of H such that A?> # {0}.
Then A = H o a? for every a € A\ {0}.

Corollary 3.12. A semihypergroup H with zero is 0-(0, 2)-bisimple if and only if Hoa? =
H for every a € H\ {0}.

Proof. Let H be a 0-(0,2)-bisimple; then, H?> # {0} and H is a O-minimal (0,2)-bi-
hyperideal. According to Corollary 3.11, H o a® = H for every a € H \ {0}. Conversely,
let A be a (0,2)-bi-hyperideal of H and a € A\ {0}. Then, H = Hoa?> C Ho A? C A.
Thus, H = A. Therefore, H is 0-(0, 2)-bisimple. n

Theorem 3.13. A semihypergroup H with zero is 0-(0,2)-bisimple if and only if H is
left 0-simple.

Proof. Since H is 0-(0,2)-bisimple, H? # {0} and H is a 0-minimal (0, 2)-bi-hyperideal of
H. Let A C H such that HoA C A, we have HoA? C AocA C Aand AoHoA C AocA C A.
Thus, A = H. Therefore, H is a left 0-simple. Conversely, if H is a left 0-simple and
Ho(Hoa)C Hoa such that a € H\ {0}; so, H o a is a left hyperideal contained in H.
Thus, Hoa = H. Hence Hoa? = (Hoa)oa= Hoa= H. Since Corollary 3.12, H is a
0-(0, 2)-bisimple. m

Theorem 3.14. Let A be a 0-minimal (0,2)-bi-hyperideal of H. Then either A% = {0}
or A is left 0-simple.



On 0-Minimal (0, 2)-Bi-Hyperideal of Semihypergroups 405

Proof. Let A% # {0}, according to Corollary 3.11, H o a® = A for every a € A\ {0}. Let
a € A\ {0}. Since (Aoa?)oHo(Aoca?) C AoHoAoa? C Aoa? then Aoa®is a
bi-hyperideal. Since
Ho(Aoa?)?=HoAoa?o Aod?

CHoa?o0Aod?

=AoAod?

C Aod?,
hence A oa? is a (0,2)-hyperideal. Therefore, Ao a? is a (0, 2)-bi-hyperideal of H. Then,
Aoa? = {0} or Aoa? = A. If a®> = {0}, it is imposible; because H o a*> = A. Thus
a? # {0} for every a € A. Therefore, there exists = € a?\ {0}. Since x € a®> C A, we have
22 # {0}. Consider 2% C a® 0 a® = a*; then, a* = a® 0a® C Aoa?. Thus Aoa? # {0}.
Therefore, Aoa? = A. According to Corollary 3.12 and Theorem 3.13 , A is left O-simple.
"
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