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Abstract In this paper, we investigate the notion of semiprime ideals in in ordered .AG-groupoids as
a generalization of prime ideals. The aim of this paper is to investigate the concept of semiprime and
quasi-semiprime ideals in ordered AG-groupoids with left identity. Moreover, we investigate relationships

between semiprime and quasi-semiprime ideals in ordered AG-groupoids. It is show that an ideal H P;

el
of an ordered AG-groupoid H S; is semiprime if and only if H(ai(Siai)] C H P; implies that (a;);cs €
iel iel iel
]‘_‘[Pi7 where (ai)iej (S H Si.

i€l iel
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1. INTRODUCTION

In 1972, Kazim and Naseeruddin [I] introduced and studied the notion of an Abel-
Grassmann’s groupoid. A groupoid (S, ) is called an Abel-Grassmann’s groupoid, ab-
breviated as an AG-groupoid, if its elements satisfy the left invertive law [1], [2] that is:
(a*xb)*xc=(c*b)*a, for all a,b,c € S. It is also known [1] that in an AG-groupoid, the
medial law holds, that is,

(axb)x(cxd) = (axc)*(bxd)
for all a,b,c,d € S holds. Several examples and interesting properties of 4G-groupoids
can be found in [3], [1], [5] and [6]. In 2007, Mushtaq and Khan [7] studied the properties
of AG-3-bands. They proved that a subset of an .AG-3-band is a left ideal if and only it is
right and every ideal of a AG-groupoid S is prime if and only if the set of all ideals of S is
totally ordered under inclusion. In 2010, Khan and Ahmad [3] studied the notion of AG-
groupoids. They proved that if an AG-groupoid contains a left identity then it is unique.
It has been proved also that an AG-groupoid with right identity is a commutative monoid,
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that is, a semigroup with identity element. In 2013, Yiarayong [8] studied the notion of
semiprime and quasi-semiprime ideals in AG-groupoids. In 2016, Khan, Yousafzai and
Khan [9] characterized (0, 2)-ideals of an LA-semigroup S and proved that I is a (0,2)-
ideal of S if and only if 7 is a left ideal of some left ideal of S. In 2018, Igbal and Ahmad
[10] studied the properties of (left/right) ideals in C.A-AG-groupoids.

Let S be a nonempty set, “” a binary operation on S and < a relation on S. (S,-, <) is
called an ordered Abel-Grassmann’s groupoid (ordered AG-groupoid ) if (5, -) is an AG-
groupoid, (S, <) is a partially ordered set and for all a,b, ¢ € S,a < b implies that ac < bc
and ca < cb. The concept of an ordered AG-groupoid was first given by Shah et. al. in
[11, 12] which is infect the generalization of an ordered semigroup. The principal notions
of the theory of an ordered AG-groupoid can be found in [13-15]. In 2011, Khan and Faisal
[16] introduced and studied some properties of fuzzy ordered .AG-groupoids. They proved
that the set of all fuzzy two-sided ideals of a left regular ordered AG-groupoid forms a
semilattice structure. In 2013, Khan et. al. [17] defined the concept of interval valued
fuzzy ordered L.A-semigroups and gave characterizations of the intra-regular ordered L£.A-
semigroup in terms of interval valued fuzzy left (right, two-sided) ideals. In 2014, Faisal
et. al. [18] studied the properties of fuzzy ordered AG-groupoids and proved that every
fuzzy right ideal of an ordered AG-groupoid with left identity becomes a fuzzy left ideal
but the converse is not valid. In 2015, Ali, Shi and Khan, [19] introduced and studied
the properties of soft intersection left (right, two-sided) ideals, (generalized) bi-ideals,
interior ideals and quasi-ideals in ordered AG-groupoids. In 2016, Yousafzai, Yaqoob and
Zeb [20] defined the concept of (€4, €4 Vgs)-fuzzy (left, right,bi-) ideals of ordered Abel
Grassman’s groupoids. In 2019, Nasreen [21] introduced and studied the notion of fuzzy
left (resp. right, interior, quasi-, bi-, generalized bi-) ideals with thresholds (e, 3] of an
ordered AG-groupoid S.

In this paper, we investigate the notion of semiprime ideals in in ordered AG-groupoids
as a generalization of prime ideals. The aim of this paper is to investigate the concept of
semiprime and quasi-semiprime ideals in ordered AG-groupoids with left identity. More-
over, we investigate relationships between semiprime and quasi-semiprime ideals in or-

dered AG-groupoids. It is show that a left ideal H P; of an ordered AG-groupoid H S;

iel iel
is quasi-semiprime if and only if H(ai(Siai)] - H P; implies that (a;)icr € H P;, where
iel iel iel
(ai)ier € H S;
i€l
2. PRELIMINARIES
In this section we refer to [11, 12] for some elementary aspects and quote few definitions

and examples which are essential to step up this study. For more details we refer to the
papers in the references.

Definition 2.1 ([11, 12]). Let S be a nonempty set, “-” a binary operation on S and < a
relation on S. (S, -, <) is called an ordered AG-groupoid if (S, ) is a AG-groupoid, (5, <)
is a partially ordered set and for all a,b,c € S,a < b implies that ac < be and ca < cb.

Lemma 2.2 ([11]). An ordered AG-groupoid (S, -, <) is an ordered semigroup if and only
if a(bc) = (cb)a, for all a,b,c € S.
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Let (S, -, <) be an ordered AG-groupoid. For § # A C S, let
(A]={z € S:z<aforsomeac A}.

The following lemma are similar to the case of ordered AG-groupoids.

Lemma 2.3 ([11]). Let (S,-, <) be an ordered AG-groupoid and let A, B be subsets of S.
The following statements hold:

(1) If A C B, then (A] C (B].

(2) (Al(B] < (AB].

(3) ((Al(B]] € (AB].

The following corollary can be easily deduced from the lemma.

Lemma 2.4. Let (S,-,<) be an ordered AG-groupoid and let A, B be subsets of S. The
following statements hold:

(1) AC (A

(2) ((A]] = (A].

Proof. Similar to the proof of Lemma 2.3. [

A nonempty subset A of an ordered AG-groupoid (5, -, <) is called an AG-subgroupoid
of S'if AA C A (see [11]).

Definition 2.5 ([11]). An .AG-subgroupoid A of an ordered .AG-groupoid (.5, -, <) is called
a left ideal of S if (A] C A and SA C A and called a right ideal of S if (A] C A and
AS C A. An AG-subgroupoid A of S is called an ideal of S if A is both left and right
ideal of S.

Lemma 2.6 ([11]). Let (S,-, <) be an ordered AG-groupoid with left identity. Then every
right ideal of (S,-, <) is a left ideal of S.

Lemma 2.7 ([11]). Let (S,-,<) be an ordered AG-groupoid with left identity and A C S.
The following statements hold:

(1) S(SA) = SA.

(2) S(SA] C (SA].

(8) (a) = (Sa] for alla € S.

3. IDEALS IN ORDERED AG-GROUPOIDS

In this section, we concentrate our study on the ideals of an ordered AG-groupoid and
investigate their fundamental properties.

First, we consider the cartesian product of ordered AG-groupoids.

Let {(S;i, i, <i)|i € I} be a non empty family of ordered AG-groupoids. We consider

the cartesian product H S;. Define a mapping

iel
[Ts <118 =115
icl icl iel
written as

((wi)ier, (Yi)ier) = (xi)ic1(Yi)ier,
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by

(@i)ierWi)ier = (x3Yi)icr-

Then HSi is an AG-groupoid. Moreover, HSZ- is an ordered AG-groupoid with the
i€l i€l

relation < defined by (z;)icr < (¥i)ier < x; <; y;, for all @ € I. We consider the

cartesian product of ideals.

Lemma 3.1. Let {(S;,,<;)|t € I} be a non empty family of ordered AG-groupoids. For
each i € I if A; is an ideal of an ordered AG-groupoid S;, then the set HAi s an ideal
iel
of an ordered AG-groupoid H S;.
iel
Proof. Let A; be a nonempty subset of an ordered AG-groupoid S;, for all i € I. It is

clear that HA" # (). Since (z;)ier € HAZ-

iel i€l

S (24)ier < (ai)ier © x; < a;, for some

a; € A, we have <H Al = H (4;]. By Lemma 2.4, we get (H Al = HAi' Then
iel icl iel icl
(H Ai> <H Si> = [lsy
icl i€l i€l
C HAi
il
and
(H&) (HAZ) = J[(si40)
iel iel icl
c J[Aa-
iel
Therefore H A; is an ideal of an ordered AG-groupoid H S;. n
icl iel

The following corollary can be easily deduced from the lemma

Corollary 3.2. Let {(S;, i, <;)|i € I} be a non empty family of ordered AG-groupoids.
The following statements hold:
(1) For each i € I if A; is a left ideal of an ordered AG-groupoid S;, then the set
H A; is a left ideal of an ordered AG-groupoid H Si.
(éjIFor each i € I if A; is a right ideal of an ordéield AG-groupoid S;, then the set
H A; is a right ideal of an ordered AG-groupoid H Si.
iel il

Proof. Similar to the proof of Lemma 3.1. [
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The following proposition show that a nonempty subset ((ai)ie U HSiai] of an
iel
ordered AG-groupoid H S; is an ideal of H S; if (a;)ier € H S;.

iel il iel
Proposition 3.3. If (S;, -, <;) is an ordered AG-groupoid with left identity and (a;);cr €
H S;, then ((ai)iej U H Sia; | is a left ideal of an ordered AG-groupoid H Si.
iel il il

Proof. Since (S;,;, <;) is an ordered AG-groupoid with left identity and (a;);cs € H S,

- iel
= (((ai)ig U HSiaiH . By Lemma 2.3, we get

iel
(H Si) ((ai)ief ul] Siai‘| <H Si‘| ((ai)iel ul] Siai]
icl i€l ‘

i€l el

1 <(ai)i€1 @] H Sm,»)]

iel

we have ((a/i)iej U HSiai

icl

N
=
2

S;a; U H S; (Szal)]

icl el

N
B
&
~
-
—
»n
&

Il |

»n .

&

C

N

%!

Y

Is—l

Therefore ((ai)ig U H Siai] is a left ideal of an ordered AG-groupoid H S;. =
iel iel

The following lemma show that a nonempty subset (H a;S; U H S;a; | of an ordered
iel il
AG-groupoid H S; is an ideal of H Si if (a;)ier € H S;.

el iel iel
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Lemma 3.4. If (S;,+;,<;) is an ordered AG-groupoid with left identity and (a;)ier €

H S;, then (H a;S; U H S;a; | is an ideal of an ordered AG-groupoid H S;.

i€l i€l i€l i€l

Proof. Since (S;, i, <;) is an ordered AG-groupoid with left identity and (a;);c; € H S,

we have e
(H CLiSi UHSia,» = <<H aiSi U HSJL;H .
icl iel el el
By Lemma 2.3,
iel iel iel iel el iel

[as I[siv]]Se]] Si]

i€l icl iel

S
m
~

I
PO Y Vel VN
—
K
@
C
—
%
8

Therefore <H S;a; U HaiSzl is a right ideal of an ordered AG-groupoid HSZ" By

iel iel iel
Lemma 2.6, we have (H S;a; U H aiSi] is an ideal of H S;. n
iel iel iel

Proposition 3.5. If (S;, -, <;) is an ordered AG-groupoid with left identity and (a;);c1 €

H S;, then ((ai)iej U H S;a; U H aiSi‘| is an ideal of an ordered AG-groupoid H S;.

iel iel iel iel
Proof. Let (a;)icr € H S;. By Lemma 2.3,

iel

((ai)iel U H Sia; U H a;S;

iel i€l

N

HSi c <<(ai)i61 UHSiai UHaiSi> HSi
iel iel iel iel

i€l iel iel
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(H aiSZ- U H SZ(CLZSZ) U H Siai

i€l el icl

- (H a;S; U [JaSiv]] Siai]

i€l el iel

(H ;S U] Siai]

el i€l

((ai)iel U H Sia; U H aiSi] )

i€l icl

N

Therefore ((ai)iej U H Sia; U H aiSi] is a right ideal of S. It is clear that
il iel

<(ai)iel U H Sia; U H a; S;

el i€l

_ <<(ai)i61 U]l s u]] aiSiH |

i€l i€l

By Lemma 2.6, we have ((ai)iel U H S;a; U H aiSi] is an ideal of H S;. =

i€l i€l i€l

4. SEMIPRIME IDEALS IN ORDERED AG-GROUPOIDS

In this section, we concentrate our study on the semiprime and quasi-semiprime ideals
in ordered AG-groupoids and investigate their fundamental properties. Moreover, we
investigate relationships between semiprime and quasi-semiprime ideals in ordered AG-
groupoids.

Recall that an ideal P of an ordered AG-groupoid (S, -, <) is called semiprime if every
ideal A of S such that AA C P implies that A C P. A left ideal P of S is called
quasi-semiprime if every left ideal A of S such that AA C P, we have A C P.

The following proposition show that a left ideal H P; of an ordered AG-groupoid H S

il il
is quasi-semiprime if and only if (a;);cr(a;)icr € H P; implies that (a;)icr € H P;, where
iel iel

(ai)ier € H Si.

el

Theorem 4.1. Let P; be a left ideal of an ordered AG**-groupoid (S;,-;,<;). Then the
following conditions are equivalent.

(1) HR- 18 a quasi-semiprime ideal of an ordered AG-groupoid HSl
il iel

(2) For each (a;)icr € HSi if (a;)icr(ai)ier € HPZ-, then (a;)ier € HPi.

i€l iel iel
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Proof. (1 = 2) Assume that H P; is a quasi-semiprime ideal of an ordered AG-groupoid

il
HSi' Let (a;);cr be any element of (a;);cr € HSi' Thus we have
i€l icl
((ai)ier U H Siail((ai)ier U H Sia;) € (((@i)ier U H Sia;i)((ai)ier U H Sia;)]
il il il il
= (((a;)ier U H Siai)(ai)icrJ
il
((as)ier U H Sia;) H S;a;))
iel icl
= ((ai)icr(ai)ier U] Siai(as)ierv
il
(@i)ier H Sia; U H Sia; H Sia)
i€l il i€l
= ((aiai)ier U H(Siai)aiu
il
H a; (Sﬂl,) U H S;a; H Sla7]
i€l i€l i€l
Therefore we obtain that ((a;);cr U H Sia;)((a;)ier U H Sia;] C ((a;a:)ier U H(Siai)ai U
il i€l il
H a; (Slal) U H Siai H SZCLZ] Since
i€l il i€l
1z = qI»z
i€l il
2 (H P U H Si(P;S;)]
icl icl
icl il iel iel
D) (H P, U lesl U H S; P U H Sl((alaz)Sz)]
i€l i€l i€l i€l
> (P u](aia)s: U] Si(aia:) U] Si((Siai)as)]
iel il iel i€l
= ((a;ai)ier U H(Siai)ai U H a;i(Sia;) U H Sia; H Siai),
i€l i€l i€l i€l
we have ((a;)icrU H Siail((as)icr UH S;a;] C H P;. By hypothesis, (a;)icr € ((@i)ier U
iel il il
HSiai] and so that (a;)ier € HPZ"
il il
(2 =1) It is obvious. ]

Theorem 4.2. Let P; be a left ideal of an ordered AG-groupoid (S;, i, <;) with left iden-
tity. Then the following conditions are equivalent.
(1) HR- is a quasi-semiprime ideal of an ordered AG-groupoid HSi'

i€l iel
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(2) For each (a;)icr € HSi if H(ai(Siai)] - HPi’ then (a;)icr € HPi'

i€l el el i€l

Proof. (1 = 2) Assume that H P; is a quasi-semiprime ideal of H S;. Then we have,
il iel

(a;)ier(ai)ier € <H Sz-ai) (H Siai> H(Siai)(Siai)
N (T

= Zﬁ&(ai(&ai))

ﬁSi(ai(Siai)}

I15: [T(as(Sian)]

iel iel

[Is11»

icl iel

117

i€l

N

N

N

N

Therefore we obtain that (a;);cs € H P;.
iel
(2 =1) It is obvious. L]

The following proposition show that an ideal H P; of an ordered AG-groupoid H S
i€l iel
is semiprime if and only if (a;)icr(a;)icr € ]._.[Pi implies that (a;)icr € HP“ where

il i€l
(ai)icr € [ S:-
icl

Theorem 4.3. Let P; be an ideal of an ordered AG**-groupoid (S;,-;,<;). Then the
following conditions are equivalent.

(1) HR; is a semiprime ideal of an ordered AG-groupoid HS,

iel i€l
(2) For each (ai)iej c HSl Zf (ai)iel(ai)iel c HP“ then (ai)ief c H.Pl

i€l i€l i€l

Proof. (1 = 2) Assume that H P; is a semiprime ideal of an ordered AG-groupoid H Si.

iel i€l
Let (a;)icr be any element of (a;);ecr € H‘Si' Thus we have
il
(a)icr U] Sias U [ @iSil((ai)icr U ] ] Sias U [ @iSi]
il i€l i€l i€l

C (((ai)ier v H Sia; U H a;S;)((ai)ier U H S;a; U H a;S;)]

i€l el iel iel
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N

az zEIUHS(leHaz z az zeIU

icl el
((a; ZEIUI_[SCL,UI_[CLZ HSaLU
el el i€l
((ai)ier UHSiai UHai i) Hai i
iel il iel
((ai)ier(ai)ier U (H Sia;)(a;)ier U (H a;Si)(a;)ierV
iel i€l
(al)ZGI(H Slal) U (H Slaz)(H Slaz) U (H aZSZ)(H Slal)U
icl iel iel iel iel
(ai)ier(JJ@iso) U (I ] Sia)(J ] @Si) u (T asS)(J ] a:S)]
iel il iel i€l il
1_[F)2 @] H Sl-ai al— @] H aiSi GJZ'U
el el el
HalsazLJHSal SalLJHazlSal
el el el
Hai aiSi U H Siai az—Si U H aiSl- alSz
icl iel iel

Therefore we obtain that ((ai)igUH SiaiUH a;S;] ((ai)ieIUH SiaiUH a;5;] C (H PU

el el el el el

1_[(5'7;ai)aiUl_[(az aZUHazSa UH (S;a;)(S;a;) UH a;S;)(S;a;) Ul_[az a;S;)

HSal

i€l

I17

iel

i€l zeI lEI el iel iel
UH (a;Si)(a;S;)]. Since
el
= ([P
el
D) HPZUH PiSZ‘ SiUHSi SiPi UHSi Ssz)UHPzSz]
el el el el iel
= HPUHSa, Sazul_[aZ )(S;a:)U
i€l ze[ lEI
H Sia;)(a;S;) U H (@iS;)
iel i€l
o HPUHSC“ SaLUHazzSa,
i€l iel iel
H(SZGZ) Siai UH Siai Sl-ai UH al- i (Siai)u
el el el
H (S;a;)(a;S;) U H (S;a;)(a;S;) U H(aiSi)(ale)]
i€l i€l i€l
D) HRUHS’iaiaiUHai iaiU
i€l i€l i€l
l_IazSaZ UH (Sia;)(Sia;) Ul_[aZ ) (Sia;)U
i€l icl icl

Haiai i UHSZ(M ai i UHai i aS

i€l iel i€l
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we have ((a;);er U H S;a; U H a;S;]((a;)icr U H S;a; U H a;S;] C H P;. By hypothesis,

el el el el el
((ai)ie] U H S;a; U HaiSi} - HPi and so that (ai)ig € HPi.
el el i€l el
(2 =1) It is obvious. L]

Recall that an ordered AG-groupoid in which (aa)a = a(aa) = a holds for all a is called
an ordered AG-3-band.

Theorem 4.4. Let P; be a left ideal of an ordered AG-3-band (S;, i, <;) with left identity.
Then the following conditions are equivalent.

(1) HH is a semiprime ideal of an ordered AG-groupoid HSZ-.

il iel
(2) HPi is a quasi-semiprime ideal of an ordered AG-groupoid HS,-.
il iel
Proof. This follows from Theorem 4.1 and Theorem 4.3. [
REFERENCES

[1] M.K. Kazim, M. Naseeruddin, On almost semigroups, The Alig. Bull. Math 2 (1972)
1-7.

[2] P. Holgate, Groupoids satisfying a simple invertive law, Math. Stud. 61 (1992) 101—
106.

[3] M. Khan, N. Ahmad, Characterizations of left almost semigroups by their ideals,
Journal of Advanced Research in Pure Mathematics 2 (3) (2010) 61-63.

[4] Q. Mushtaq, Abelian groups defined by LA-semigroups, Studia Scient. Math. Hungar
18 (1983) 427-428.

[5] Q. Mushtaq, Q. Igbal, Decomposition of a locally associative LA-semigroup, Semi-
group Forum 41 (1990)154-164.

[6] Q. Mushtaq, M. Igbal, On representation theorem for inverse LA-semigroups, Proc.
Pakistan Acad. Sci 30 (1993) 247-253.
[7] Q. Mushtag, M. Khan, A note on an Abel-Grassmann’s 3-band, Quasigroups and
Related Systems 15 (2007) 295-301.
[8] P. Yiarayong, On semiprime and quasi semiprime ideals in AG-groupoids, KKU Res.
J. 18 (6) (2013) 893-896.
[9] W. Khan, F. Yousafzai, M. Khan, On generalized ideals of left almost semigroups,
European Journal of Pure and Applied Mathematics 9 (3) (2016) 277-291.
[10] M. Igbal, I. Ahmad, Ideals in CA-AG-groupoids, Indian J. Pure Appl. Math. 49 (2)
(2018) 265-284.
[11] T. Shah, I. Rehman, R. Chinram, On M-systems in ordered AG-groupoids, Far East
J. Math. Sci. 47 (1) (2010) 13-21.
[12] T. Shah, I. Rehman, A. Ali, On ordered AG-groupoids, International Electronic
Journal of Pure and Applied Mathematics 2 (4) (2010) 219-224.



398

Thai J. Math. Vol. 19 (2021) /P. Yiarayong

13]
14]
15]
16]

[17]

T. Shah, N. Kausar, Characterizations of non-associative ordered semigroups by their
fuzzy bi-ideals, Theoretical Computer Science 529 (2014) 96-110.

F. Yousafzai, A. Khan, A. Tampan, On (m, n)-ideals of an ordered Abel-Grassmann
groupoid, Korean J. Math. 23 (3) (2015) 357-370.

P. Yiarayong, On prime and semiprime ideals in ordered AG-groupoids, Iranian
Journal of Mathematical Sciences and Informatics 12 (1) (2017) 1-11.

M. Khan, Faisal, On fuzzy ordered Abel-Grassmann’s groupoids, J. Math. Res. 3
(2011) 27-40.

A. Khan, Faisal, W. Khan, N. Yaqoob, Ordered LA-semigroups in terms of interval
valued fuzzy ideals, Journal of Advanced Research in Pure Mathematics 5 (1) (2013)
100-117.

Faisal, M. Khan, B. Davvaz, S. Haq, A note on fuzzy ordered AG-groupoids, Journal
of Intelligent & Fuzzy Systems 26 (2014) 2251-2261.

A. Ali, F.G. Shi, M. Khan, Characterizations of ordered AG-groupoids in terms of
soft sets, Italian Journal of Pure and Applied Mathematics 35 (2015) 415-432.

F. Yousafzai, N. Yaqoob, A. Zeb, On generalized fuzzy ideals of ordered AG-
groupoids, Int. J. Mach. Learn. & Cyber. 7 (2016) 995-1004.

K. Nasreen, Characterizations of non associative ordered semigroups by the proper-
ties of their fuzzy ideals with thresholds («, 8], Prikl. Diskr. Mat. 43 (2019) 37-59.



	Introduction
	Preliminaries
	Ideals in Ordered AG-Groupoids
	Semiprime Ideals in Ordered AG-Groupoids

