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1. Introduction

Wavelet analysis is a cursorily forwarding area of Mathematics and many branches of
Science, Engineering and Technology. The wavelet is localized in both frequency and time
(space). It gives the new class of orthogonal expansion in Hilbert space with good time-
frequency and regularity approximation properties in its area. These expansions play an
important role to extract an information from a signal that is not possible by another
expansion like Fourier expansion. In transient as well as stationary phenomena, this
approach has applications over wavelet and short-time Fourier analysis. The properties of
orthonormal bases have been studied in L2(R) for wavelet expansion. The basic wavelet
packet expansions of Lp-functions, 1 < p < ∞, defined on the real line and the unit
interval, have significant importance in wavelet analysis. Walsh system is an example of
a system of basic stationary wavelet packets. Billard [1], Chui [2], Daubechies [3], Meyer
[4], Morlet [5], Natanson [6], Paley [7], Robert and Wim [8], Sjolin [9], Schipp [10] and
Walter [11], have investigated point wise convergent properties of Walsh expansion of
Lp[0, 1) class functions. At first, Carleson [12] introduced an operator which is presently
known as Carleson operator. Nielsen [13–15], Lal and Kumar [16, 17] and Watari [18]
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have already studied important properties of Carleson operator. In this paper, generalized
Carleson operators for Walsh type wavelet packet expansion and for periodic Walsh type
wavelet packet expansion for any f ∈ Lp[0, 1) are introduced by the help of Logarithmic
means (N, 1

m+1 ,
1

n+1 ) and two theorems on convergence of Walsh type wavelet packet
expansion by this generalized Carleson operator have been established.

2. Definitions and Preliminaries

2.1. Logarithmic Means

The series
∞∑
n=0

an = a0 + a1 + a2 + · · · ,

is said to be convergent, to the sum s, if the ‘partial sum’

sn = a1 + a2 + a3 + · · · an,

tends to a finite limit s when n → ∞, and a series which is not convergent is said to be
divergent.

If sn = a1 + a2 + a3 + · · · an, and

lim
n→∞

s0 + s1 + s2 + · · ·+ sn
n+ 1

= s,

then we call s the (C,1) sum of
∑
an and the (C,1) limit of sn. (Hardy [19], p.7)

The series 1 + 0 − 1 + 1 + 0 − 1 + · · · , is not convergent but it is summable (C,1) to
the sum 2

3 . (Titchmarsh [20], p.411)

Let pn ≥ 0, p0 > 0, Pn = p0 + p1 + p2 + · · ·+ pn, sn =

n∑
k=0

sk and define tm by

tm = N (p)
m =

pms0 + pm−1s1 + pm−2s2 + · · ·+ p0sm
p0 + p1 + p2 + · · ·+ pn

=
1

Pm

m∑
k=0

pm−ksk.

If tm → s when m → ∞, and we write sn → s,

∞∑
n=0

an = s(N, pn) (Hardy [19] p.64),

then (N, pn) is said to be Nörlund means generated by a sequence {pn}∞n=0. If we take
pn = 1

n+1 in (N, pn) means then it reduces to (N, 1
n+1 ) means which is also known as

logarithmic means

Now t
1

m+1
m =

1

log(m+ 1)

m∑
k=0

sk
m− k + 1

.

If t
1

m+1
m → s when m → ∞, and we write sn → s,

∞∑
n=0

an = s(N,
1

n+ 1
) means, i.e,

Logarithmic Means (Hardy [19] p.59).
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The method (N, 1
n+1 ) is more effective than (C, 1) means. If the series

∞∑
n=0

an is sum-

mable to s by (C, 1) method, then it is also summable to s by (N, 1
n+1 ) method. it is

remarkable to note that the series
∑
n−1−ci is not (C, 1) summable but it is (N, 1

n+1 )
summable.

For the double infinite series

∞∑
m=0

∞∑
n=0

am,n, Sm,n =

m∑
i=0

n∑
j=0

ai,j Bromwich [21]. Let

qm ≥ 0, q0 > 0, Qm = q0 + q1 + q2 + · · ·+ qm. Write

tM,N =
1

PMQN

M∑
m=0

N∑
n=0

pM−mqN−nSm,n

If tM,N → S as M →∞, N →∞, then we write SM,N → S and
∞∑
m=0

∞∑
n=0

am,n = S (N, pm, qn).

Taking pm = 1
m+1 , qn = 1

n+1 in (N, pm, qn),

t
( 1
m+1 ,

1
n+1 )

M,N =
1

log(M + 1) log(N + 1)

M∑
m=1

N∑
n=1

Sm,n.

If t
( 1
m+1 ,

1
n+1 )

M,N → S when M →∞, N →∞, we write

∞∑
m=0

∞∑
n=0

am,n = S(N,
1

m+ 1
,

1

n+ 1
),

i.e., double logarithmic means.

For the divergent double infinite series

∞∑
m=0

∞∑
n=0

(−1)(m+n), Sm,n =

m∑
i=0

n∑
j=0

(−1)(i+j)

and

t
( 1
m+1 ,

1
n+1 )

M,N =
1

log(m+ 1) log(n+ 1)

M∑
m=1

N∑
n=1

Sm,n
(M −m+ 1)(N − n+ 1)

=
1

log(m+ 1) log(n+ 1)

M∑
m=1

N∑
n=1

1

4

(1 + (−1)m)(1 + (−1)n)

(M −m+ 1)(N − n+ 1)

=
1

4

1

log(m+ 1)

M∑
m=1

(1 + (−1)m)

(M −m+ 1)

1

log(n+ 1)

N∑
n=1

(1 + (−1)n)

(N − n+ 1)

=
1

4

{
1 +

γm
log(M + 1)

+
(−1)m

log(M + 1)(M −m+ 1)

}
×

{
1 +

γn
log(N + 1)

+
(−1)n

log(N + 1)(N − n+ 1)

}
→ 1

4
as M →∞, N →∞.

Hence the series

∞∑
m=0

∞∑
n=0

(−1)(m+n) is summable to 1
4 by (N, 1

m+1 ,
1

n+1 ) method.
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The method (N, 1
m+1 ,

1
n+1 ) is more effective than (C,1,1) means. If the series

∞∑
m=0

∞∑
n=0

am,n

is summable to s by (C, 1, 1) method, then it is also summable to s by (N, 1
m+1 ,

1
n+1 )

method. The series
∑∑

m−1−cin−1−dj is not (C, 1, 1) summable but it is (N, 1
m+1 ,

1
n+1 )

summable.

2.2.Walsh Functions and Their Properties

The Walsh system {Wn}∞n=0 is defined recursively on [0, 1) on considering

W0(x) =

{
1, 0 ≤ x < 1;
0, otherwise.

and

W2n(x) = Wn(2x) +Wn(2x− 1),

W2n+1(x) = Wn(2x)−Wn(2x− 1).

Observe that the Walsh system is the family of wavelet packets obtained by considering
ϕ = W0,

ψ(x) =

 1, 0 ≤ x < 1
2 ;

−1, 1
2 ≤ x < 1;

0, otherwise.

and using the Haar filters in the definition of the non-stationary wavelet packets.

The Walsh system is closed under point wise multiplication. Define the binary operator
⊕ : N0 × N0 → N0 by

m⊕ n =

∞∑
i=0

|mi − ni|2i,

where m =

∞∑
i=0

mi2
i, n =

∞∑
i=0

ni2
i and N0 = N ∪ {0}. Then

Wm(x)Wn(x) = Wm⊕n(x), (2.1)

(Schipp et al. [10]).

We can carry over the operator ⊕ to the interval [0, 1] by identifying those x ∈ [0, 1] with

a unique expansion x =

∞∑
j=0

xj2
−j−1 (almost all x ∈ [0, 1] has such a unique expansion)

by there associated binary sequence {xi} . For two such points x, y ∈ [0, 1], define

x⊕ y =

∞∑
j=0

|xj − yj |2−j−1.

The operation ⊕ is defined for almost all x, y ∈ [0, 1]. Using this definition, we have

Wn(x⊕ y) = Wn(x)Wn(y) (2.2)

for every pair x, y for which x⊕ y is defined (Golubov et al. [22]).
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2.3.Walsh Type Wavelet Packets

Let {wn}n≥0,k∈Z be a family of non-stationary wavelet packets constructed by using a

family
{
h
(p)
0 (n)

}∞
p=0

of finite filters for which there is a constant K ∈ N such that h
(p)
0 (n)

is the Haar filter for every p ≥ K. If w1 ∈ C1(R) and it has compact support then we call
{wn}n≥0 a family of Walsh type wavelet packets.

2.4. Periodic Walsh Type Wavelet Packets

As Meyer [4], an orthonormal basis for L2[0, 1) is obtained periodizing any orthonormal
wavelet basis associated with a multiresolution analysis. The periodization works equally
well with non-stationary wavelet packets.

Let {wn}∞n=0 be a family of non-stationary basic wavelet packets satisfying |wn(x)| ≤
Cn(1+|x|)−1−εn for some εn > 0, n ∈ N0. For n ∈ N0 we define the corresponding periodic
wavelet packets w̃n by

w̃n(x) =
∑
k∈Z

wn(x− k).

It is important to note that the hypothesis about the point-wise decay of the wavelet
packets wn ensures that the periodic wavelet packets are well defined in Lp[0, 1) for
1 ≤ p ≤ ∞. Wickerhauser [13] have proved that,the family {w̃n}∞n=0 is an orthonormal
basis for Lp[0, 1).

2.5. Generalized Carleson Operator by (N, 1
m+1 ,

1
n+1) Means

Write

(SN,Nf) (x) =

N∑
n=0

N∑
k=−N

〈f, wn(.− k)〉wn(x− k), f ∈ Lp(R), 1 < p <∞,

(T
(N, 1

m+1 ,
1

n+1 )

(N,N) f)(x) =
1

(log(N + 1))2

N∑
m=0

N∑
n=0

(Sm,nf)(x)

(N −m+ 1)(N − n+ 1)
.

The generalized Carleson operator for the Walsh type wavelet packet system, denoted
by L∗c , is defined by

(L∗cf)(x) = sup
N≥1

∣∣∣∣∣ 1

(log(N + 1))2

N∑
m=0

N∑
n=0

(Sm,nf)(x)

(N −m+ 1)(N − n+ 1)

∣∣∣∣∣
= sup

N≥1

∣∣∣∣(T (N, 1
m+1 ,

1
n+1 )

(N,N) f)(x)

∣∣∣∣
(2.3)

Let us define the generalized Carleson operator for periodic Walsh type wavelet packet
system {w̃n}. Write

(sNf)(x) =

N∑
n=0

〈f, w̃n〉 w̃n(x), f ∈ Lp(R), 1 < p <∞,
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(tNf)(x) =
1

log(N + 1)

N∑
n=0

(snf)(x)

N − n+ 1

=
1

log(N + 1)

N∑
n=0

n∑
i=0

〈f, w̃i〉 w̃i(x)

N − n+ 1
.

The generalized Carleson Operator for the periodic Walsh type wavelet packet system,
denoted by G∗c , is defined by

(G∗cf)(x) = sup
N≥1

∣∣∣∣∣ 1

log(N + 1)

N∑
n=0

(snf)(x)

N − n+ 1

∣∣∣∣∣
= sup

N≥1

∣∣∣∣(t(N, 1
n+1 )

N f)(x)

∣∣∣∣ .
(2.4)

2.6. Strong Type (p, p) Operator

An operator T defined on Lp(R) is of strong type (p, p) if it is sub-linear and there is
a constant C such that ‖Tf‖p ≤ C ‖f‖p for all f ∈ Lp(R).

3. Main Results

In this paper, two new theorems have been established in the following forms:

Theorem 3.1. Let {wn} be a family of Walsh-type wavelet packet system. Then the
generalized Carleson operator L∗c by (N, 1

m+1 ,
1

n+1 ) defined by

(L∗cf)(x) = sup
N≥1

∣∣∣∣∣ 1

(log(N + 1))2

N∑
m=0

N∑
n=0

(Sm,nf)(x)

(N −m+ 1)(N − n+ 1)

∣∣∣∣∣
= sup

N≥1

∣∣∣∣(T (N, 1
m+1 ,

1
n+1 )

(N,N) f)(x)

∣∣∣∣
for any Walsh-type wavelet packet system, is of strong type (p, p), 1 < p <∞.

Theorem 3.2. Let {w̃n} be a periodic Walsh-type wavelet packets. Then the generalized
Carleson operator G∗c by (N, 1

m+1 ,
1

n+1 ),defined by

(G∗cf)(x) = sup
N≥1

∣∣∣∣∣ 1

log(N + 1)

N∑
n=0

(snf)(x)

N − n+ 1

∣∣∣∣∣
= sup

N≥1

∣∣∣∣(t(N, 1
n+1 )

N f)(x)

∣∣∣∣ .
for periodic Walsh type wavelet packet expansion of any f ∈ Lp(R), 1 < p <∞, converges
a.e..
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3.1. Lemmas

For the proof of the theorems following Lemmas are required:

Lemma 3.3 (Zygmund [23], p. 197). If v1, v2, v3 · · · , vn are non-negative and non-
increasing,then

|u1v1 + u2v2 + u3v3 + · · ·+ unvn| ≤ v1 max
k
|Uk| ,

where Uk = u1 + u2 + u3 + · · ·+ uk for k = 1, 2, 3, · · · , n.

Lemma 3.4. Let f1 ∈ L2(R), and define {fn}n≥2 recursively by

fn(x) =

{
fm(2x) + fm(2x− 1), n = 2m;
fm(2x)− fm(2x− 1), n = 2m+ 1.

Then

fm(x) =

2j−1∑
p=0

Wm−2j (p2−j)f1(2jx− p),

for m, j ∈ N, 2j ≤ m < 2j+1.

Lemma 3.5. Let {wn}n≥0 be a family of Walsh type wavelet packets .If w1 ∈ C1(R) then

there exists an isomorphism Ψ : Lp(R)→ Lp(R), 1 < p <∞, such that

Ψwn(.− k) = Wn(.− k), n ≥ 0, k ∈ Z.

Lemmas 3.4 and 3.5 can be easily proved.

Lemma 3.6 (Billard [1] and Sjölin [9]). Let f ∈ L1[0, 1) and define

Sn(x, f) =

n∑
k=0

∫ 1

0

f(t)Wk(t)dtWk(x).

Then the Carleson operator G defined by

(Gf)(x) = sup
n
|Sn(x, f)| (3.1)

is of strong type (p, p) for 1 < p <∞.
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3.2. Proof of Theorem 3.1

For, f, g ∈ Lp(R)

(L∗c(f + g)) (x) = sup
N≥1

∣∣∣∣(T (N, 1
m+1 ,

1
n+1 )

(N,N) (f + g))(x)

∣∣∣∣
= sup

N≥1

∣∣∣∣∣ 1

(log(N + 1))2

M∑
m=0

N∑
n=0

(Sm,n(f + g))(x)

(N −m+ 1)(N − n+ 1)

∣∣∣∣∣
= sup

N≥1

∣∣∣∣∣∣∣∣
1

(log(N + 1))2

N∑
m=0

N∑
n=0

n∑
i=0

n∑
k=−n

〈f + g, wi(.− k)〉wi(x− k)

(N − n+ 1)(N − n+ 1)

∣∣∣∣∣∣∣∣
≤ sup

N≥1

∣∣∣∣∣∣∣∣
1

(log(N + 1))2

N∑
m=0

N∑
n=0

n∑
i=0

n∑
k=−n

〈f, wi(.− k)〉wi(x− k)

(N − n+ 1)(N − n+ 1)

∣∣∣∣∣∣∣∣
+ sup

N≥1

∣∣∣∣∣∣∣∣
1

(log(N + 1))2

N∑
m=0

N∑
n=0

n∑
i=0

n∑
k=−n

〈g, wi(.− k)〉wi(x− k)

(N − n+ 1)(N − n+ 1)

∣∣∣∣∣∣∣∣
= sup

N≥1

∣∣∣∣(T (N, 1
m+1 ,

1
n+1 )

(N,N) f(x)

∣∣∣∣+ sup
N≥1

∣∣∣∣(T (N, 1
m+1 ,

1
n+1 )

(N,N) g)(x)

∣∣∣∣
= (L∗cf) (x) + (L∗cg) (x).

Also for α ∈ R

(L∗cαf) (x) = sup
N≥1

∣∣∣∣(T (N, 1
m+1 ,

1
n+1 )

(N,N) (αf))(x)

∣∣∣∣
= sup

N≥1

∣∣∣∣∣ 1

(log(N + 1))2

M∑
m=0

N∑
n=0

(Sm,n(αf))(x)

(N −m+ 1)(N − n+ 1)

∣∣∣∣∣
= sup

N≥1

∣∣∣∣∣∣∣∣
1

(log(N + 1))2

N∑
m=0

N∑
n=0

n∑
i=0

n∑
k=−n

〈αf,wn(.− k)〉wn(x− k)

(N − n+ 1)(N − n+ 1)

∣∣∣∣∣∣∣∣
= sup

N≥1
|α|
∣∣∣∣(T (N, 1

m+1 ,
1

n+1 )

(N,N) f)(x)

∣∣∣∣
= |α| (L∗cf) (x).

Choose M ∈ N such that supp(wn) ⊂ [−M,M ] for n ≥ 0. Fix p ∈ (1,∞) and take any

f(x) =
∑

n≥0,k∈Z
〈f, wn(.− k)〉wn(x− k) ∈ Lp(R).
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Define fk(x) =
∑

n≥0,k∈Z
〈f, wn(.− k)〉wn(x − k), gk(x) =

∑
n≥0,k∈Z

〈f, wn(.− k)〉Wn(x − k). We

have ‖fk‖p ≈ ‖gk‖p , with bounds independent of k (Lemma 3.5). Note that

|{x ∈ [l, l + 1) : |Lcf(x)| > α}| ≤ C

αp

l+1+n∑
k=l−n

∫
|Lcfk(x)|pdx.

Using the Marcinkiewicz interpolation theorem, it suffices to prove that

‖Lcfk‖p ≤ C‖fk‖p,

where C is a constant independent of k. Since

∑
l∈Z

l+1+n∑
k=l−n

‖fk‖pp ≤ 2(n+ 1)
∑
k∈Z
‖fk‖pp ≤ 2C(n+ 1)

∑
k∈Z
‖gk‖pp ≤ C1 ‖f‖pp ,

where C1 is constant. Without loss of generality, we assume that k = 0. Let K ∈ N be the
scale from which only the Haar filter is used to generate the wavelet packets (ωn)n≥2k+1 .

Let N ∈ N and suppose 2J ≤ N ≤ 2J+1 for some J > K + 1. Clearly, for each x ∈ R,

(L∗cf)(x) = sup
N≥1

∣∣∣∣(T (N, 1
m+1 ,

1
n+1 )

(N,N) f)(x)

∣∣∣∣
= sup
N≥1

∣∣∣∣∣ 1

(log(N + 1))2

N∑
m=0

N∑
n=0

(Sm,nf)(x)

(N −m+ 1)(N − n+ 1)

∣∣∣∣∣
= sup
N≥1

∣∣∣∣∣ 1

(log(N + 1))2

N∑
n=0

N∑
n=0

(Sn,nf)(x)

(N − n+ 1)(N − n+ 1)

∣∣∣∣∣
= sup
N≥1

∣∣∣∣∣ 1

(log(N + 1))2

N∑
n=0

1

N − n+ 1

N∑
n=0

(Sn,nf)(x)

(N − n+ 1)

∣∣∣∣∣
≤ sup
N≥1

∣∣∣∣∣ 1

(log(N + 1))

N∑
n=0

(Sn,nf)(x)

(N − n+ 1)

∣∣∣∣∣
= sup
N≥1

∣∣∣∣∣∣∣∣
1

(log(N + 1))

N∑
n=0

n∑
i=0

n∑
k=−n

〈f, wi(.− k)〉wi(x− k)

(N − n+ 1)

∣∣∣∣∣∣∣∣ .

= sup
N≥1

∣∣∣∣∣∣∣∣
1

(log(N + 1))

N∑
n=0

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n+ 1)

∣∣∣∣∣∣∣∣ (k = 0)

≤ sup
1≤N<2K+1

∣∣∣∣∣∣∣∣
1

log(N + 1)

N∑
n=0

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n+ 1)

∣∣∣∣∣∣∣∣
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+ sup
J>K+1

∣∣∣∣∣∣∣∣
1

(log(N + 1))

2J−1∑
n=2K+1

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n+ 1)

∣∣∣∣∣∣∣∣
+ sup
J>K+1

sup
2J≤N<2J+1

∣∣∣∣∣∣∣∣
1

(log(N + 1))

N∑
n=2J

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n+ 1)

∣∣∣∣∣∣∣∣
= J1 + J2 + J3. (3.2)

Using Lemma 3.3 we have

J1 = sup
1≤N<2K+1

∣∣∣∣∣∣∣∣
1

log(N + 1)

N∑
n=0

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n+ 1)

∣∣∣∣∣∣∣∣
≤ sup

1≤N<2K+1

max
∑

0=n≤2K+1−1

|〈f, wn(.)〉| |wn(x)|

≤
2K+1−1∑
n=0

|〈f, wn(.)〉| |wn(x)|

≤ |〈f, wn(.)〉| ‖wn(x)‖∞ χ[−N,N ](x)

≤ ‖f0‖p
2K+1−1∑
n=0

‖wn‖q ‖wn(x)‖∞ χ[−N,N ](x). (3.3)

Next,

J2 = sup
J>K+1

∣∣∣∣∣∣∣∣
1

log(N + 1)

2J−1∑
n=2K+1

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n+ 1)

∣∣∣∣∣∣∣∣
≤ sup

J>K+1
max

∣∣∣∣∣∣
∑

2K+1=n≤2J−1

〈f, wn(.)〉wn(x)

∣∣∣∣∣∣ .
Also,∥∥∥∥∥∥∥∥ sup
J>K+1

1

log(N + 1)

2J−1∑
n=2K+1

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n+ 1)

∥∥∥∥∥∥∥∥
p

≤ sup
J>K+1

max
∑

2K+1=n≤2j−1

|〈f, wn(.)〉| ‖wn(x)‖p

≤ C
∞∑
n=0

|〈f, wn(.)〉| ‖wn(x)‖p

= C ‖f0‖p . (3.4)
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Consider J3,

J3 = sup
J>K+1

sup
2J≤N<2J+1

∣∣∣∣∣∣∣∣
1

log(N + 1)

N∑
n=2J

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n+ 1)

∣∣∣∣∣∣∣∣
≤

2K−1∑
j=0

 sup
2J+j2J−K≤N<2J+(j+1)2J−K

∣∣∣∣∣∣ 1

log(N+1)

N∑
n=2J+j2J−K

∑n
i=0 〈f, wi(.)〉wi(x)

(N−n+1)

∣∣∣∣∣∣


so it suffices to prove that∥∥∥∥∥∥∥∥ sup
J>K+1,

sup
2J+j2J−K≤N<2J+(j+1)2J−K

1

log(N+1)

N∑
n=2J+j2J−K

∣∣∣∣∣∣∣∣
n∑

i=0

〈f, wi(.)〉wi(x)

(N−n+1)

∣∣∣∣∣∣∣∣
∥∥∥∥∥∥∥∥
p

≤ C ‖f0‖p

for j = 0, 1, 2, · · · , 2K−1. Fix J >K + 1, 0≤j≤ 22k−1 and 2J+ j2JK≤N<2J + (j + 1)2J−K .
Write,

J
′
3 =

1

log(N + 1)

N∑
n=2J+j2J−K

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n + 1)
.

Using Lemma 3.4, we have

∣∣∣j′3∣∣∣=
∣∣∣∣∣∣∣∣
2J−K−1∑

s=0

1

log(N+1)

N∑
n=2J+j2J−K

n∑
i=0

〈f, wi(.)〉

(N−n+1)
Wn−2J−j2J−K (s2−(J−K))w2K+j(2

J−Kx− s)

∣∣∣∣∣∣∣∣ .
Define

FN (t) =
1

log(N + 1)

N∑
n=2J+j2J−K

n∑
i=0

〈f, wi(.)〉

(N − n + 1)
Wn−2J−j2J−K (t),

and

F (t) = sup
N<2J+(j+1)2J−K

|FN (t)| .

We have

∣∣∣j′3∣∣∣ =
1

log(N + 1)

N∑
n=2J+j2J−K

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n + 1)

≤ max

∣∣∣∣∣∣
∑

2J+j2J−K=n≤N

〈f, wn(.)〉wn(x)

∣∣∣∣∣∣
≤

2J−K−1∑
s=0

F (s2−(J−K))
∣∣∣w2K+j((2

J−K)x− s)
∣∣∣ ,
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and using the compact support of the wavelet packets,

∣∣∣j′3∣∣∣ =

∣∣∣∣∣∣∣∣
1

log(N + 1)

N∑
n=2J+j2J−K

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n + 1)

∣∣∣∣∣∣∣∣
≤ max

∣∣∣∣∣∣
∑

2J+j2J−K=n≤N

〈f, wn(.)〉wn(x)

∣∣∣∣∣∣
≤ ‖w2K + j‖∞

M+1∑
l=−M

F ((
⌊
2J−Kx

⌋
+ l)2−(J−K)).

Note that F is constant on dyadic intervals of type [l2−(J−K), (l + 1)2−(J−K)), and taking

∆l =
((⌊

2J−Kx + l
⌋)

2−(J−K),
(⌊

2J−Kx + l + 1
⌋)

2−(J−K)
)
,

we have

∣∣∣j′3∣∣∣ =

∣∣∣∣∣∣∣∣
1

log(N + 1)

N∑
n=2J+j2J−K

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n + 1)

∣∣∣∣∣∣∣∣
≤ max

∣∣∣∣∣∣
∑

2J+j2J−K=n≤N

〈f, wn(.)〉wn(x)

∣∣∣∣∣∣
≤ ‖w2K + j‖∞

M+1∑
l=−M

|∆l|−1

∫
∆l

F (t)dt.

We need an estimate of F that does not depend on J . Note that for k,
0 ≤ k < 2J−K ,

W2J+j2J−K (t)Wk(t) = W2J+j2J−K+k(t),

since the binary expansions of 2J + j2J−K and of k have no 1
′s in common. Hence,

|FN (t)| =
∣∣W2J+j2J−K (t)FN (t)

∣∣
=

∣∣∣∣∣∣ 1

(log(N + 1))2

N∑
n=2J+j2J−K

〈f, wn(.)〉
(N − n + 1)2

Wn(t)

∣∣∣∣∣∣
≤ max

∣∣∣∣∣∣
∑

2J+j2J−K=n<N

〈f, wn(.)〉Wn(t)

∣∣∣∣∣∣ .
Using Lemma 3.6 we have F (t) ≤ 2(Gg0)(t). Thus,
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∣∣∣∣∣∣∣∣
1

log(N + 1)

N∑
n=2J+j2J−K

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n + 1)

∣∣∣∣∣∣∣∣ ≤ max

∣∣∣∣∣∣
∑

2J+j2J−K=n<N

〈f, wn(.)〉wn(x)

∣∣∣∣∣∣
≤ 2

∥∥w2K+j

∥∥
∞

M+1∑
l=−M

|∆l|−1

∫
∆l

(Gg0)(t)dt.

Let ∆∗l be the smallest dyadic interval containing ∆l and x, and note that |∆∗l | ≤ (M +1) |∆l|
since x ∈ (∆0 −D).
We have

∣∣∣∣∣∣∣∣
1

log(N + 1)

N∑
n=2J+j2J−K

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n + 1)

∣∣∣∣∣∣∣∣ ≤ max

∣∣∣∣∣∣
∑

2J+j2J−K=n<N

〈f, wn(.)〉wn(x)

∣∣∣∣∣∣
≤ 2

∥∥w2K+j

∥∥
∞

M+1∑
l=−M

|∆l|−1

∫
∆∗

l

(Gg0)(t)dt

≤ 4
∥∥w2K+j

∥∥
∞ (M + 1)2(M∗(Gg0)(x), (3.5)

where M∗ is the maximal operator of Hardy and Little wood. The right hand side of (3.5) neither
depend on N nor J so we may conclude that

J3 ≤ sup
J>K+1

2K−1∑
j=0

 sup
2J+j2J−K≤N<2J+(j+1)2J−K

∣∣∣∣∣∣ 1

log(N+1)

N∑
n=2J+j2J−K

∑n
i=0 〈f, wi(.)〉wi(x)

(N − n + 1)

∣∣∣∣∣∣


≤
2K−1∑
j=0

 sup
2J+j2J−K≤N<2J+(j+1)2J−K

max

∣∣∣∣∣∣
∑

2J+j2J−K=n<N

〈f, wn(.)〉wn(x)

∣∣∣∣∣∣


≤ 4
∥∥w2K+j

∥∥
∞ (M + 1)2(M∗(Gg0))(x), a.e., (3.6)

Using Sjolin [9], M∗ and G both are bounded and of strong type (p, p). Now,

∥∥∥∥ sup
J>K+1

J3

∥∥∥∥
p

≤

∥∥∥∥∥∥∥∥ sup
J>K+1

2K−1∑
j=0

 sup
t≤N<2J+(j+1)2J−K

∣∣∣∣∣∣∣∣
1

log(N + 1)

N∑
n=t

n∑
i=0

〈f, wi(.)〉wi(x)

(N − n + 1)

∣∣∣∣∣∣∣∣

∥∥∥∥∥∥∥∥
p

≤ C ‖g0‖p
≤ C1 ‖f0‖p ,

where j = 0, 1, 2, · · · , 2K − 1 and t = 2J + j2J−K . Hence the operator L∗C is of strong type (p,p)
1 < p <∞. Thus the Theorem 3.1 is completely established.



384 Thai J. Math. Vol. 19 (2021) /S. Lal and S. Kumar

3.3. Proof of Theorem 3.2

Let f ∈ Lp[0, 1), and choose M ∈ N such that supp(wn) ⊂ [−M,M ] for n ≥ 0. Then

(G∗cf)(x) = sup
N≥1

∣∣∣∣(t(N, 1
n+1

)

N f)(x)

∣∣∣∣
= sup

N≥1

∣∣∣∣∣ 1

log(N + 1)

N∑
n=0

(snf)(x)

N − n + 1

∣∣∣∣∣
= sup

N≥1

∣∣∣∣∣ 1

log(N + 1)

N∑
n=0

∑n
i=0 〈f, ω̃i〉 ω̃i(x)

N − n + 1

∣∣∣∣∣
= sup

N≥1

∣∣∣∣∣∣ 1

log(N + 1)

N∑
n=0

〈
f,
∑M+1

k1=−M wn(.− k1)
〉∑M+1

k2=−M wn(x− k2)

N − n + 1

∣∣∣∣∣∣
= sup

N≥1

∣∣∣∣∣ 1

log(N + 1)

N∑
n=0

∑M+1
k1=−M 〈f, wn(.− k1)〉

∑M+1
k2=−M wn(x− k2)

N − n + 1

∣∣∣∣∣
= sup

N≥1

∣∣∣∣∣∣
M+1∑

k1=−M

M+1∑
k2=−M

1

log(N + 1)

N∑
n=0

〈f, wn(.− k1)〉wn(x− k2)

N − n + 1

∣∣∣∣∣∣
= sup

N≥1

∣∣∣∣∣∣
M+1∑

k1=−M

M+1∑
k2=−M

1

log(N + 1)

N∑
n=0

1

N − n + 1

∫ 1

0

f(y)wn(y − k1)dywn(x− k2)

∣∣∣∣∣∣ .
Following the proof of Theorem 3.1, it can be proved that the generalized Carleson operator G∗c
for the periodic Walsh type wavelet packet expansions converges a.e.. Thus the Theorem 3.2 is
completely established.

Acknowledgements

Authors are grateful to anonymous learned referees and the editor, for their exemplary guid-
ance, valuable feedback and constant encouragement which improve the quality and presentation
of this paper. Shyam Lal, one of the authors, is thankful to DST - CIMS for encouragement to
this work. Susheel Kumar, one of the authors, is grateful to C.S.I.R. (India) in the form of Junior
Research Fellowship vide Ref. No. 19-06/2011 (i)EU-IV Dated:03-10-2011 for this research work.

References

[1] P. Billard, Sur la convergence presque partout des series de Fourier Walsh des fontions de
l’espace L2(0, 1), Studia Math. 28 (1967) 363–388.

[2] C.K. Chui, An Introduction to Wavelets (Wavelet Analysis and Its Applications), Academic
Press, USA, 1992.

[3] I. Daubechies, J.C. Lagarias, Two-scale difference equations I, Existence and global regu-
larity of solutions, SIAM J. Math. Anal. 22 (1991) 1388–1410.

[4] Y. Meyer, Wavelet and Operators, Cambridge University Press, 1992.

[5] J. Morlet, G. Arens, E. Fourgeau, D. Giard, Wave propagation and sampling theory, part
I: Complex signal land scattering in multilayer media, Geophysics 47 (2) (1982) 203–221.



On Generalized Carleson Operator with Application ... 385

[6] I.P. Natanson, Constructive Function Theory, Gosudarstvennoe Izdatel’stvo Tehniko-
Teoreticeskoi Literatury, Moscow, 1949.

[7] R.E.A.C. Paley, A remarkable system of orthogonal function, Proc. Lond. Math. Soc. 34
(1932) 241–270.

[8] S. Wim, P. Robert, Quadrature formulae and asymptotic error expansions for wavelet ap-
proximation of smooth functions, SIAM J. Numer. Anal. 31 (4) (1994) 1240–1264.
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