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1. INTRODUCTION

Wavelet analysis is a cursorily forwarding area of Mathematics and many branches of
Science, Engineering and Technology. The wavelet is localized in both frequency and time
(space). It gives the new class of orthogonal expansion in Hilbert space with good time-
frequency and regularity approximation properties in its area. These expansions play an
important role to extract an information from a signal that is not possible by another
expansion like Fourier expansion. In transient as well as stationary phenomena, this
approach has applications over wavelet and short-time Fourier analysis. The properties of
orthonormal bases have been studied in L?(R) for wavelet expansion. The basic wavelet
packet expansions of LP-functions, 1 < p < oo, defined on the real line and the unit
interval, have significant importance in wavelet analysis. Walsh system is an example of
a system of basic stationary wavelet packets. Billard [1], Chui [2], Daubechies [3], Meyer
[1], Morlet [5], Natanson [6], Paley [7], Robert and Wim [g], Sjolin [9], Schipp [10] and
Walter [11], have investigated point wise convergent properties of Walsh expansion of
L?[0,1) class functions. At first, Carleson [12] introduced an operator which is presently
known as Carleson operator. Nielsen [13-15], Lal and Kumar [16, 17] and Watari [18]
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have already studied important properties of Carleson operator. In this paper, generalized
Carleson operators for Walsh type wavelet packet expansion and for periodic Walsh type
wavelet packet expansion for any f € L?[0,1) are introduced by the help of Logarithmic

means (N, #ﬂ’ %H) and two theorems on convergence of Walsh type wavelet packet

expansion by this generalized Carleson operator have been established.

2. DEFINITIONS AND PRELIMINARIES

2.1. LOGARITHMIC MEANS

The series

o0
Zan:a0+al+a2+"'a

n=0

is said to be convergent, to the sum s, if the ‘partial sum’
Sp =a1+ a2+ asg+---ap,

tends to a finite limit s when n — oo, and a series which is not convergent is said to be
divergent.

If s, =ay +as+az+---a,, and
So+ 81 +82+ -+ 5,

lim =s,
n—00 n + 1

then we call s the (C,1) sum of )" a,, and the (C,1) limit of s,,. (Hardy [19], p.7)

The series 1 +0—1+14+0—1+4---, is not convergent but it is summable (C,1) to
the sum 2. (Titchmarsh [20], p.411)

n
Let p, > 0,p0 > 0, Py =po+p1+p2+ -+ +Pn,sn = Y _ s, and define t,, by
k=0

PmS0 + Pm—151 + Pm—252 + - + PoSm

t = N
oo Po+pLt Pzt pa
1 m
= 5 me—ksk-
P k=0
oo
If ¢t,, = s when m — oo, and we write s, — s, Zan = s(N,p,) (Hardy [19] p.64),
n=0

then (N, py,) is said to be Norlund means generated by a sequence {pn}zozo. If we take
Pn = n~1H in (N, p,) means then it reduces to (N means which is also known as
logarithmic means

1
7n7+1)

m

_1 1 Sk
Now t77% = .
ow log(m+1)§m—k+l

1 © 1
If t;7"" — s when m — oo, and we write s, — s, E an = S(N’?) means, i.e,
n
n=0

Logarithmic Means (Hardy [19] p.59).
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o0
) is more effective than (C, 1) means. If the series > a,, is sum-
n=0
method. it is

The method ( ?

ap s i
mable to s by (C,1) method, then it is also summable to s by (IV, TH)

remarkable to note that the series > n=17¢ is not (C,1) summable but it is (IV, n%rl)
summable.
For the double infinite series Z Zamyn, Smn = ZZ(LW- Bromwich [21]. Let
m=0n=0 i=0 j=0
Gm >0, g0 >0, Qn =q +q +q2+"'+Qm Write
M
tuN = P QN mzonzopM mdN-nSm,n
Iftyr,n = S as M — oo, N = 0o, then we write Sy, vy — S and
Z Zam,n =S (Napqun)
m=0n=0
Taking pp, = ﬁ,% = %4_1 in (N,pm»Qn)a
( ) 1 M N
t m+1 n+1 Sm n-.
M.N ~ log(M + 1)log(N + 1) 7;:17;1
Ift(#“’%“)%SwhenM%oo N — Wewriteiia :S(NLL)
M 7 , m=0n=0 . 7m+1’n+1 ,
i.e., double logarithmic means.
For the divergent double infinite series Z Z (-1) m+") ySmn = ZZ (Zﬂ
m=0n=0 i=0 j=0
and
) ! 53 Smn
M,N log(m +1)log(n + 1) £~ = (M —m+1)(N —n+1)
M N m
_ 1 Z Z 13+ CED)™AaA+(=nm)
log(m +1)log(n+1) = =4 (M —m+1)(N —n+1)
M m N
- T X T e T 2 (8
4log(m +1) ~= (M —m+1 logn+1 —( —n—l—l)
1 m ™
I P N (=D
4 log(M +1)  log(M +1)(M —m+1)
Tn (="
1
x { T sV D) log(N—i-l)(N—n—i—l)}
1
— 1 as M — oo, N — o0.

Hence the series Z Z 1)(™*™) is summable to by (N, s ) method.

m=0n=0
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The method (N, 1,727 ) is more effective than (C,1,1) means. If the series Y. Y~ am.n
m=0n=0

) . 1 1
is summable to s by (C,1,1) method, then it is also summable to s by (N, ?, )

) ) n+1
method. The series Y m~1=¢n=1=4 is not (C, 1, 1) summable but it is (NN, Pl n%rl)
summable.

2.2. WALSH FUNCTIONS AND THEIR PROPERTIES

The Walsh system {W,} -, is defined recursively on [0, 1) on considering

1, 0<z<1;
Wo(z) = { 0, otherwise.
and
Won(z) = Wp(2z)+ W,(2z —1),
W2n+1($) = Wn(2$) — Wn(QII,‘ — 1).

Observe that the Walsh system is the family of wavelet packets obtained by considering
Y= W07
1, 0<z< %;
Y@)=4 -1, $1<z<;
0, otherwise.

and using the Haar filters in the definition of the non-stationary wavelet packets.

The Walsh system is closed under point wise multiplication. Define the binary operator
@:N()XNQ—)Noby

oo
mon= Z |m; — n;|2°,
i=0

where m = Zmﬂi, n= Znﬂi and Ng = NU {0}. Then
i=0 i=0
Wm(x)Wn(m) = Wm@n(x)a (2.1)
(Schipp et al. [10]).

We can carry over the operator & to the interval [0, 1] by identifying those = € [0, 1] with
o0

a unique expansion r = Z ij*j ~1 (almost all 2 € [0,1] has such a unique expansion)
§=0

by there associated binary sequence {x;} . For two such points x,y € [0, 1], define

oo

TDy= Z |!L'j - yj|2_j_1.
Jj=0

The operation @ is defined for almost all z,y € [0, 1]. Using this definition, we have
Wh(z ®y) = Wa(z)Wn(y) (2.2)
for every pair x,y for which = @ y is defined (Golubov et al. [22]).



On Generalized Carleson Operator with Application ... 375

2.3. WALSH TYPE WAVELET PACKETS

Let {wn},~q rez be a family of non-stationary wavelet packets constructed by using a
family {hgp )(n)} of finite filters for which there is a constant K € N such that h (n)
p=0
is the Haar filter for every p > K. If w; € C'(R) and it has compact support then we call
{wn},> a family of Walsh type wavelet packets.

2.4. PERIODIC WALSH TYPE WAVELET PACKETS

As Meyer [1], an orthonormal basis for L2[0, 1) is obtained periodizing any orthonormal
wavelet basis associated with a multiresolution analysis. The periodization works equally
well with non-stationary wavelet packets.

Let {wy},—, be a family of non-stationary basic wavelet packets satisfying |w, (z)| <
Cp(1+]|z|)~t=¢ for some €, > 0,n € Ny. For n € Ny we define the corresponding periodic
wavelet packets w,, by

= Z wp(z —k

keZ
It is important to note that the hypothesis about the point-wise decay of the wavelet
packets w, ensures that the periodic wavelet packets are well defined in LP[0,1) for

1 < p < oo. Wickerhauser [13] have proved that,the family {w,},- , is an orthonormal
basis for LP[0,1).

2.5. GENERALIZED CARLESON OPERATOR BY (N, 17, -35) MEANS
Write
N N
(Svxf) (@)=Y D (frwal- = k) walz —k), f € LP(R),1 <p < oo,
n=0k=—N
(N2 71) mnf
Ty " ) = (logN+ QmZm;) N — m—l—l(])\;)n—l-l)'

The generalized Carleson operator for the Walsh type wavelet packet system, denoted
by L}, is defined by

Qg nf)(@)
L) = | 722 N S TD
_ ( rm’m)
= ]%uzpl (T(N,N) (@)

(2.3)
Let us define the generalized Carleson operator for periodic Walsh type wavelet packet
system {w,}. Write

N

(snf)(x) =Y (f @) Ba(2), f € LP(R),1 < p < o0,

n=0
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N

1 (snf)(x)

log(N + 1) = N-n+l1

(tnf)(z) =

N

f7wz wz
- logN+1 ZZ —n—f—l'

n=0 i=0

The generalized Carleson Operator for the periodic Walsh type wavelet packet system,
denoted by G, is defined by

1L (@)
log(N +1) &= N —n+1

W ).

(Ge)(x) =

sup
N>1

= sup
N>1

(2.4)

2.6. STRONG TYPE (p,p) OPERATOR

An operator T defined on LP(R) is of strong type (p,p) if it is sub-linear and there is
a constant C such that [|Tf[|, < C'| f[|, for all f € LP(R).

3. MAIN RESULTS

In this paper, two new theorems have been established in the following forms:

Theorem 3.1. Let {w,} be a family of Walsh-type wavelet packet system. Then the

generalized Carleson operator L% by (N, mi_l, n+1) defined by
L =
(Lef)(=) R (logN—|—1 QWZOHZO N — m—|—1(N—n+1)
(Nt 71)
— sup (T ™ f) @)
N>1

for any Walsh-type wavelet packet system, is of strong type (p,p),1 < p < occ.

Theorem 3.2. Let {w,} be a periodic Walsh-type wavelet packets. Then the generalized

Carleson operator G by (N, mil, n+1) defined by
N
1 (snf)(@)
G} =

©Nl@) = s e+ 1) N -—n+1

( sm+1 )

N G f)(m)‘ .
N>1

for periodic Walsh type wavelet packet expansion of any f € LP(R),1 < p < 0o, converges
a.e..
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3.1. LEMMAS

For the proof of the theorems following Lemmas are required:

Lemma 3.3 (Zygmund [23], p. 197). If vi,ve,v3 - ,v, are non-negative and non-
increasing,then

|uivy + ugve 4+ uzvg + - - - + upvy| < vy mkax|Uk| ,

where Uy, = uy +ug +ug + -+ +ug fork=1,2,3,--- n.

Lemma 3.4. Let f; € L*(R), and define {fn}n22 recursively by

] fm(22) + fr (22— 1), n=2m;
fu(x) = { fm(2z) — frn(2z — 1), n=2m+ 1.

Then

291

Fn(@) = > Wi_as (p279) f1(22 — p),

p=0

form,j € N2/ <m < 2/FL

Lemma 3.5. Let {w"}nZO be a family of Walsh type wavelet packets .If wy € C*(R) then
there exists an isomorphism ¥ : LP(R) — LP(R),1 < p < oo, such that

Vw, (. — k) =Wy(.—k),n >0,k € Z.

Lemmas 3.4 and 3.5 can be easily proved.

Lemma 3.6 (Billard [1] and Sjélin [9]). Let f € L'[0,1) and define

CHENED Y / FOWi(t)dtWy ().
k=0"0

Then the Carleson operator G defined by
(Gf)(@) = sup [Sn(, f)] (3.1)

is of strong type (p,p) for 1 < p < oc.
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3.2. PROOF OF THEOREM 3.1
For, f,g € LP(R)

(Le(f +9) ()

Also for o € R

(Leaf) (x)

IN

(N, 55)
sup (T(N,N) (f +9)(=)
N>1
Smn(f +9))(x)
R (logN+1 222 N m+ (N —n+1)

> :z (F + g wil. — b)) wiw — k)
N

N N
=0k
Jsvuzp1 (logN+1 222 —n+1)(N-n+1)

- ; z (rwi(. — k) wi(w — k)
WD e TR N e T =TT

N N lZM; (9, wi. — k) wi(z — k)
]Svuzpl (logN+1 222 N-n+1)(N-n+1)

(N

7#’%) ( ' m - )
sup |(Ti 3y " f(@)] + sup |(T oy iy g) (@)
N>1 N>1
(Lef) () + (Lzg) (z).
(N, g7t
sup (T x) (af))( )
N>1
M N
Smn(af)) (@)
]Svuzpl (log( N+1 2m20n20 N — m+1 YN —n+1)
N N ;}kz (af, wn(. — k) wn(z — k)
N (logN+1 (TIRESY P DP D iy s erm V)
N, )
sup ol [TV 77 0 o)
N2>1

ol (L. f) ().

Choose M € N such that supp(wy) C [-M, M] for n > 0. Fix p € (1,00) and take any

fl)="Y (frwal- = k) wa(z —k) € LP(R).

n>0,kcZ
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Define fk(x) = Z <f> wn(' - k)> wn(x - k)7gk(x) = Z <f7 wn( - k)> Wn(x - k) We
n>0,kEZ n>0,kEZ
have || fx|l, = l|gxll, , with bounds independent of & (Lemma 3.5). Note that

l+1+n

o+ 1) Lf@] > ) < = Y [ILefi@)ld.

k=l—-n

Using the Marcinkiewicz interpolation theorem, it suffices to prove that

ILefill, < ClLAil,

where C' is a constant independent of k. Since

I+14+n
D> Il <2+ 1) Il <2C(+1) D llgelly < Crllflly,
lEZ k=l—n kEZ k€EZ

where C is constant. Without loss of generality, we assume that k = 0. Let K € N be the
scale from which only the Haar filter is used to generate the wavelet packets (wp ), qk+1-

Let N € N and suppose 27 < N < 27%1 for some J > K + 1. Clearly, for each z € R,

(L27)@) = s [ (T o)
e S I
= s agu\méé n+n1n{])\£)n+1)
oy (log(Nl—l- 1))2 ﬁ% N —1n 1 nZJO ((Nn—nr{:(— 1))

N

1 (Snnf)(x)
R (log(N+1))Z(N—n+1)

n=

IA

(=)

LN Y fwl = k)ue k)
— su Z 1=0k=—n )
N1 |(og(N + 1)) & (N—n+1)
.o ; (Fywil)) wilz)
~ v | (og(N + 1)) ; &—nzy | *=0
S (f will) wi(a)

IN

1 N
=0
1<N<£)K+l 10g<N =+ 1 Z N —n—+ 1)

n:O
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: ; (fwi()) wia)
T gV AD) 2 (NoaD)

n=2K+1

> (fowi() wi()
+ sup sup ; Z =0
I>K+127<n<2r+ | (log(N + 1)) (N-n+1)

n:?J

=Ji+J2+ Js. (32)

Using Lemma 3.3 we have

N
1 1=0
Ji= su
"7 cnebier |log(N + 1) 2 (N—-n+1)

< swp o max Y [(fywa())] wa(@)]

1< N<2K+1 0=n<2K+1_1
oK+l _q
< > Hfwa())] fwa(@)]
n=0
< I wn (O lwn (@)l oo X(- w31 (2)
oK+l _q
<llfoll, D lwally lwa(@)llog X(-n.n1(2). (3.3)
n=0
Next,
271 Y {(fywi(.)) wi(z)
Jo = sup L Z =0
s>y |log(N+1) o= (N-n+1)
< sup max Z (fswn()) wn(z)|.
J>K+1 2K +1=p<2s 1
Also,
1 271 Z%(f,wl(»wz(x)
sup ————— = < sup max Frwn ()] Jwn ()]
J>K+1 IOg(N—’_l)n:;-%—l (N—n+1) J>EAL 2K+1—z:n<2-7 1 /! ’

p

<O N wn(D) lwa(@)]),

=Cllfoll,- (34)
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Consider J3,

1 N
J3 = sup sup =0
J>K+1 27<N<2/+1 log(N + ]_) Z

2K71

1 Z Do (frwill)) wi(z)

<2 sup N i)

=0 274527 - K <N <27 4(j4+1)27-K 10g(N+].) ne2d 40T K

so it suffices to prove that

n

N > (frwil.) wilx)

1 i=0
sup sup P Gy E < Clfoll
I>K+1, 27420 -K<N<2J 4(j4+1)27 K 10g(N+ 1) T el K (N—n+ 1) P

P

for j=0,1,2,-- 251 Fix J>K +1,0<5< 22 =1 and 27+ j2/K <N <2/ + (j +1)27 K.
Write,

M=

, ) v D fwi()wi)
T8 = e (N F 1) 2. (N—n+1)

n=2J 4j2J-K

Using Lemma 3.4, we have

/ J-K_4 1 N Z%(f,wz(» . .
J - i= Wi _od_igu—x (8277 Wor . (277 Kz — 9.
3 ; log(N+1) n:w%_:y K(N n+1) 27 —j2 ( Jwar 4 ( )
Define
1 N 2:0<f7 wz( )>
Fn(t) = o =0 —_——
w(t) log(N +1) n=2 JZﬂJ K N—n—|—1)W"_2’—J2J x (1),
and
N<2J 4(j+1)2—K
We have
: . v ) i)
Al = 1 =
log(N +1) e (N—n+1)
< max| Y (fiwa()) wa(@)
2J+j2J_K:n§N
oI —K _
< Z F(sQ*(J—K)) )w2K+]~((2J7K)x _ S) ’

s=0
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and using the compact support of the wavelet packets,

) . ; (f, wi(.)) wi)
- log(N + 1) Z (N—=n+1)

n=2J 42/ - K

J3

< max Z <fawn()>wn($)
274527~ K=n<N
M+1
< ngK +jHOO Z F((PJ_K'TJ +l)2_(J_K))_

I=—M

Note that F is constant on dyadic intervals of type [127/=5) (1 +1)27/=5)) and taking

A= ((|27 Fa+1]) 20 (27 e w1 ]) 27 09),

we have

3

‘/ 1 N i“ﬁwiﬁwxw
I e D DI oy

n=2J 42/ - K

< max| Y (fwa())wale)
2J 4 j2J—K=n<N
M+1
<

s+l S 107 / F(t)dt.
I=—M A

We need an estimate of F' that does not depend on J. Note that for k,
0<k<2/7K

W2J+j2J*K (OWk(t) = W2J+j2J*K+k(t)v
since the binary expansions of 27 + 7277 and of k have no 1'® in common. Hence,

|FN(t)| = ’W2J+]‘21—K (t)FN(t)‘
N

- |1 _fwn())
= |GV T 1)) n:QJ;sz—K ™ —n+ 1z 0

IN

max Z <f7 wn(~)> Wn(t) .

27 4527 —K=n<N

Using Lemma 3.6 we have F(t) < 2(Ggo)(t). Thus,
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X v S (fw()w
>E < max| Y (fwa()wn)

IOg(N + 1) n=2J 427 —K ( —n+t 1) 27452/ —K=n<N

M+1

2 i S0 \Alrl/A (Ggo) ()t
l

I=—M

IN

Let A} be the smallest dyadic interval containing A; and z, and note that |A]| < (M +1)|A]
since x € (Ao — D).
We have

. v X ) w)
log(N +1) n=2,,+zj2,]_K (N—n+1) < max >, (f,wn(.)) wn(z)

2J+]’2J—K=n<N

M+1
< 2 fwar gyl Z|Al|_1/ (Ggo)(t)dt
< Afwa gyl (M +1)(M*(Ggo)(x), (3.5)

where M™* is the maximal operator of Hardy and Little wood. The right hand side of (3.5) neither
depend on N nor J so we may conclude that

oK —1

1 N o (frwi()) wi(z
> Doieo (frwi()) wiz)

<
J3 sup Z sup (N—n+1)

T skt A \ 2l a2l KeN<a ()2 K log(N+1)

J n=2J4j2J - K

oK —1

< Z sup max Z (f,wn(.)) wn(z)

. J 1ol —K T J-K
j=0 \27+j2 SN<274(5+1)2 27 420K —n< N

< dJware || L (M +1)*(M(Ggo)) (), ae., (3.6)

Using Sjolin [9], M™* and G both are bounded and of strong type (p,p). Now,

i (fywi(.)) wix)

2K—1 N
1=0
sup J3|| < sup sup
J>K+1 » J>K+1 ; t<N<274(j+1)27—K log( N +1 ; —n+1)
P
< Cligoll,
< Cillfoll,

where j =0,1,2,---,2% —1 and t = 27 4+ j27 7. Hence the operator L% is of strong type (p,p)
1 < p < 00. Thus the Theorem 3.1 is completely established.
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3.3. PROOF OF THEOREM 3.2
Let f € LP[0,1), and choose M € N such that supp(wn) C [-M, M| for n > 0. Then
(N, 4

sup | (¢4 m)f)(w)'
N>1

(Gef)(x)

N Sf
- zsvuzp1 10gN+1 nZ;N n—|—1

= sup

1 al ,Wi) @i (T
ZZ o lf (z)

N>1 logN+1nO N-n+1
1 i< S (= k) ) S wn( — k)
= su
szl log(N +1) &~ N-n+1
— sup 1 iZﬁff-M(fvwn(~_kl»zgﬂ_M“}n( x — k)
n>1|log(N +1) £ N-n+1
M+1  M+1 N
(fs wn (. = k1)) wa(z — k2)
= su
szl klngZ logN+1 nZ:o N-n+l

M+1  M+1

N 1 1 -
= sl Y Y e ot ), W R~ k).

N2l — M ko= —M n=0

Following the proof of Theorem 3.1, it can be proved that the generalized Carleson operator G
for the periodic Walsh type wavelet packet expansions converges a.e.. Thus the Theorem 3.2 is
completely established.
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