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Abstract : The theory of fuzzy sets was introduced by Zadeh [6]. Helprin [2]first
introduced the concept of fuzzy mappings and proved a fixed point theorem for
fuzzy mappings. Since then, a number of fixed point results for fuzzy mappings
have been obtained by several anthers. In this paper, the notion of R-weakly
commutativity is for the pair of self mapping has been established. Then this is
used as a tool for proving a common coincidence point theorem for fuzzy mappings
and self mappings on metric space .These result are in continuation of [4].
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1 Introduction

After the introduction of fuzzy sets by Zadeh [6], Heilpern [2] introduced the con-
cept of fuzzy mappings and proved a fixed point theorem for fuzzy mappings.
Since then, a number of fixed point results have be obtained. In this series, re-
cently Rashwan & Ahmed [5] proved a common fixed point theorem for a pair of
fuzzy mappings. In this paper, first the coincidence point of a crisp mapping and
a fuzzy mapping has been defined. Then R-weakly commutativity is introduced
for a pair of crisp mapping & a fuzzy mapping. At last, a common coincidence
points theorem has been proved for the combinations of crisp mappings & fuzzy
mappings together using the notion of R-weakly commuting mappings.

2 Preliminaries

Here we cite briefly some definition, lemmas and propositions noted in [5]. Let
(X, d) be a metric linear space. A fuzzy set in X is a function with domain X
and values in [0, 1]. If A if fuzzy set and « € X, then the function values A(z) is
called the grade of membership of z in A. The a-level set of A denoted by A, is
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defined by

Ao ={z: A(z) > a}Va € (0,1] (2.1)
Ag={z: A(z) > 0}. (2.2)

Where B denotes the closure of the set B.

Definition 2.1: A fuzzy set A in X is said to be an approximate quantity iff
A, is compact and convex in X for each a € [0, 1] and supyex A(z) = 1.

Let F(X) be the collection of all fuzzy sets in X and W (X) be a sub-collection
of all approximate quantities.

Definition 2.2: Let A, B € W(X),a € [0,1]. Then

Pa (A; B) = Z.nfrceAa,yeB(, d(x; y)

Definition 2.3: Let A, B € W(X). Then A is said to be more accurate than B
(or B includes A), denoted by A C B iff A(x) < B(x) for each z € X.

A fuzzy mapping F' is a fuzzy subset on X x Y with membership function
F(z)(y). The function F(z)(y) is the grade of membership of y in Fx.

Lemma 2.1[2]: Let z € X. A € W(X) and {z} be a fuzzy set with mem-
bership function equal to characteristic function of the set {x}. Then {x} C A if
and only if p,(x, A) = 0 for each « € [0, 1].

Lemma 2.2[2]: p,(z, A) < d(x,y) + pa(y, A) for any z,y € X.
Lemma 2.3[2]: If {0} C A then p,(x0, B) < Dy(A4, B) for each B € W(X).

Proposition 2.1 [3] : Let (X,d) be a complete metric linear space and F :
X — W(X) be a fuzzy mapping and zy € X. Then there exists 1 € X such that

{z1} C F(x0).

Remark 2.1: Let J: X — X and F : X — W(X) such that UFX,, C J(X) for
each a € [0,1]. Suppose J(X) is complete. Then, by an application of Proposition
(2.1), it can be easily shown that for any choosen point 2o € X there exists a point
x1 € X such that {Jz1} C Fay.

Proposition 2.2 [4] :If A,B € CP(X) and a € A, then there exists b € B
such that (a,b) < H(A, B).

Recently Rashwan and Ahmad [5] introduced the set G of all continuous func-
tions g : [0,00)% — [0, 00) with the following properties :
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5th variables.

(i) g is non decreasing in 27?374 4" and
(i) If u,v € [0,00) are such that u < g(v, v, u,u +v,0) or u < g(v,u,v,0,u+ v)

then u < hv where 0 < h < 1 is a given constant.
(iii) If w € [0, 00) is such that u < g(u,0,0,u,uw) then v = 0.
Then Rashwan and Ahmad [5] proved the following theorem.

Theorem 2.1 : Let X be a complete metric linear space and let F; and Fs
be fuzzy mappings from X into W(X). If thereis a g € G such that for all z,y € X

D(Fyz, Foy) < g(d(x,y), p(z, F1(x)), p(y, F2(y)), p(z, F2(y)), p(y, Fi(x)))
then there exists z € X such that {z} C Fi(z) and {z} C Fy(2).

In this paper, first we extend the concept of R-weakly commuting mappings
to the setting of single valued (crisp) mapping and fuzzy mapping and then give
examples of fuzzy mappings and crisp mappings, which are R-weakly commuting
and not. Then we study the structure of common coincidence point theorem for
two pairs of mappings, generalizing Theorem 2.1.

3 MAIN RESULT

First of all, we introduce the following definitions and examples :

Definition 3.1 : Let 7 : X — X be a self mapping and F : X — W(X) a
fuzzy mapping. Then a point v € X is said to be coincidence point of I and F'. If
Iu C Fu that is, Tu € Fu;.

Definition 3.2 : The mappings I : X — X and F : X — W(X) are said to
be R-weakly commuting if for all x in X, I Fz, € CPX and there exists a positive
number R such that

H(IFzy,Flz,) < Rd(Iz,Fx,),V[0,1]. (3.1)

Example 3.1 : Let (X,d) be a metric space where X = [0,1] and d denote
usual metric. Define mapping I : X — X such that Iz = 5 for all z € X and
F: X — W(X) a fuzzy mapping such that for all « € [0, 1], Fx is a fuzzy set on
X given by, for all z,y € [0, 1],

0 ifo<y<zHt
F(QC)(y):{ e patlcy

When 0 < a < % then {Fz}, = [%(1 + ), 1], {Iz} = {5},

(FIz}a = {f(5)}a = [(1+2/2),1
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[{Fa}, = [3(1 +a), %]

and so, H(I{Fz}o,{FIz}o) =Max{| 11+ %) —1(1+2)[,|1 -3 [} =3
and d(Iz, {Fz}) = 1.

When § < o <1 then {Fa}, =[z+a(l—2),1],I{Fz}o = [£+ %(1 —2), 3] and
{FIz}o =[5 +a(l1-%),1].

Now we have

H(I{Fr}o, (FIr} —a) = Max{| (5 +a(l—2)~ (5 +50-) |3}
= Max{S, 2} = (3.2)
and

T z 1 11
Ix {F = — 1 >—+-(1—-ax)=={=<a<l1

Hence for R = 1, we have H(I{Fz},,{FIz},) < Rd(Iz,{Fz},) and so {F, I}
are R-weakly commuting.

Example 3.2: Let I : X — X be such that Iz = § and F : X — W(X) be
defined as
0 ifo<y<z
Fa)(y) =

= ifr<y<l

Now, we have for all 0 < o < 1,

{Fz}s =[z+ a(l —x),1]

IFa)o =[5 +5(1-2),3]

|8

and

{Fla}o=[2 +all - 2),1]

then similarly as in Example 3.1, we get H(I{Fz}q, {Flz} — o) = 3.

But d(iz,{Fz} — o) = § + ol — x) which can be made as small as possible
by taking o and x very small. Thus no R > 0 can serve the purpose. Hence F
and I are not R-weakly commuting.

Now, we prove our main theorem as follows

Theorem 3.1: Let I,J be mapping of a metric space X into itself and let
Fi,F: X — W(X) be fuzzy mappings such that
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(iv) (a)UF X, C J(X)
(b) U F,X, C I(X) for each o € [0,1] ,

(v) there is a g € G such that for all z,y € X
D(Fyz, Fay) < g(d(Iz, Jy), p(Iz, Fix), p(Jy, Foy), p(I1z, Foy), p(Jy, Fix)).

(vi) the pairs {Fy, I} and {F3, J} are R - weakly commuting.

Suppose that one of I(X) or J(X) is complete, then there exists z € X such that
Iz C Fiz and Jz C Fyz.

Proof: Let x9 € X and suppose that J(X) is complete. Taking yo = Ixg. Then by
Remark (2.1) and (iv)(a) there exists point x1,y1 € X such that {y1} = {Jz1} C
Fizy. For this point y;, by proposition (2.1), there exists a point yo € Faoxqy.
But, by (iv), (b) there exists x5 € X such that {y2} = {Iz2} C Fyx;. Now by
proposition (2.2) and condition (v), we obtain

d(y1,y2) < Di(Fizo, Fexy) < D(Filzo, Fory)
< g(d(Izo, Jx1), p(Iz0, Fiwo), p(Jay, Foxy), p(120, Foxy), p(Jo1, Fi20))

< 9(d(yo,y1),d(y0, Y1), d(y1,y2), d(yo, y1) + d(y1,92),0)  (3.3)

which, by (ii) gives d(y1,y2) < hd(yo,y1). Since Faxyq, Fira; € CP(X) and
ya = Iz € {Fyx1}; therefore, by proposition (2.2), there exists y3 € {Fiza}1 C
J(X) and hence there exists 3 € X such that {ys} = {Jx3z} C {F122}1 . Again
d(y2,y3) < hd(y1,y2). Thus, by repeating application of Proposition (2.2) and (iv)
(a) - (b), we construct a sequence {yk} in X such that, for each k =0,1,2,......
{yor+1} = {Jxar41 C Fi(war) and {yort2} = Ixopt2Fo(22k41) and d(yr, yps1) <
hd(yk—1,yk). Then, as in proof of Theorem 3.1 in [5], the sequence {yk}, and hence
any subsequence thereof, is Cauchy. Since J(X) is complete. Then Jxgr 11 — 2z =
Jv for some v € X. Then

d(Ikav JU) < d(I‘erv Jx?kJrl) + d<jx2k+1,JU)—>0ask—>oo.
Hence Ixo, — Jv as k — oo.

Now, by Lemma (2.2), Lemma (2.3) and condition (v)

p(z, Fov) < d(z, Jroky1) + D(Fizog, Fov)

< d(z, Jxopt1) + g(d(Ixak, Jv), p(Ixok, Fizar), p(Jv, Fov), p(Izak, Fov), p(Jv, Fixar))

< d(z, Jxakt1) + 9(d(Txan, 2), D(Yors Y2r+1), (2, Fov), p(I29), Fov),
d(zay2k+l))

(3.4)
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letting k — oo it implies
p(Z, F2v) < 9(07 0,p(Z, FQU)vp(Z7 F2v)7 O)

which, by (ii), yields that p(z, Fov) = 0. So by Lemma (11.2.1) we get {2} C Fyv
ie. Jv € {Fyv}.

Since by (iv)(b), {Fa2(X)}1 C I(X) and Juv € {Fyv}; therefore there is a point
u € X such that

Iu=Jv=z¢e {Fu}.

Now, by Lemma 2.3, we have

p(lu, Fiu) = p(Fiu,Iu) < Di(Fiu, Fov) < D(Fiu, Fov)
< g(d(IU7 JU),p(Iu,Flu),p(Jv,ng),p(Iu,ng),p(Jv, F11L035)

yielding thereby
p(IU,F]_U) S g(o7p(IU7F1u)7 0) O,p(IU, Flu))

which, by (ii), gives p(Iu, Fyu) = 0. Thus, by Lemma (2.1), Iu C Fiu ie. Iu €
{Fiu}1. Now, by R-weakly commutativity of pairs {F;,I} and {F, J}, we have

H(I{Flu}l, {Fllu}l) S Rd(]u, {Flu}l) =0

H(J{ng}h {FQJU}l) S Rd(J’U, {FQU}I) =0

which gives I{Flu}1 = {F1[U}1 = {Flz}, and J{Fﬂ)}l = {FQJ’U}l = {FQZ}l
respectively. But Tu € {Fiu}; and Jv € {Fyv}; implies

Iz=1Iue€e I{Flu}l = {Flz}l.
Jz = JJv € J{Fyv} = {Faz}i.
Hence Iz C Fiz and Jz C Fyz. Thus the theorem completes.
Remark 3.1 : If J(X) is complete, then in Theorem (3.1), it is sufficient that

(iv)(b) holds only for o = 1. Similarly if I(X) is complete then (iv)(a) for a =1
is sufficient to consider.

Corollary 3.1 : Theorem 3.1.

Proof : Taking I = J = identity in Theorem 3.1.
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