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Abstract Let G be a graph, the endomorphism spectrum or simply called for short by endospectrum
of G is the 6-tuple of 6 types of endomorphisms on G the following cardinalities
Endspec G = (|End(G)|, |HEnd(G)|, |LEnd(G)|, |QEnd(G)|, |SEnd(G)|, |Aut(G)]).

In this paper, we find the endospectrum of an (n — 3)-regular graph of order n.
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1. INTRODUCTION AND PRELIMINARIES

The endomorphism spectrum and the endomorphism type of graph was defined by
Knauer and Boéttcher. In 1992 and resp. 2003 [I, 2], Knauer and Béttcher, proved
that there is graph G with Endotype G = x, when given z;x € {0,...,31} \ {1,17}.
Furthermore, on the sufficiency, who found the results of endospectrum and endotype
of some family of graph as following. In 2001 [3], Fan found the results on bipartite
graph with diameter 3 and girth 6. In 2008 [4], Hou, Luo and Cheng found the results
on complement of path. In 2009 [5], Hou, Fan and Luo found the results on generalized
polygons. In 2011 [6], Wang and Hou found the results on n-prism graph. In 2014 [7],
Pipattanajinda found the endotype of (n — 3)-regular graphs of order n. The results
for the number of endomorphisms of path, cycle, cycle complement, generalized wheel
graphs, and the number of locally strong endomorphisms of paths, see [8-12] and [13],
respectively. Further, see [14], the result of the endomorphisms monoids of graphs of
order n with a minimum degree n — 3. The results of the endomorphisms monoids and
the endotype in [7, 14, 15], gives the interesting to make the absoluteness of the results
of endospectrum on the (n — 3)-regular graphs of order n.

Consider finite simple graphs G with vertex set V(G) and edge set E(G). Let f :
V(G) — V(G) be a mapping. We recall the 6 types of endomorphisms of a graph G.
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First, the mapping f is said to be an endomorphism if f preserves edges, i.e. {u,v} €
E(Q) implies {f(u), f(v)} € E(G). Further, the endomorphism f is said to be a half
strong endomorphism if { f(u), f(v)} € E(G) implies that there exists x € f~1(f(u)), the
preimages of f(u), and y € f~1(f(v)), the preimages of f(v), such that {z,y} € E(G).
The endomorphism f is said to be a locally strong endomorphism if {f(u), f(v)} € E(G)
implies for each x € f~1(f(u)) that there exists y € f~1(f(v)) such that {z,y} € E(Q),
and analogously for each y € f~!(f(v)). The endomorphism f is said to be a quasi
strong endomorphism if {f(u), f(v)} € E(G) implies that there exists z € f~1(f(u))
such that {z,y} € E(G) for all y € f~1(f(v)), and analogously for preimages of f(v).
The endomorphism f is said to be a strong endomorphism if {f(u), f(v)} € E(G) implies
{z,y} € E(G), for all z € f~1(f(u)) and y € f~(f(v)). Finally, the endomorphism f is
said to be an automorphism if f is bijective and f~' is an endomorphism.

In this paper we use the following notations:
End(G), the set of all endomorphisms of G,
HEnd(G), the set of all half strong endomorphisms of G,
LEnd(G), the set of all locally strong endomorphisms of G,
QEnd(G), the set of all quasi strong endomorphisms of G,
SEnd(G), the set of all strong endomorphisms of G, and
Aut(G), the set of all automorphisms of G.

It is clear that, End(G) D HEnd(G) 2 LEnd(G) 2 QEnd(G) 2 SEnd(G) 2 Aut(G).
With this sequence, we associate the sequence of respective cardinalities by

Endspec G = (|End(G)|, |HEnd(G)|, |ILEnd(G)|, |QEnd(G)|,|SEnd(G)|, |Aut(G)|)

and call this 6-tuple the endomorphism spectrum or endospectrum of G.
We associate with the above sequence a 5-tuple (s1, $2, 83, 84, 85) with s; € {0,1},7 =
1,2,3,4,5, where 1 stands for # and 0 stands for = at the respective position in the above

5 .
sequence, i.e. s; = 1 indicates that End(G) # HEnd(G) etc. The integer 5,271 is

i=1

called the endomorphism type or endotype of graph G and is denoted by Endotype G.

Let G be a graph. The number of vertices of G is often called the order of G. The
degree of a vertex w in a graph G is the number of vertices adjacent to uw and is denoted
by dg(u) or simply by d(u) if the graph G is clear from the context. If d(u) = r for every
vertex u of G, where 0 < r < n—1, then G is called a r-regular. The complement (graph)
G of G is a graph such that V(G) = V(G) and {u,v} € E(G) if and only if {u,v} ¢ E(G)
for any u,v € V(G),u # v. A subgraph H of G is called an induced subgraph, if for any
u,v € V(H),{u,v} € E(G) implies {u,v} € E(H). Let G and H be two graphs. The
join of G and H, denoted by G + H, is a graph such that V(G+ H) = V(G)UV(H) and
E(G+ H)=EG)UEH)U {{u,v}|lu € V(G),v € V(H)}. The graph with vertex set
{1,...,n}, such that n > 3, and edge set {{i,i+1}|i =1,...,n}U{1,n} is called a cycle
Ch.

Some results on the (n — 3)-regular graph of order n.

In [15], N. Pipattanajinda, U. Knauer, B. Gyurov and S. Panma investigated (n — 3)-
regular graph of order n.

Lemma 1.1 ([15]). Let G be a graph of order n > 3. Then G is an (n — 3)-regular graph

if and only if G = jr C,, wheren =n1 +...+ns and s > 1. In particular s > 1 implies
i=1

n > 6.
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Let G = Cmy), + --- + Clam,), be an (n — 3)-regular graph of order n. Sets O; =
{11'7 iy, (sz — 1)1} and F; = {2i74i7 RN (2ml)l} Denote by SXl,Xg,m X, = X1UXoU
...U X, where X; € {0;,E;}, 1 <i < s. Further, let f € End(G) and G is an induced
subgraph of G. Denote the set of all elements f(x) where € V(G1) by f(G1), and the
restriction of f on Gy by flg,-

Lemma 1.2 ([15]). Let G = Camy), +--- + Cam,y, and f : V(G) — V(G). Then
f € End(G) if and only if f satisfies:
(1) If f(zi) = f(yi) for some two different elements x;,y; € V(Cy,), then y; =
(x —1); ory; = (x+1),.
(2) f(So,,...0,) =X1U...UX; and f(Sg,,.. B,) =Y1U...UY, where X,,Y; €
{OiaEi}; 1 S 7 S S.
(3) If Os, E; € f(G) for some 1 < i < s, then f(C(am,),) = é(gﬁ%)i and mj =m
for some 1 < j < s such that f|5(2 ) is an isomorphism from C am )y, 10 C(2m,), -
™)

(4) If f(x;) = f((xz +1);) for some x; € V(Cap,), then
(4:1) f(1i) = f(2:), fB3i) = f(4i), -, f((2mi = 1)i) = f((2ma)i), if = is odd,
(4-2) F((2ma)i) = F(La), f(2) = f(30), -, f((2ma = 2)i) = f((2mai — 1)), if =

s even.

Lemma 1.3 ([15]). Let G be an (n — 3)-regular graph of order n. Denote by G, and Gg
set of all induced subgraphs C, and Ca,, of G, respectively (note that G, = 0, if G does
not contain an induced subgraph C,). Then
(1) |End(G)| = |End(GEg)| x |End(G3)| X |End(Gs)| x |End(G7)| X ..., if Gz # 0,
forallz=3,5,7,...,
(2) End(G3) = S,,, x T3, where |G| = my, and
(3) for each odd integer x > 5, End(G,) = Aut(Gy) = Sp, X D, where |G| = ma.

Example 1.4. Let G = Cy4, + Oy, + Cg,, the 1l-regular graph of order 14, and f :
V(G) — V(G) such that

f= 1: 29 31 41 1y 25 39 49 13 23 33 43 53 63
32 32 43 43 31 21 1 4y 63 1l 1 23 23 63 /°

Since for each z,y € V(G),{z,y} € E(G) implies {f(z), f(v)} € E(G), f is an endomor-
phism.

Furthermore, from Lemma 1.2, f satisfies (1), since if f(z) = f(y) then y = a2 — 1 or
y=x+1.

f satisfies (2), because So,.0,,0, = {11, 31, 12,32, 13,33,53} and
SE1,E2,E3 == {21, 41, 22, 42, 237 43, 63} such that f(SOI,OQ,Og) = {32, 43, 31, 117 63, 12, 23} =
01 U053 U E35 and f(SEl,Ez,Eg) = {32,43, 21,41, 19,23, 63} =F,UOyU Es.

f satisfies (3), because Oy, F; € f(G) and there exists Cy, such that f(Cy,) = C4,
and f|g, is an isomorphism from Cy, to Cy,.

Finally, f satisfies (4), because f(11) = f(21), f(31) = f(41) and f(65) = f(13), f(23) =
f(33), f(43) = f(53), when f(11) = f(21) and f(23) = f(33), respectively.

In [7], N. Pipattanajinda found the results of the endomorphism of an (n — 3)-regular
graph of order n as following.
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Lemma 1.5 ([7]). Let G be an (n — 3)-regular graph of order n and f € End(G).
(1) Ifx € f(G), then 1 < |f~1(z)] < 2.
(2) If z,y € f(Q) with f~Y(z) = {u} and f~1(y) = {v}, then {z,y} € E(G) if
and only if {u,v} € E(G).
(3) If 2,y € f(G) with f~(x) = {ur,u2} and f~1(y) = {v}, then {z,y} € E(G)
if and only if {u;,v} € E(G), for alli=1,2.

Lemma 1.6 ([7]). Let G be an (n — 3)-reqular graph of order n. Then the following
statements are trues.
(1) End(G) = LEnd(G).
(2) End(G) # QEnd(G) if and only if G contain induced subgraph C.
(3) QEnd(G) # SEnd(G) if and only if G contain induced subgraph Co,.,7 > 2.
(4) SEnd(G) # Aut(G) if and only if G contain induced subgraph Cs.
(5) The Endotype G is division by 4.

2. THE ENDOSPECTRUM OF (n — 3)-REGULAR GRAPHS OF ORDER n
Denote ®©C; by the joins of s complement of cycles which length ¢. Let G = ©C5 +
S ns
®Cy+-+ @ Copy1, the (n—3)-regular graph of order n where n = 3ns +4ng+---+
Lz

Nn2k+1
(2k + 1)nog+1. From Lemma 1.6(1), End(G) = LEnd(G). In [16], Knauer and Nieporte
found the result of strong endomorphism of graph.

Lemma 2.1 ([16]). Let G be a graph, x1,x2 € V(G). There exists a strong endomorphism
f € SEnd(GQ) with f(x1) = f(x2) if and only if N(x1) = N(z2), by N(z) for x € V(G)
denote the neighborhood of x € G.

Then we get the result of strong endomorphism of the (n — 3)-regular graph of order
n.

Lemma 2.2. Let G = ®C3+@®Cy+---+ @ Cory1 and f € End(G). Then f is strong
n4g

ns Nn2k+41
if and only if the mapping f| oo, s 1—1, for all even integer x;z > 4.
Proof. Let z,y € V(G). Then N(z) = N(y) if and only if x,y € C3. So, from Lemma
2.1, f is a strong endomorphism with f(z) = f(y) if and only if z,y € Cs. [

Next, the characterization of the quasi strong endomorphisms of G.

Lemma 2.3. Let G = @C3+@Cy+---+ @ Copyy1 and f € End(G). Then f is quasi
n3 na N2k+1

strong if and only if the mapping f]| oo, s1—L
n

Proof. Necessity. Suppose that f|,z, is not 1 — 1 mapping. Then from Lemma 1.2(4),
ng

there exists some subgraph Cy of G such that f(1) = f(2) = z and f(3) = f(4) =y (or
f(4) = f(1) = z and f(2) = f(3) = y) with {z,y} € E(G), by Lemma 1.5(1), implies
that f=(z) = {1,2} and f~!(y) = {3,4}. Since {1,4},{2,3} ¢ E(G), f is not quasi
strong.
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Sufficiency. Let f|,z, is an 1 — 1 mapping. Thus for each z,y € V(G), f(z) = f(y)
ny

implies x =y + 1 (or x =y — 1) and z,y € V(Ca,,) for some m > 2.

Fusther, if [f1(2)] = |f~"(s)| = 1 or [f~(@)] = 2,|f*(s)| = 1, then {u, v} € B(G),
for all u € f~!(z) and v € f~1(y), by Lemma 1.5(2) and (3).

Let f~Y(z) = {u1,us} and f~1(y) = {v1,v2}, s’pose that u; < us < vy < vo,up =
uy + 1,v3 = v1 + 1 and belong to same complement of cycle Cs,,. The mapping look like:

f* Uy U ... U1 V2 ...
If ether u; # 1 nor vy # 2m, then {uy,v1},{u1,v2} € E(G). If uy = 1 and vy = 2m,
since 2m > 4, {ug,v1} € E(G) implies that {us,v1}, {us,ve} € E(G). This is show that

f € QEnd(G). .

Next, we will compute the number of endomorphisms of (n — 3)-regular graphs of order
n. From Lemma 1.3, as following:
Lemma 2.4. Let G = O3+ ®Cy+--+ @ Copy1,n = 3nz+4ng+- -+ (2k+1)ngpy1,
ng

ns Nn2k+41

an (n — 3)-regular graphs of order n. Then
(1) |End(G)| = IEnd(§904+§906+~-~+n@ Cor)| |End(§9c3)| X |End(§905)| X
|End(§967)| X ... X |E4nd(n @6 Copy1)l, w?illcere |End(§96m)3| =1lifn, = 05,
(2) [End(&Ch)| =[Sy, % To| = Onal, i ma 20,
(3) |Aut(§9%3)| = |Spy X D3| = 6ng!, if ng #0,
(4) for eagh odd integer x > 5 such that n, # 0, |End(7§96£)| = |Aut(saa$)\ =

|Sn, X Dg| = 2zn,!, and B
(5) for each even integer x > 4 such that n, # 0, |Aut(®&Cy)| = |Sn, X Dy| =

2xn,!.

Lemma 2.5. Let G = &C5 + &Cs+ ®Cr+...+ & 6%“. Then
ns ns ny

MN2k+1

(1) |End(G)| = |SEnd(G)| = 3- 2’6—1f[1[<2z' T+ Dnaial]

i=1

Proof. (1) Clearly by Lemma 2.4(1)(2) and (4), the cardinality of |[End(®C3 + ®Cs+
ns ns
X \End(@€7)| X...X \End( D 62k+1)|
nr

N2k 41

®Cr+..4+ @ €2k+1)| = |E7’Ld(@€3)‘ X |End(€9€5)
n7 ns3 ns

MN2k+1

k
i=1
(2) Clearly by Lemma 2.4(1)(3) and (4), the cardinality of |Aut(®C3 + ®Cs + ®Cr7 +
coit @ Copy)| = |Aut(@C3)| x |Aut (@ Cs)| x |[Aut(®C7)| x ... x |[Aut( & Copy1)| =
ns ns ny N2k+1

N2k+1
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Consider the cardinality |End(®&Cy+ ©C¢ + -+ + @ Cax)|.
N4 ne

nak
Let F([ng : r4], [n6 : r6]  [nak : m2k]), 0 < rg < ng, be the set of all endomorphisms

fe End(@64 + 6956 + - + &) Czk) such that f|eac is the 1 — 1 mapping from @C

nak

embed in EBC’ Denote P(n,r) = the permutatlons of n elements r at a time.

Let G = @C’4+@C6+ -+ @Cgk and f € F([ng : 0],[ng : 0],...,[nax : 0]),

nak
f € End(G) Wlth |f~ ( )| =2 for all z € f(G). Using the same technique as in [15], we
obtain Lemmas 2.6 and 2.7.

Lemma 2.6. Let o5 be the congruence of the graph G when defining xory < f(x) = f(y)
which here means x,y are elements of same complement of cycle with y = = + 1 or
y = x — 1. Denote by G,, the factor graph. Then for each induced subgraph Capm of G
either V((Cam)o,;) = {{1,2},...{2m — 1,2m}} or V((Cam)o,) = {{2m,1},...{2(m —
1),2m — 111}

Lemma 2.7. Let f : V(Gy,) = V(G) be defined by f(ng) = f(xz). Then for each induced
subgraph Cop, of G, there exist subset C of V(G) either f(C’gf) ={1,3,...,2m — 1} or
f(Cy;) =1{2,4,...,2m}.

From Lemmas 2.6 and 2.7, we can define theA following cljsses of endomorphisms of
F([ng :0],[n6 : 0],...,[nox : 0]) on G by oy and f(C,,) € V(Capm).

(1) S, the class of all endomorphisms f of G where f (Cy,) are the odd integers
and {1,2} € oy,

(2) S, the class of all endomorphisms f of G where f(C’Qf) are the even integers
and {1,2} € oy,

(3) S, the class of all endomorphisms f of G where f(Cgf) are the odd integers
and {2m, 1} € gy, and

(4) S¢. the class of all endomorphisms f of G where f (C,,) are the even integers
and {2m, 1} € gy.

Example 2.8. For the graph @66 = C¢+Cp with the set F([ng : 0], [ng : 0],. .., [n2x : 0])
such that ng = 2 and ny = ng = --- = ngx = 0, we choose following 16 (= 4?) notations
at

Sz, x S35 x S5, 857 532, S3. % 532, S3, x Sgr, S50 x 857,537 X 532, Ssr 532,

S ><S32,S x S3.,53 32,5‘ ngz,S xSSz,S x 537,53 32,5‘ XS327
and some elements as follow

<11 213141 5161 1225 32 42 59 62> <11 21 31 41 51 61 12 29 32 45 53 69

€ 89" % SOT
11 13 31 31 51 51 12 12 32 32 52 52 3131323251 51 11 17 12 12 52 52> 3
and

11 21 31 41 51 61 12 29 32 42 59 62 11 29 31 41 51 61 12 23 35 43 52 62 € sy el
11 11 31 31 51 51 69 29 25 49 45 69 6o 69 17 11 45 45 31 29 29 51 51 31 32
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Proposition 2.9. The sets Sy°' x - -+ x 552"4 X 857t X - X 5’53"6 XX SpF X Szk"“”“ ,
with s, € {or,er,ol,el} for all x = 2,3,...,k and y = ng,ng,...,no, form groups

k
isomorphic to Sy,, where m = 2ng4 + 3ng + - -+ + knog, = > inog;.
i=2
N

4i§2n2i [

k
Theorem 2.10. |F([n4:0],[ne:0],...,[na :0])| = > ing)!.
i=2

Proof. 1t follows directly from Proposition 2.9. [

Remark 2.11. Since F([ng : 0], [ng : 0],...,[ng : 0]) form a (disjoint) union of groups,
the F([ng : 0],[ng : 0],..., [n2x : 0]) is a completely regular semigroup.

Theorem 2.12. |F([ng : r4],[n6 : 76, - .-, [n2k : T2x])| =

Zk: (n2;—ra2;) k . k .
4= [>_i(ngi — roa) ] TT [(49) P (n2i, 72i)]
=2 1=2
T 4i

T24 =0

, where 0 < rg < ng.

Proof. For each 1 < s < k, assume that ros > 0. This is certainly that the mapping from

@ Cys is embed to @ Cay is possible to P(ns, rs) pattern. Since for each mapping is same
T2s n2

to the dihedral grouf) Do, the mapping is possible to 2s. That initiate to remainder is
Nos — T2s, the mapping is same Theorem 2.10.

If ros = 0, implies (4s)P(ngs,0) = 4s. In this case, we need division (4s)P(nss,0) by
4s. ]

From Lemma 1.6, Lemma 2.2, Lemma 2.3, Lemma 2.5 and Theorem 2.12, the cardi-
nality of endomorphisms, half strong, locally strong, quasi strong, strong endomorphisms
and automorphisms of (n — 3)-regular graph of order n as following.

Theorem 2.13. Let G = @C3+ ®Cy+---+ @ Copyr, n =303 +4ng +--- + (2k +
ns mng

N2k+1
Dnogt1, an (n — 3)-reqular graphs of order n. Then

(1) |End(G)| = |HEnd(G)| = |LEnd(G)| = 3 - 25~ f[ (2 + 1)ngisy!

X Z |F([n4:r4],[n6:r6],...,[n2k :742kD|;
T4:O,7‘6:0,...,7‘2k:0

k
i=1

X > |F([ng : nal, [n6 : 7], - - -, [P2k = T2])],
r6=0,...,72,=0

k
i=1
X|F([ng : nal, [ng : ngl, - - ., [nok : nak))|, and

(4) |Aut(G)| = 2k ﬁ (20 + D)ngiy1! X |F([ng : na], [n6 : mel, - .., [n2k : nak))|-

i=1
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Proposition 2.14. The Endospectrum of graph G as follow
Endspec G = (x1,21,%1, %2, T3, T4),

where x; is the value of Theorem 2.13(i).

Remark 2.15. From Theorem 2.12, we found the equation 2.1,
k
|F([n4 : n4], [nﬁ : n6], ceey [ngk : nsz| = 2]6711_[(27//121') (21)
i=2
Furthermore, from Theorem 2.13(3)-(4) with the equation 2.1, let G = ®C3 + &Cy4 +
ns nag

-4+ @ Cgpy1, then the following to the number of strong endomorphisms and auto-
N2k+1

morphisms of graph G,

2k+1
(1) |[SEnd(G)| = 3-22(k=D (2K 4 1)! T] n4!, and
2k+1 =2
(2) |Aut(G)| = 2212k + 1)! [ nil.
=2
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