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1. INTRODUCTION

Throughout this article, we assume that H is a real Hilbert space and let C be a
nonempty closed convex subset of H. Let T': C — C be a nonlinear mapping. A point
x € C is called a fized point of T if Tx = z. The set of fixed points of T is the set
Fig(T) :={zx € C: Tz = z}.

Definition 1.1. Let T': C' — C be a nonlinear mapping, then

(1) T is said to be nonexpansive if

[Tz =Tyl < ||z = yll, Yo,y € C,
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(2) T is said to be quasi-nonexpansive if
Tz —p| < ||z —pl||,Vz € C and Vp € Fix(T),

(3) T is said to be k-strictly pseudo-contractive if there exists a constant x € [0,1)
such that

| T = Tyl < le = y|* + & |(I = T)x — (I — Ty|*,Va,y € C.

Note that the class of strictly pseudo-contractive mappings includes the class of non-
expansive mappings. The mapping T is nonexpansive if and only if T" is 0-strictly pseudo
contractive.

A mapping A : C — H is called a-inverse strongly monotone if there exists a positive
real number « such that

<A£L’ - Ay,l’ - y> Z « HA$ - Ay”Qa

for all x,y € C.
A mapping A is said to be p-strongly monotone if there exists a positive real number
p such that

(Az — Ay,z —y) > pllz —y|”,

for all x,y € C.
The variational inequality problem is to find a point u € C' such that

(Au,v —u) >0, (1.1)

for all v € C. The set of solutions of (1.1) is denoted by VI(C, A). The application of the
variational inequality problem has been expanded to problems from economics, finance,
optimization and game theory. Many authors have studied the variational inequality
problem, see for instance [1] and [2].

Let F: C x C' — R be a bifunction, A : C'— H be a nonlinear mapping and ¢ : C — R
be a real-valued function. The generalized mized equilibrium problem (see [3]), is to find
x € C such that

Fla,y) +¢(y) — o(x) + (Az,y —2) > 0, (1.2)
for all y € C. The set of solution of (1.2) is denoted by
GMEP(F,p,A)={z € C: F(z,y)+ ¢(y) — p(z) + (Azx,y — x) > 0,Vy € C'}.

Generalized mixed equilibrium problem has been studied by many authors, see for exam-
ple [4], [5], [6] and [7]. If ¢ = 0, then (1.2) reduces to the generalized equilibrium problem,
that is,

EP(F,A)={z€C: F(x,y)+ (Az,y —x) > 0,Yy € C}. (1.3)
If A =0, then problem (1.3) reduces to the equilibrium problem, that is,
EP(F)={zeC:F(x,y) >0,Vy € C}. (1.4)

Optimization problem, saddle point problem, variational inequality problem and Nash
equilibrium problem can be applied with the equilibrium problem. Many authors have
introduced iterative algorithms in order to solve the equilibrium problem, see for instance

(5], [9] and [10].
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In 2005, Combettes and Hirstoaga [10] introduced an iterative scheme for finding the
best approximation to the initial data when EP(F) is nonempty and proved a strong con-
vergence theorem. By using the viscosity approximation method, Takahashi and Taka-
hashi [8] introduced an iteration for finding a common element of the set EP(A) and
Fiz(T) and proved a strong convergence theorem in a Hilbert space. In 2008, Takahashi
and Takahashi [11] introduced another iterative scheme for finding the common element
of the set EP(F, A) and Fiz(T).

Recently, Kangtunyakarn [12] modified the set of solutions of generalized equilibrium
problem as follows:

EP(F,aA+ (1—a)B)

={xeC:F(zx,y)+{((aA+(1—a)B)x,y —z) >0,Vy € C,a € (0,1)}.
(1.5)

He introduced an iterative scheme for finding a common element of the set of fixed points
of k-strictly pseudo-contractive mapping and the set of solution of (1.5) as follows:

1
F(unvy) + <(aA+ (1 _a)B)xnvy_xn> + r <y — Unp, Un _xn> 2 O,Vy € Ca

n

Tn+1 = QplU + ann + ’YHPC (I - V(I - T)) un’vn 2 17 (16)

and proved a strong convergence theorem of the sequence {z,} under suitable conditions.
Let D1,Dy : C — H be two nonlinear mappings. Motivated by (1.2) and (1.5), we
modify the set of solution of generalized mixed equilibrium problem as follows:

GMEP(F,p,aD1 + (1 —a)D3) = {x € C : F(z,y) + ¢(y) — ¢(x)
+((aD1 + (1 —a)Ds)a,y — x) > 0}, (1.7)
for ally € C and a € (0,1). If D; = D2, then GMEP(F, p,aD; + (1 — a)D3) is reduced
to (1.2).

In this research, we modify generalized mixed equilibrium problems and prove the
strong convergence theorem for approximating a common element of the set of such a
problem and variational inequality problem and the set of fixed points of infinite family
of a strictly pseudo contractive mappings. Based on main result, we prove a strong con-

vergence theorem involving generalized equilibrium problems and variational inequality
problems.

2. PRELIMINARIES

In this paper, we denote weak and strong convergence by the notations “ — ” and
“ — 7 respectively. In a real Hilbert space H, recall that the (nearest point) projection
Pc from H onto C' assigns to each z € H the unique point Pox satisfying the property

— Poz|| = min ||z — y]|.
|z — Pox|| gggllx yll

For a proof of the main theorem, we will use the following lemmas.

Lemma 2.1. [13] Given z € H and y € C, then Pcx = y if and only if we have the
inequality

(t—y,y—2)>0,Vz e C.
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Lemma 2.2. [14] Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1= ap)sy + 6,,¥n >0

where a, is a sequence in (0,1) and {0,} is a sequence such that
o
(1): Z Qay = 00;
n=1

6 o0
2): limsup — < 0 or On| < c0..
(2): s 2 <0 or 3

Then lim s, = 0.
n—oo
Lemma 2.3. Let H be a real Hilbert space. Then
lz +yl1* < llz]* + 20y, 2 + ),
forall z,y € H.

Lemma 2.4. [13] Let H be a Hilbert space, let C' be a nonempty closed convex subset of
H and let A be a mapping of C into H. Let u € C. Then, for X >0,

u=Po(I-AA)usueVI(C,A),
where Po is the metric projection of H onto C.

Definition 2.5. [15] Let C' be a nonempty convex subset of a real Hilbert space. Let

T;,i = 1,2,... be mappings of C' into itself. For each j =1,2,..., let a; = (a{,a%,ag) €
I x I x I where I =10,1] and o] + a + o = 1. For every n € N. Define the mapping
Sy : C — C as follows:

Un,n+1 =1
Unm = a?TnUn,nJrl + agUn,nJrl + Oégf

-1 -1 -1
Un,nfl = O[? TnflUn,n + Oég Un,n + Oég 1

k41 k1 k1
Unit1 = 5T Ty 1Up jyo + a5 U gyo + T

k k k
Unk =y TiUp g1 + agUy g1 + gl

Un2 = O[%TQUn73 + agUn,g + a%]
Sp = Un1 = a1 TiUp 2 + a3Up 2 + a3l
Such mapping is called S-mapping generated by T, Ty_1,...,71 and o, ap_1, ..., Q1.
Lemma 2.6. [106] Let C be a nonempty closed convex subset of a real Hilbert space H

and T : C — C be a self-mapping of C. If S is a k-strict pseudo-contractive mapping,
then T satisfies the Lipschitz condition;

1+k
11—k

[Tz —Ty| < lz —yl, Ve, y € C.
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For finding solutions of the equilibrium problem, let us assume that the bifunction
F:CxC — Randlet ¢ : C = RJ{+o0} be a lower semicontinuous and convex
function satisfies the following conditions:

(A1) F(z,z) =0 for all z € C;
(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all z,y € C;
(A3) for each z,y,z € C,

lting (tz+ (1 —t)z,y) < F(z,y);

(A4) for each z € C,y — F(x,y) is convex and lower semicontinuous;
(B1) for each x € H and r > 0 there exist a bounded subset D, C C and y, € C such
that for any z € C'\ Dy,

1
F(z,y2) + 0(ya) = 9(2) + —(ys — 2,2 — 2) <0
(B2) C is a bounded set.

Lemma 2.7. [17] Let C be a nonempty closed convex subset of H. Let F be a bifunction
from CxC toR satisfies (Al)—(A4), A: C — H be a continuous monotone mapping, and
let o : C — RU{+o0} be a proper lower semicontinuous and convex function. Assume
that either (B1) or (B2) holds. Forr >0 and x € H then there exists z € C' such that

1
Fzy) +{Ay,y = 2) +o(y) —o(2) + —(y — 2,2 — ).
Define a mapping T, : H — C as follows:

1
To(z) ={z€C: F(z,y) + (Ay,y — 2) + o(y) — (2) + ;(y—z,z—@ >0,Vy € C}
(2.1)
for all x € H. Then the following conclusions hold:
(1) For each x € H, T, # 0;
(2) T, is single-valued;
(8) T, is firmly nonexpansive, i.e., for any x,y € H,
|7 (x) = T ()|1* < (To(2) = Tr(y), = — y)s
(4) Fiz(T,) = GMEP(F, ¢, A)
(5) GMEP(F, ¢, A)is closed and convex.

Lemma 2.8. [15] Let C be a nonempty closed conver subset of a real Hilbert space H. Let
{T;}52, be k;-strictly pseudo-contractive mappings of C into itself with (\;—, Fiz(T;) # 0
and k = supienk; and let oy = (), o, o) € Ix I x I, where I = [0,1], o + o +ad = 1,
o/i +aé <b<1and a{,ag,aé € (k,1) forall j = 1,2,.... For everyn € N, let S,, be
S-mapping generated by Ty, Tr—1,...,11 and an,an_1,...,a1. Then, for every x € C
and k € N,lim,,_, o Uy, p2 exists.

For every k € N and x € C. [15] defined mapping U and S : C — C as follows:
lim U,z = Us ik (2.2)
n—oo
and
lim S,z = lim U,z = Sz. (2.3)
n—oo n—oo

Such a mapping S is called S-mapping generated by T),,T,_1,... and au,, ap_1, ... .
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Remark 2.9. [15] For every n € N, S, is nonexpansive and lim,, o Supepl|Spz—Sz| =
0, for every bounded subset D of C.

Lemma 2.10. [15] Let C be a nonempty closed convex subset of a real Hilbert space H.
Let {T;}32, be r;-strictly pseudo-contractive mappings of C into itself with (., Fiz(T;) #
0 and k = supienk; and let ozj = (od,0d,0) € IxIxT where I =[0,1], & +od+af =1,
of +ad <b<1and o, ad,al € (k1) for all j =1,2,.... For everyn € N, let S, and
S be S-mapping generated by Ty, Tru_1,...,11 and a,, ap_1,..., a1 and Ty, Ty_1,... and
Oy 1, ..., Tespectively. Then Fiz(S) = (oo, Fiz(T}).

Lemma 2.11. [18] Let C be a nonempty closed convez subset of a real Hilbert space H.Let
A, B be «, 3-inverse strongly monotone, respectively, with o, § > 0 and VI(C, A) \VI(C,B)
# 0. Then

VI(C,aA+ (1-a)B) =VI(C,A)(VI(C,B),Ya € (0,1). (2.4)
Furthermore if 0 < v < min{2«,28}, we have I — v(aA + (1 — a)B) is nonexpansive
mapping.

Remark 2.12. From Lemma (2.4) and Lemma (2.11), we have

VI(C,aA+(1—a)B) =VI(C,A) ﬂ VI(C,B) = Fiz(Pc(I —v(aA+(1—a)B))),
for all @ € (0,1) and v > 0.

From (1.7), we have the following result.

Lemma 2.13. Let C be a nonempty closed convex subset of a real Hilbert space H and
F be a bifunction from C x C to R satisfy A1) — A4) and F(z,z) < F(x,y) + F(y, 2) for
all z,y,z € C. Let A, B be a, B-inverse strongly monotone, respectively, with o, > 0
and GMEP( )ﬂ GMEP(F,p,B) #0. Then

GMEP(F,p,aA+ (1 —a)B) = GMEP(F, ¢, A)(\GMEP(F, ¢, B),Va € (0,1).

Proof. Tt is obvious that GMEP(F,p, A)(N\GMEP(F,p,B) C GMEP(F,p,aA + (1 —
a)B). Next, we will show that GMEP( s, aA+ (1 — a) ) CGMEP(F,p,A)

ﬂGMEP(ch,B). Let o € GMEP(F,¢,aA+ (1 —a)B) and 2* € GMEP(F, ¢, A)

N GMEP(F, ¢, B), we have

F(zo,y) + ¢o(y) — p(z0) + (aAzg + (1 — a)Bxo,y — xo) > 0,Vy € C, (2.5)

F(z*y) +o(y) — p(z") + (A", y —2") = 0,Vy € C (2.6)
and

F(z",y) + o(y) — o(z") + (Bz*,y —a") 2 0,vy € C. (2.7)

For every a € (0,1) , we have
aF (2", y) + ap(y) — ap(z*){(alz*,y —a*) > 0,Vy € C
and

(1=a)F(z",y)+(1 —a)py)—(1 —a)p(x*)+((1 —a)Bz",y —2%) 20,vy € C.
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By the monotonicity of B and x*,x¢ € C, we have

aF(xg,2") + ap(x™) — ap(xo) + (aAzg, " — x0)
= aF(0,2") + apl(z”) — apleo) + (1 — a)p(e") — (1 — a)p(a")
+ (1 = a)p(xo) — (1 = a)p(xo) + (1 — a) F(xo,2%) — (1 = a) F(xo, z7)
(aAzxg + (1 — a)Bxg — (1 — a)Bxg, " — x0)
(zo,2") + p(z*) — p(x0) + (aAzo + (1 — a)Bxg, z* — x0)
(1= )P (w0,a")~ (1 — a)pla")+ (1 — a)p(ir0)—{(1~a) Birg, 2° o)

> (1= a)F (2" 20)+(1 = a)p(wo) = (1 — a)p(z*) +(1 — a)(Bxo, zo — 27)
= (1= a)(F(z", xo) +¢(w0) —p(¢") +(Ba", mo—x") + (Bro— Br™, xo—z"))
> 0. (2.8)
Since GMEP(F,p, A) \GMEP(F,p,B) C GMEP(F,p,aA+ (1 —a)B) and
x* € GMEP(F,p,A)(N\GMEP(F,p, B), we have
F(,y) +oy) — o(a") + (adz” + (1 — a)Bz™,y — a*) > 0.Vy € C. (2.9)
Since z* € C and (2.5), we have
F(zg,z") + o(x*) — p(xo) + (aAzo + (1 — a) Bxg, 2™ — x0) > 0. (2.10)
From (2.9) and zg € C, we have
F(z*,20) + o(x0) — p(z*) + (aAz™ + (1 — a) Bx™, 2o — ") > 0. (2.11)
Summing up (2.10), (2.11) and (A2), we have
(a(Az™ — Axg) + (1 — a)(Bx™ — ), x0 — ) > 0. (2.12)
Since A, B are «, -inverse strongly monotone, respectively, and (2.12), we have
0 < {(a(Axz* — Axg) + (1 — a)(Bz® — Bxg), z9 — ™)
= (a(Az" — Axg),zo — 2*) + ((1 — a)(Bz"* — Bxg), xo — z*)
= a{Az" — Az, x0 — ") + (1 — a)(Bz* — Bxg,zo — 2¥)
< —aa|Az* — Azl — (1 — a)B||Ba* — Bagl|*.
This implies that
0 < —aal|Az* — Axg|*.
It follows that
Az™ = Axy. (2.13)

By using the same method as (2.13), we obtain

Bx* = Buxy. (2.14)
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For every y € C. From (2.6), (2.8), (2.13) and 2* € GMEP(F, ¢, A), we have
)

F(zo,y) +¢(y) — ¢(x0) + (Azo,y — wo)
= F(zo,y) +¢(y) — ¢(z0) + (Azo,y — 2" + 2" — )

= F(zo,y) + () — o(z0) + p(z7) — p(z") + F(2",y) — F(z",y)
+ (Azg,y — ™) + (Azxg, 2™ — x0)

= F(zo,y) — F(z",y) + ¢(z") — ¢(x0) + F(z*,y) + ¢(y) — ¢(z)
+ (Ax™,y — ™) + (Azg, " — zo)

> F(zo,y) — F(a",y) + o(z") — p(x0) + (Azo, 2" — x0)

> F(zo,y) + Fy, ") + ¢(2") — ¢(x0) + (A, 2" — 20)

> F(xo,2") + ¢(x") — ¢(xo) + (Azo, 2" — 20)

> 0.

Then
2o € GMEP(F, ¢, A). (2.15)

Since z*,z¢ € C and (2.5), (2.13), we have
(1 a)F(z0,2%) + (1 — a)p(z*) — (1 — a)p(wo) + (1 — @) Bao, " — )
= (1—a)F(z0,2") + (1=a)p(a") — (1=a)p(wo) +aF (zo, ")
—aF(zg,2") + (1 — a)Bxg + aAxg — aAxg, z° — x0)
= F(zg,z") 4+ p(z*) — p(x0) + (@aAzo + (1 — a) Bzg, z* — x0)
—aF(xg,x™) + ap(xo) — ap(z*) — (aAzg, " — xq)
> aF(z",20) + ap(xo) — ap(x™) + (aAxg, 29 — ™)
= aF(z*,20) + ap(xo) — ap(x™) + a(Ax™, o — ™)
> 0. (2.16)
For every y € C, from (2.7), (2.14), (2.16) and z* € GMEP(F, ¢, B), we have

F(z0,y) + (y)—¢(x0) + (Bwo,y — x0)

= F(zo,y) +¢(y) — ¢(x0) + (Bwo,y — a) + (Bxo, 2" — x0)
= F(zo,y) +¢(y) — p(x0) + ¢(a") — (") + F(z",y) — F(a",y)
+ (Bxg,y — x*) + (Bxg, z* — zq)

= F(zo,y) — F(z",y) + (") — (x0) + F (2", y) + (y) — p(z7)
+ (Bz*,y — x*) 4+ (Bxg,z" — x0)

> F(zo,y) — F(z",y) + ¢(z") — @(x0) + (Bxo, 2" — x0)

> F(zo,y) + F(y,2") + ¢(z*) — ¢(x0) + (Bxo, 2" — o)

> F(xo,z") + p(2") — ¢(20) + (Bzo, 2" — 20)

> 0.

Hence

z0 € GMEP(F, ¢, B). (2.17)
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By (2.15) and (2.17), we have g € GMEP(F, o, A)(\GMEP(F, ¢, B). Then

GMEP(F,p,aA+ (1 —a)B) C GMEP(F, ¢, A)(\GMEP(F, ¢, B)

3. MAIN RESULT

In this section, we prove a strong convergence theorem and for the set of fixed point
of strictly pseudo contractive mappings and the sets of solution of generalized mixed
equilibrium problems and variational inequality problems by using Lemma 2.13.

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert space H. Let
Fy,Fy be bifunctions from C x C to R satisfy A1)-A4) and Fi(x,z) < Fi(z,y) + Fi(y, )
for all x,y,z € C and i = 1,2. Let 1,02 : C = R|J{+00} be proper lower semicon-
tinuous and convex function. Let A, B be «, B-inverse strongly monotone, respectively,
and let D, E be Lp, Lg-Lipschitz continuous and , p-strongly monotone mapping, re-
spectively. Let {T;}52, be ri-strictly pseudo-contractive mapping of C into itself with
F = nfil FZ.’E( )nGMEP(Fl,Qﬁl, )nGMEP(Fl,QOl, )nGMEP(FQ,QDQ,A)
NGMEP(Fy, 02, B)NVI(C,D)NVI(C, E) # 0 and k= sup;ent; and let aj = () ,0d,0d)
e IxIxTI wherel =[0,1], &} +ob+al=1,a]+ad <b<1andad,ob,al € (k1) for
allj =1,2,.... For everyn € N, let S,, be S-mapping generated by Ty, Tp,—1,...,T1 and
Oy Qp—1,...,01. Assume the either By) or Bs) holds. Let the sequence {x,} generated
by z1,u € C and

Fi(un,y) +1(y) — p1(un) + (anAzn + (1 — an)Brp, y — un)

1
+T<y — U, Up — Tp) > 0,
/r.n

FQ('Una y) + @Z(y) - 902(1177,) + <anAxn + (1 - an)anvy - vn>

1

+7<y — Un, Up — xn) > 0>Vy S Ca
TTL

Yn = Oplin + (1 - Jn)vna

Tpg1 = 0t + Bpxy + ASpTn + M Po(I — yn(anD 4 (1 — an)E))yn,

(3.1)

for all n > 1, where the sequences {on}, (B} Cons {1}, {60} C [0,1] with an + B +
M+ nn =1 foralln € N, {a,} C (0,1) and {ri} C [b,c] C (0,2min{a, B}) for all
j=1,2. Suppose the following conditions hold:

(i): Zan = 00, lim ay, =0, {Bn} Cld,e] C(0,1);

n=1

(ii): 0 <y, < mzn{L2 ’L2 }

(iii): nh_}rrgo 9, =06 €(0,1), Zal < 00;

n=1
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J o g
rn+1 rn

(iv): Z

o0 o0 o0
Z |5n+1 - 5n| < 00, Z ‘an—&-l - an| < o0, Z |Bn+1 - ﬂnl < 00,

oo 0o
<00 Z |an+1 - an' < 09, Z |’Yn+1 - ’Yn| < 90,
n=1

n=1

n=1 n=1 n=1

oo (oo}

Z [Ans1 — An| < o0, Z [Mnt1 — Nn| < 00 forall j =1,2.
n=1 n=1

Then the sequence {x,} converges strongly to zo = Pru.
Proof. First, we show that D is /5-inverse strongly monotone mapping. Let z,y € C,
D
we have
2
( —y,Dx = Dy) > plz -y
o 2
> - |Da - Dyl
D

Similarly, we get F is L’; -inverse-strongly monotone mapping.
E

Next, we show that I — v,D and I — v, F are nonexpansive mappings. For every
z,y € C, we have

(I = ¥ D)z—(I = v, D)y|* =llz—y|*+~2 || Dz~ Dyl|* — 27, (x—y, Dz~ Dy)

2
L},

2 2 2
<llz = ylI” + 5 1Dz — Dy|” — | Dz — Dy

2
2 2
= llz = ylI” + 7 (% - LQ) | Dz — Dy||
D
2
<lz—yll™.
Then we obtain I —,, D is a nonexpansive mapping. Similarly, we can show that I —~,, F

is also a nonexpansive mapping.
The proof of Theorem 3.1 will be divided into five steps:

Step 1. We show that the sequence {x,} is bounded.

From (3.1) and Lemma 2.7, we have u, = T1 (I —r}(anA + (1 — a,)B))z, and v, =
T2 (I —r2(anA+ (1 —an)B))z,.

From Lemma 2.7 and Lemma 2.13, we have

F (T, (I =7} (anA+ (1 —an)B))) = GMEP(Fy,¢1,a,A+ (1 — ay)B)
= GMEP(Fy,¢1,A) [ \GMEP(F\, o1, B)
and
F (T2 (I—r}(anA+ (1—an)B))) = GMEP(Fy,¢03,a,A+ (1 —ay,)B)
= GMEP(F, g3, A) [ \GMEP(F3, 02, B).
Let z € F. From Lemma 2.4 and Lemma 2.11, we have

z € VI(C,an,D + (1 — a,)E) = Fix(Po(I — v, (anD + (1 — an)E))).
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From the nonexpansiveness of 7,1, T,z and Lemma 2.11, we have
[Znt1 — 2]l < o flu = 2| + Bullzn — 2]l + Anl[Snzn — 2|
+ 1l Po(I = yn(an Dz + (1 = an) E))yn — 2||
< apllu =zl + Bullzn — 2l + Anllzn = 2l + 9nllyn — 2|l

A\

= ap [lu— 2| + Ballzn — 2l + Anllzn — 2
+ 1|00 (up — 2) + (1 = 6n) (v — 2]
= an |lu— 2| + Bullzn — 2| + Anllzn — 2|
+ 10|80 (T (I = (an A + (1 — an)B))an — 2)
+ (1 =6) (T2 (1 = ra(an A+ (1= an)B))z, — 2)|
< oy flu =zl + Bullon — 2] + Anllzn — 2|l
+ 00 (O [lzn — 2] + (1 = 6n) [lzn — 2[)
= an[lu—z[[ + Ballzn — 2l + Anllzn — 2| + 7 l2n — 2|
=apflu—z[+ (1 —an)lz, — 2. (3.2)

Put M = max{||u — 2|, ||z1 — z||}. From induction, we can show that ||z, — z|| < M, for
all n € N. Therefore {z,} is bounded and so is {y,}.

Step 2. We show that lim |z,4+1—x,| = 0. For everyn € N, put J,, = a,D+(1—a,)E
and G, = a, A+ (1 - Z:O)B. From the definition of z,, and the nonexpansivenss of
Pc(I — ypJy), we have
[#n41 — 2l < o — analllull + Brllzn — zn—1ll + [Bn — Br—1lllzn-1|
+ A llSnn — Sno1n—1ll + [An = A1l | Sn—1@n 1|
+ 11 Pe(I = Yndn)yn — tn—1Pe(I = Yn-1Jn-1)Yn-1l|
< loam — an—alllull + Bullzn — 2n-1ll + 18n — Br-lllzn-1ll
+ A l[Snxn — Snn—1ll + A l|Sn@n—1 — Sn—1Tn_1]]
HAn = An—1||Sn—1Zn—1 |40 | Pcl =0 Jn)Yn — Pl —YnJn)Yn—1|
+ 1l Po(I = Yndn)yn—1 — Po(I = yn—1Jn—1)yn—1||
+ |1 = =11 Pe (I = Yn-1In-1)yn—1|
< o —an—a|l|ull+Bullzn —zn—1|HBn = Bn-1l|zn-1]+Anl|Tn —Tn-1]|
+ M |SnTn—1 — Sn—1Zn—1|| + | A0 — A1 ][ Sn—12n—1]]
+ 1l[Yn —yn—1ll+mm | Pe(I=nJn)yn -1 —Po(I=n-1Jn-1)yn-1]
+ [ = -1l Pe( = yn—1Jn-1)yn-1l|. (3.3)
Since y, = dpuy, + (1 — 0,) vy, we have
[9n = Yn—1ll = [|8ntn + (1 = 6n)vn — dp—1tn—1 — (1 = 6p—1)vn_1]|
= |05 (tun — twp—1) + (0, — p—1)ttp—1 + (L — 6p) (V5 — Vp—1)
+ (6n-1 = 0n)Un—1|
< Onllun — tn—1]l +10n — n—1ll|un—1[l + (1 — &) |vn — vy—1]|
+ |6n = Gn—1[flvn-1]- (3.4)



282 Thai J. Math. Vol. 19 (2021) /W. Khuangsatung et al.

From the nonexpansiveness of Pgo, we have

||PC(I - 'Yan)ynfl_PC(I - 7n71Jn71)yn71H
< NI =vdn)yn—1 — (I = Yn-1n-1)¥n—1|
= ||7n<]nyn—1 - ’Yn—lJn—lyn—1||
< Yalan — an-1||Dyn—1|| + an—1[vn — Yn-1|[[Dyn-1|
+ Yolan — an—1|[| Eyn-1]l + (1 = an—1)[vn = Yn-1l[[Eyn-1]-
(3.5)
Substitute (3.4) and (3.5) into (3.3), we have

[#n+1 = 2l < lan — an—lllull + Bullzn — -1l + [Bn = Bu-1lllzn—1]l
+ Mnllzn — zn—1|
+ A ||Snn—1 — Sn—1zn_1| + A — A1 || Sn—1%n—1]|
+ Mnn [ Un —tn—1][+00]6n = Sn—1[[un—1][+(1 = 6n)0n v — Va1
+ Mnl0n = n—1|llvn—1[l + M Vnlan — an—1|| Dyn—1]|
+ nan—1/vn = -1l Dyn-1ll + m¥nlan = an—1|[| Eyn-|
+ 10 (1 = an—1) [0 = -1l Eyn-1|l

+ |77n - nn—lHlpC(I - ’Yn—lJn—l)yn—l‘l- (36)
By the same method as Theorem 3.1 in [18], we have
[Sn@n—1— Sp-1Zn-1| Sa?l _ Ii”mn—l —z||. (3.7)

Since u, = Tp1 (I — rlG,)z, where G,, = a,A + (1 — a,)B. From the definition of T}, ,
we have

1
Fi(un,y) + ¢1(y) — 01(un) + (Grnn, y — un) + TT@ = Up, Uy, — Tp) >0 (3.8)

n

and
Fy (un+17 y) + 801@) - Qal(un+1) + <Gn+1l’n+1, Yy — un+1>
1
+ 1Y — Unt1, Unt1 — Tngr) 20, (3.9)
rn+1
for all y € C.

From (3.8) and (3.9), we have
Fi(Un, unt1) + ©1(Unt1) — ©1(un) + (Gnn, Ung1 — Up)

1
+ rT(UnJ,_l — Up, Uy, — Tpy) > 0. (3.10)

n

and

Fi(tnt1,un) + @1(un) — @1(tnt1) + (Gri1@ngi, Un — Uny1)
1
7<un — Up+41, Unt+1 — xn+1> Z 0. (311)

+ 1
rn+1
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From (3.10) and (3.11), we obtain

1
Fl(unyun—i-l) + @1(Un+1) - Qﬁl(un) + ﬁ(un—i-l — Up, Uy — Ty, + T}LanEn> >0
n

(3.12)
and
Fy (un-i-lv un) +¢1 (un) - ‘Pl(un-i-l)
1
+ 7 (Un — Uni1,Unt1 — Tpy1 + Th11Gni1Tns1) > 0. (3.13)
rn+1

Summing up (3.12) and (3.13), we have

1
1
F(unﬂ — UplUp — Ty, + 7, GrTp)
n
1 1
+ T’l <Un - un—!—lyun-&-l - $n+1 + 7ﬂn_|.1C7V7L—|—1:17n-4—1> Z O
n+1

It follows that

Up — (I - T}LGn)xn _ Un+1 — (I - T711+1Gn+1)xn+1

(Upt1 — Unp, )y > 0.
" " T r711+1
This implies that
1 T, 1
0 < (upt1 — tn,tp — (I =1, Gp)zy — ﬂin(unJrl - (I - Tn+1Gn+1)$n+1)>
n+1

= <un+1 — Up,Un — un+1>
1

r
+ (Ung1 — Un, Upyr — (I — T;Gn)xn - Hin(un—kl - - 7ﬂ71L+1Gn+l)xn-&-1)>~

n+1
It follows that
2 1 Ty 1
[tnt1 = unll® < (Uns1—un, Uns1—(1 — rnGn)xn_rln (Unt1= (I 11 Grt1)Tnt1))
n+1

= (Ups1 — Un, (] — 7"71L+1Gn+1)xn+1 - - T;Gn)xn

Pl
+ (1 - ) (Uny1 — (L — 7’111+1Gn+1)37n+1)>
Tn+1
< g1 — g (”(I - 7’711+1Gn+1)xn+1 - - TrllGn)xn”
1 T’rll
]
Tn+1

+ ||un+1 - (I - 7‘71L+1Gn+1)xn+1H)'
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Then

[unt1 — unll < [|( - T}L+1Gn+1)xn+1 — (I —rp G|
1
+ [ = 7ol g = (T =741 Gy 1) o |
Tn+1
< |- T}L+1Gn+1)$n+1 - - TiHGnH)an
+[I(1 - 7"71L+1Gn+1)33n - (- Trlan)xn”

1
+ |r71L+1 - T’}L| g1 — (I — T}L+1Gn+1)xn+1”
Tn—i—l

< Hxn-i-l - an + ||r711+1Gn+133n - T:LannH

1
t+ g |7"71L+1 - quz‘ w1 — (I — T711+1Gn+1)xn+1||
Tn+1

< Hanrl - an
+ ||7'711+1(an+1A+(1 - an+1)B)l’n*TvlL+1(anA+(1 — apn)B)z,||
1
+|r’rll+1_/r}7,|||annH+r17 ‘Trlwrl_rrlz’ |t 1—(I — Trlz+1Gn+1)xn+1H
n+1
= [[Tp41 — 20|

+ ||rrlz+1(an+1 — an)Azn + Tvlz+1((1 = ant1) — (1 = ay)) By ||
1

+|T31+1—T3L|||ann\\+r1 |7'111+1_7"71L| ||Un+1_(1 - T%L+1Gn+1)5'3n+1“
n+1

< wngr — zall + rrlz+1|an+1 — ||| Azn || + rrlz+1|an+1 — ayl|| Bz,

1
+ |T71L+1_T71L|||Gn$n”+g |T}L+1_T}L’ ”Un-l-l_(I_T71L+1Gn+1)xn+1”~
(3.14)

From (3.14), we have
un — wn—1| < |20 — Tp-1]l + T}L‘an — ap—1|[|Azn_1l + T}z‘an — an—1|||Bxp1]|
1
+ |7"711 - Tvlz—l‘HGn—lxn—IH + b |7'711 - r}z—l‘ llun — (I — T}an)xnn
(3.15)
By using the same method as (3.15), we have
v = vn—1ll < |T5 — zp—1ll + 7'72L|an — ap-1|||Azn-1]l + T%|an — ap—1|||Brp-1]|

1
+ ‘Tr% - 7"72;—1|||an1$71*1” + b |T721 - 7"721—1’ lvn — (I — T’IQLGn)an
(3.16)
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Substitute (3.7), (3.15) and (3.16) into (3.6), we have

||37n+1 - xn” < |an - an,1|||u|| + 5n||$n - xanH + |6n - Bn71|||xn71”

+)‘n|‘xn_$n—1”+/\n||‘5’nxn—1_ n—lxn—l||+|/\n_/\n—1|||5n—1$n—l”
Jr77n(y5n||unfun—l”+77n|‘5n*571—1|||Un—1||+(1 - 5n)nn|‘vn*vn—1“
+ Mnlbn — On—1ll|[vn-1ll + M Vnlan — an_1||| Dyn—1]|
+ Man—117n = -1l Dyn-1ll + m¥nlan — an-1|[| Eyn-1|
+ 00 (1 = an—1) 17 — Ya-1ll[Eyn-1||
+ 1 = -1l Pe(I = n—1Jn—1)yn—1ll

< an—an_1|[|ulHBn || Tn—2n—1[HBn=Br-1||Zn—1[HAnl|2n —2n_1||

+ A\ (o/f

+1n0n (| 77— 201 ||+T71L|an_anfl| | Azy—1 ||+7“Tll|an—an,1 || Bxp—1|

s — z||) 1w = At tna]

1—=x

N (A | [T Y % i = ae| lun — (I =1, G )
+ Mnl0n — Sn—1lllun—1ll + (1 = 8n)nn (|20 — Tp-1l
+ 7"72L|an — an—1l||Azn_1]| + 7"72L|an — an—1|[|[Bxp1||
+ i = a1l Gz || + % [ =i lon — (I =3 Gn)aal)
+ 77n|6n - 5n—1|||vn—1|| + nn7n|an - an—l|||Dyn—1||
+ Man—1Yn = a1l DYn-1ll + M ynlan — an-1|[[Eyn-1]l
+ (1 = an—1)[vn — V-1 EYn-1]|
+ [ = M1l Pe(d = yn—1Jn—1)Yn-1ll
< (1 - an)Hxn - xn—IH + |ay — an_1|M1 + |Bn - Bn—l'Ml

2
+ a?iMl + |)\n - )\nfl‘Ml
1-k&

—|—c|an—an_1|M1—|—c|an—an_1|M1+|r,11—r,11_1\Mﬁ—% ’r,ll—r,ll_ﬂ M,
60— 01| Mi+clan—an_ 1| Mi+c|an—an_1 || My+|ri—r2_ | M,
+% |77 —=rp 1| My+16n— 01| My +]an—an—1|Mi+|vn —yn1| My
+lan = an—1| M1 + |y = Va1 |M1 + [n — -1 M,

where My := mazpen{||ull, |zl [|xn = 2|, [[Snznll, [Azal, [ Bznll, [|Graall,

llun — (I = r3.Gn)anll, [lunll, llon — (I = r3Gn)zall; [[vall, 1 Dynll, | Eyall,
|Pc(I — nJn)yn|l}. From the conditions (ii), (iv) and Lemma 2.2, we have

lim ||2p4+1 — 2zn] = 0. (3.17)
n— oo
Step 3. We show that lim, e ||un — Znll = limpy oo ||Un — Zn|| = liMp 0o [|Yn — 20| =

limg, o0 [|Po(I = Yndn)yn — nl| = 0. Let 2 € F. Since u, = Tp1 (I — rLG)n, v, =
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T2 (I — r2Gy)z, and Ty, is a firmly nonexpensive mapping, we have
T3 (I = 1 G)n)) = 2] = 1Ty (I = 1, G) i — Ty (1 = 1, G )2
<A{(I —rEGp)en — (I —7rLGp)z, up — 2)
= %(H(I =1 Gn)an — (I =Gz + [lun — 2|
— T = rpGr)zn — (I = 7, Gn)z — un + 2|%)

IN

1
Uz =217+ llun = 21* = [[(zn = wn) = 1 (Guzn = Gu2)|?)

1
= §(H$n - ZH2 + [Jun — ZH2 = l(@n — un)”2 - (Trll)2Hann - an||2
+ 2T711<(En - Tr}, (I - TrILGn)xnu Gnzy — Gn2>)

< %(Hxn = 2+ llun = 21 = llzn = unl® = (1) ?|Gnn — Guz|?
+ 21",11H:cn — T (I- r}lGn)an IGrzn — Grz|).
This implies that
lun = 2l* < llzn = 217 = llzn = unll® = (r3)*|Gnan — Gr2l
+2rl ||z, — i (1 — LG |[|Grtn — Grzl. (3.18)
Applying (3.18) and v, = T;2 (I — r2Gp )2y, we have
lvn = 2lI* < llzn = 201 = llen = vall* = (r3)?|G 2 — Guzll?
+ 2ri||xn — T (I — TZGn)anHann - Gpz|. (3.19)
For every z,y € C, we have
(Gnan — Grz,xn — 2) = {((anA+ (1 —ap)B) 2y — (anA+ (1 —an)B) 2,2, — 2)
= (an (Az, — Az) + (1 — a,,) (Bzy, — Bz) ,2,, — 2)
= ay (Ax,, — Az, 2, — 2) + (1 — ay) (Bzy, — Bz, 2y, — 2)
> apal|Az, — Azl + (1 — an)B|| Bz, — Bz|*. (3.20)
From the definition of w, and (3.20), we have
[un = 2% = 1T, (I = 13, Gr)an = Tpa (I = 1, G2l f?
< (I = rG)zn — (I = 1 Ga)2f?
= ||on — 2| = 2rL(z, — 2, Gran — Gr2) + (rL)*|(Gpen — Gp2)|?
< lwn — 2)1? = 2rkana || Az, — A2|* - 2rh(1 - a,) 8 || Bey, — Bz
+ (r2) 3 an(Az, — Az) + (1 — a,)(Bz, — B2)|?
< |lwn — 212 = 2rkana || Az, — Az|* — 2r}(1 - a,) B || Bw, — Bz|)?
+ (rp) anl| Az — Az|? + (1 = an)(r)?|| Bzn — B)|?
<z = 217 = rhan (20 — ) | Az, — Az

—r (1 —an) (28 —r}) || Bz, — Bz|*. (3.21)
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Applying (3.21) and v, = Ty2 (I — r2Gy,) @y, we have
lvn — 2| < ||lzn — 2|2 = 72an (200 — r2) || A,y — Az
—12(1 = an)(28 — r2) | Bz, — Bz|”. (3.22)
From the definition of z,, (3.21) and (3.22), we have
[zn g1 = 2l < anllu = 2| + Ballzn — 2[I° + Al Snn — 2
+llPe(I = n(anD + (1 = an)E))yn — 2)|°
< apllu =zl + Ballzn = 201> + Aallen = 21 + mallyn — 27
= apllu = 2|1 + Bullzn — 21 + Aallzn — 2|
+ 0|00 (un = 2) + (1 = 6,) (00 — 2)|?
< anllu = z|? + Bullzn — 2l + Anllzn — 2
+ 00 (On[lun — 2] + (1 = 6n) [on — 2]|?) (3.23)
Somllu = 2l|” + Bullwn — 2I* + Anllzn — 212
+ 0 Gn(len = 21 = rhan(2a = rp) || Az, — Az
ra(l = a)(28 = ) [|Ban — B2l|*) + (1 = 8a)(|an — 2|17
—12an (200 — r2) | Az, — Az|* — 12(1 = a,)(28 — r2) || B2, — Bz|?))
<an|lu—z|> + |20 — 2|1 = an (rh 60 (20 —r2) 472 (16, (20—72)) || Az, — Az||?
— (1= an)mn(rpdn(28 = ) + i (1= 6,)(28 = r3)) | Ben — B2||*. (3.24)
From (3.24), we have
Mnn (10, (20 — 1) + 72 (1 = 6,) (2a — 72)) || Az, — Az
< amllu = 2l* + o — 2l|* = o — 2l
< anllu =2l + (e = 217 + lznsr = 2D (lznsr — zal).
From the condition (i) and (3.17), we have
ILm |Az, — Az|| = 0. (3.25)
By using the same method as (3.25), we have
lim ||Bz, — Bz| = 0. (3.26)
n—oQ
Since G, = a, A+ (1 — ay,)B, we obtain
G nan — Gzl < ane || Az, — Azl|” + (1 — a,)B || Bxy — Bz||*.
From (3.25) and (3.26), we have

lim ||Gpz, — Grz|| = 0. (3.27)

n—
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From (3.21), (3.22), (3.23) and the definition of x,,, we have

2nt1 = 2)1* < anllu— 201> + Ballzn — 2l + Anllzn — 2|17

+ 1 (O llun — 2|12 + (1 = 6)[lon — 2[*)

< apllu - ZH2 + Bullzn — ZH2 + Anllzn — ZH2
+ N (Sn (|2 — Z||2 = |lzn — “nHQ - (rrlz)2||Gn$n - anHZ
+ 2T7lz||xn - Tr}l (I - TrllGn)xn””ann - Gnz))
+ (1 =0n)(lzn — z||2 —lzn — UnHQ - (T?z)QHann - an”2
+ 2T721||xn - TT}L (I - TELGn)xn””ann - Gnz|))

< aplu — ZH2 + Hxn - ZH2 = MOl Tn — un||2 —(1- 5n)77n||$n_vn”2
- nn(an(rrll)2 + (1 - 5n)(r31)2||Gn$n - an||2
+ 20,6 |2 — T (I — L G| ||Grtyn — Grz||
+2(1 - 5n)nnr3||xn - T (I - rfLGn)anHann - Gnzl|.

This implies that

Mndnl[un = zol® < anllu — 2| + [lzn — 2|7 = 2pt1 — 22
+ 20,07k |2 — T (I - LG ||| G — Goz||
+2(1 = 0ty |20 — Tr (I = 17.G) 2 [[[| Gy, — G|
< apllu =2l + (en = 2 + 201 = 21 (J2ns1 — zal)
+ 20,007 || — T (I — G ||| Gt — Goz||
+2(1- 5n)nnri|\xn - T (- r%Gn)anHGn:cn - Grz||.

1
n

From the condition (i), (3.17) and (3.27), we have

lim |u, —2,] =0. (3.28)

n—oo

By using the same method as (3.28), we have
nhHH;O |vn, — zn| = 0. (3.29)
From the definition of y,,, we have

yn = Znll = |6nun + (1 = 0p)vn — 20 |
< 571”“’71 - Z‘nH + (1 - 6n)||vn - xn”

From (3.28) and (3.29), we have

nhﬁn;o lyn — xn|| = 0. (3.30)
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From the nonexpansiveness of Po and z € F, we have
”PC (I - 'Yan) Yn — Z||2 = ”PC' (I - ’7an) Yn — Po (I - ’Yan) ZHQ
< = vndn) Yn — (I_'Van)ZH2
= llyn — 2 = 0 (Jnyn — Jn2)||”
:”yn_ZHQ_QVn <yn_Z7Jnyn_an>+772z H‘]nyn_JnZ||2

< Hxn_z”Q_ZVn (yn—z, Jnyn_an>+7721 HJnyn—anHQ .
(3.31)

For every x,y € C, we have
(Jnz — Jny,x —y) = an (Dx — Dy,x —y) + (1 — ay) (Ex — Ey,z — y)

> anty- Do = Dyl + (1 —an) 5 [Bo Byl (3:32)
D E

From (3.31) and (3.32), we obtain
1Pc (I = yndn) Yn — Z||2 §||33n_2||2_2’7n (Yn—2, Jnyn_an>+’Y72z ||Jnyn_an||2
2 H 2
< ”xn - Z” - 2’7"(1”[/72 ”Dyn - DZH
D
P 2
=270 (1 —an) 72 [ Eyn — E=||
E
+ 71 lan(Dyn — Dz) + (1 = a,)(Ey, — E2)||*
I
<lwn — 2% - 2Ynn 1o [[1DYn — Dz|f?
D
P 2
=27 (1= an) 72 [ Eyn — E=|
E
+72an | Dyn — Dz|* +72(1 — an) | Eyn — Ez|®

2 2p 2
o =21 = a7 = 20 ) 10w~ D3]
D

2p
E
From the definition of z,,, we have
|Zn+1 — Z||2 < ay flu— 2H2 + Bn lzn — ZH2 + A [Ty — Z||2
+ 00 |Po(I = Yndnt1)yn — ZH2

< ag Ju—2|° + Bp l#n — 2II* + An [l2n — 2|®

2u
(e =21 =t (25 = ) 1Dy — D2l

Ly,

2p
“ (1= an) (75 = ) 18~ B21P)
E
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2 2 2p 2
< an = 217+ Lo = 21 = o ( 25 =20 ) 1Dy = D
D
2p 2
E

It implies that

2p 2 2 2 2
e (Lv) 1Dy — D2I? < an llu = 2| + llen — 202 = 2041 — 2]
D

2p
— M Yn (1 = an) <LQ - 'Vn) HEyn - EZ||2
E

IN

an flu — ZH2 + [|on — ZH2 = |Tny1 — ZH2

IN

2
an [u=z|"+(|zn—zllHznr1=2[]) [€nr1=2n]

From the condition (i) and (3.17), we have

li_>m | Dy, — Dz|| = 0. (3.34)
By using the same method as (3.35), we have

le |Eyn — Ez|| = 0. (3.35)
From the definition of .J,,, we have

[ Tnyn — Jnzll < an |Dyn — Dz|| + (1 — an) | Eyn — Ez||. (3.36)
From (3.34), (3.35) and (3.36), we have

lim || Joyn — Jnz|| = 0. (3.37)

n—oo

From the definition of Po (I —7,J) and Lemma 2.11, it implies that

”PC' (I - ’Yan) Yn — 2”2 = ”PC (I - ’}/an) yn — Po (I - rYan) Z||2
(I = yndn) Yn — (I = vndn) 2, Po (I = yndn) Yn — 2)

1
) H(I_'Vn*]n) yn_(l_'yn‘]n) Z||2+HPC' (I_’Yn‘]n) yn_ZH2

_||(I_'Yan) Yn— I —=YnJn) 2— (PC(I_’Yan) yn_z)”2

IN

1

< 5 Ulyn =2l + 1P (2 = 7Tn) yn — 2|
- ”yn - Pc (I - 'Yan) Yn — In (Jnyn - an)||2)
1

< len =20 + 1Po (I =3 d) yn — 2|

~yn — Pc (I —vndn) yn||2 - 7721 | Jnyn — an||2

1
< (e = 20”4+ 1 Pe (I = 3 ) yn — II°

~yn — Pc (I = yndn) yn||2 - 7721 | Jntn — an||2
+ 29 lyn — Poc (I — Yndn) yull HJnyn = Jnz|)-
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It follows that
1Pe (I = ndn) yn = 21° <llwn = 21* = llyn — Po (I = yndn) ynll?
+ 29 lyn — Po (I = Yndn) Yull 1 Tnyn — Jnzll.  (3.38)
From the definition of x,, and (3.38), we have
|2ns1 = 21 < am [lu—2]7+Bn l&n— 201>+ |2 — 2] *+ 00 || Po (T =0 Tn)yn — 21|
< agllu— 2| + Bn lzn — 21> + An 10 — 2I° + 90 ([J20 — 2]
—llyn— P (I =) Yl *+29n 90— P (I = Yo T )yl W — T 2]
< o flu = 2l* + [lzn = 20 = 7o llyn — Pe (I = Yndn) yul®
+ 200 |Yyn — Po (I = vndn) Ynll [ Tnyn — Jnz||-
It implies that
T 1y = Po (I = ndn) ynll® < o lu = 2|7 + o — 2017 = 2ng1 — 2II°
+ 200 [y — Po (I = vndn) Yal| ([ Tnyn — Jnz||

< ag lu=2[* + (lzn =2l = @1 =2[1) 2541 = 2n]
+ 200 %n lyn = Po (I = yndn) ynll || Jnyn — Jnz] -
(3.39)
From the condition (i), (3.17), (3.37) and (3.39), we obtain
Jim{lyn — Po (I = Jn) ynl = 0. (3.40)
Since
[2n = Po (I = mdn) ynll < 20 = ynll + [lyn — Po (I = vndn) yall,
from (3.30) and (3.40), we have
lim ||z, — Po (I = vnJn) ynl = 0. (3.41)

n—oo
Step 4. We show that lim sup (u — 20,2, — 20) < 0 where z9 = Pru. To show this,
n—oo
choose a subsequence {x,, } of {z,} such that
lim sup (u — 2o, Z, — z0) = lim (u — 20, Tpn, — 20) - (3.42)
n—o0 k—o0

Without loss of generality, we may assume that z,, — w as k — oo where w € C. From
(3.30), we obtain y,, — w as k — co. From (3.28), we have u,, — w as k — co. Assume
w¢ VI(C,D)NVI(C, E). From Lemma 2.11 and Lemma 2.4, we have

VI(C,D)(\VI(C,E) = VI(C, Jn,) = Fiz(Po(I = yn, Jn,))-
From the nonexpansiveness of Po (I — Y, Jn,), (3.41) and Opial’s condition , we obtain
Jim inf {lyn, —wll < lm inf{ly, — Pe(l —n, Jn ||
< i inf{yn, — Po(I = Yoy Jni )Yl
+ Jim inf |[Pe (I = yndn, Jyn, = Pol = Yo Jn, )|

< lim inf||y,, — w]-
k— o0
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This is a contradiction. Hence

w e VI(C,D)(VI(C, E). (3.43)
From the definition of z,,, we have

Tpt1 — Tp = an(U — Tpn) + Ay (SnTrn — Tn) + 70 (Po(I — v Jn)Yn — Tn)-
From the condition (i), (3.15) and (3.41), we have

lim ||[Spzn — x| = 0. (3.44)

n—oo

Assume w ¢ (o2, Fiz(T;). From Lemma 2.10 , we have Fiz(S) = (oo, Fiz(T;) . Then
w ¢ Fixz(S). From Remark 2.9, we have

lim inf ||z,, —w| < lim inf ||2,, — Sw||
k— oo k— o0
S klggo mf(Hxnk - Snkxnk ” + HSnkxnk - Snkw” + ||Snkw - Sw”)
< lim inf ||z, —w].
k— o0
This is a contradiction. Then
w € Fiz(S) = ) Fiz(T)). (3.45)
i=1
Since

1
Fi(un, y) + 01(y) — @1(un) + (GnTn,y — un) + TT<y = Up, Up — Tp) > 0,Vy € C,

n

from (A2), we have

1
901(3/) - QDI(Un) + <Gn73my - un> =+ TT<y — Un, Up — mn> > Fl(yvun)vvy eC.

In particular

1
Sol(y)_sol(uni)+<Gnixni7y_uni>+rT<y_uni7uni_xni> > Fl(yvuni)vv:l/ eC.

It follows that

Up, — Tn,

sm(y) - ‘pl(unl) + <Gmxnﬂy - un1> + <y = Un;, T> 2 Fl(y7uni)' (346)

i

ForO<t<1landye€C,lety. =ty+ (1 —t)w. From (3.46), we have
©1(ye) = e1(un,) + (Ye — Un,, Gn )
2 <yt - Um,Gniyt> - <yt - un”GnLJ/‘n1>

Up, — Tn.,
- <yt — Un,;, %> +F1(yt7um)

ng
= <yt - Uanmyt - Gmunq + Gnqum> - <yt - unszmxm>

Uy — Loy
%>+F1(ytvuni)

Uz

- <yt — Un,,

= <yt - uanniyt - Gn,unl> + <yt — Un,, Gnl Unp; — Gnlxn)

Up, — Tn.,
— (Yt = Un;s =) + Fi(Yss n, )

ez
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Unp . —Tn.
—i— — 0 and

ng

— 0. Since

Since |[un, — @n,|| — 0, we have ||Gp,un;, — Gn,Zn,
(Yt — Un,;, Gn, Yt — Gp,up,;) > 0 and (A4), we have
e1(y) — e1(w) + (Y — w, G y1) = Fiye,w). (3.47)
Form (A1), (A4) and (3.47), we have
0= F1(ye,ye) + o1(ye) — 01(ye)
< tFi(ye,y) + (1= ) Fi(ye,w) + te1(y) + (1= t)er(w) — 1)
S tF(yey) + (L= t)e1(ye) = (1= t)pr(w) + (1= 1) (ye — w, Gn,ye)
+tp1(y) + (1 —t)p1(w) — o1(ye)
= tF1(ye,y) +to1(y) — tor(ye) + (1 =) (ty + (1 — hw — w, G, ye)
= tF1(ye, y) +te1(y) — tor(y) + (1 — Oty — w, G, yt)-

Dividing by t, we have

0<Fi(ye,y) +¢1(y) —1(ye) + (1 = t){y — w, Gn, 1)
Letting t — 0, it follows from (A3), we have

0< Fi(w,y) +¢1(y) —pr(w) + (y —w,Gnw),Vy € C. (3.48)
From Lemma 2.13, we have

w € GMEP(F1, o1, a5, A + (1 — ay,)B) = GMEP(Fy, o1, A)(\GMEP(Fy, 01, B).
By using the same method as (3.48), we have
w € GMEP(Fy, 03, A) [ \GMEP(Fy, 03, B).

Hence w € F. Since z,, — w and w € F, we have

lim sup (u — 2z, Xy, — 20) = lim (u — 20,2, — 20) = (u — 29,w — 29) < 0.
n— o0 k—o00

(3.49)

Step 5. Finally, we show that lim x,, = zp, where zyp = Pru. From the nonexpansiveness
n—oo
of Po (I —~J,), we have

41 = 20l1* = llewn (u=20 1 B (20— 20 H-An (SnEn—20 11 (Po (1= T ) yn—20) ||
< 1B (@ — 20) + An(Snn — 20) + 10 (Po(I = Ynn)yn — 20) |1
+ 20, (u — 20, Tpt1 — 20)
= (1 — an)?|lzn — 20|1% + 20 (U — 20, Tpy1 — 20)
< (1 —a)||zn — 20]|% + 20 (v — 20, Tni1 — 20)-

Applying Lemma 2.2 and (3.49), we have the sequence {z,} converse strongly to zp =
Pru. This complete the proof. ]

Using our main theorem (Theorem 3.1), we obtain the following results.
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Corollary 3.2. Let C be a nonempty closed convexr subset of a real Hilbert space H.
Let F; : C x C = R be a bifunction satisfy A1) — Aq) and Fi(x,z) < Fi(x,y) + Fi(y, 2)
forall z,y,z € C and i = 1,2. Let A, B be «, S-inverse strongly monotone, respectively
and D, E be Lp, Lg-Lipschitz continuous and p, p-strongly monotone mapping, respec-
tively. Let {T;}2, be k;-strictly pseudo-contractive mapping of C into itself with F :=
N2, Fia(T)NEP(F, A\N\EP(Fy, BY\EP(Fs, AN\EP(Fs, BY\VI(C, D) \VI(C, E) #
0 and k = supienk; and let oy = (), o, ) € IxIx T where I = [0,1] , od +ad+af =1,

a{ —&—aé <b<1and a{7a§,a3 € (k,1) for all j =1,2,... . For everyn € N, let S, be
S-mapping generated by Ty, Tro—1,...,Th and ap, a1, ..., 0q1. Assume the either By) or
Bs) holds and let the sequence {x,} generated by x1,u € C and

Fl(uruy) + <anA(En + (1 - an)anvy - un> + Til <y — Un, Up — xn> 2 07

1
FQ(vnay) + <anA1'n + (]- - an)Bwn;y - vn> + 7z <y — Un,Un — xn> >0,
Yn = Ol + (1 - 5n)vna
Tn4+1 = QpU + ﬂnxn + )\nSnxn + nnPC(I - '-Yn(anD + (1 - an)E))ynavn 2 1.
where the sequence {an},{Bnt, { n}; {nn}, {0n} C [0,1] with an + Bn + A + 0 = 1 for
alln € N, {an} C (0,1) and {r}} C [b,c] C (0,2min{ca,B})for all j = 1,2. Suppose the

following conditions hold:

(i): Zan = 00, lim an, =0, {8} C[d,e] C(0,1),

n=1

(ii): 0 <y, < mm{L2 ’L2 }

(iii): nh_{rolo o, =0 € (0,1), Zal < 00,

(iv): Z Tpi1 — Z lon 41 — an| < o0, Z V41— Ynl < 00,
n=1 n=1 n=1
o0 o0
Z |5n+1 - 5n| < 00, Z ‘an-&-l - an| < 00, Z |Bn+1 - ﬂnl < 00,
n=1 n=1 n=1
Z |/\n+1 - )\n| < 00, Z |77n+1 - 77n| <00 fOT all] = 1a2~

n=1 n=1

Then, the sequence {x,} converges strongly to zo = Pru.

Proof. Put ¢1 = 92 = 0 in Theorem 3.1. So, from Theorem 3.1, we obtain the desired
result. L]

Corollary 3.3. Let C' be a nonempty closed convex subset of a real Hilbert space H. Let
A, B be a, B-inverse strongly monotone, respectively and D, E be Lp, Lg-Lipschitz contin-
uous and p, p-strongly monotone mapping, respectively. Let {T;}32, be r;-strictly pseudo-
contractive mapping of C' into itself with F :=(;2 Fia(T)VI(C,A)NVI(C,B)NVI(C,D)
ﬂVI(C’ E) # 0 and k = supienk; and let o = (a{,az,a:\)) €I xIxI wherel=10,1],

o +al+al=1,0l+al <b<1and ], ol o e (k1) forallj=1,2,.... For every
n €N, let S, be S mapping generated by Ty, Tp_1,...,11 and an,an—1,...,0a1. Let the
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sequence {x,} generated by x1,u € C and
Tn4+1 =0pU + ﬁnxn + 'Ynsnxn
+ 00 Po(I—=yn(anD + (1—an)E))Po(I—r) (an A+ (1—an)B))x,, ¥n > 1.

where the sequence {an}, {Bn}, {Vn}, {Nn}, {6n} € [0,1] with apn + Bp +Yn + 10 = 1 for
alln € N, {a,} C (0,1) and {rL} C [b,c] C (0,2min{a, 3}) for all j = 1,2. Suppose the
following conditions hold:

oo
(i): z_:lan = oo,nli_{glo an, =0, {8} C[d,e] C(0,1),
(ii): 0 <, < min{%, I%E’},
(iii): > a} < oo,

n=1

[e%S) [eS) [e%S)
(iV): Z ’r711+1 - 7'711| <00 Z |an+1 - an' < 00, Z |’Vn+1 _'Vn| < 00,
n=1

n=1 n=1
) ) [eS)
Z |>‘n+1 - )\n| < OO,Z |an+1 - an‘ < OO,Z |ﬂn+1 - 5n| < 00,
n=1 n=1 n=1
oo
Z |77n+1 - nn‘ < 00.
n=1

Then, the sequence {x,} converges strongly to zo = Pru.

Proof. Putting F} = Fy = 1 = 3 =0, r,ll = r% and v,, = u, in Theorem 3.1, we have.
(Y = Un, T — 73 (an Az, + (1 — an)Bxy) — uy),Vy € C.

It implies that
U, = Po(I —rl(a,A+ (1 —a,)B))x,.

So, from Theorem 3.1 and Remark 2.12, we obtain the desired result. [
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