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1. Introduction

Throughout this article, we assume that H is a real Hilbert space and let C be a
nonempty closed convex subset of H. Let T : C → C be a nonlinear mapping. A point
x ∈ C is called a fixed point of T if Tx = x. The set of fixed points of T is the set
Fix(T ) := {x ∈ C : Tx = x}.

Definition 1.1. Let T : C → C be a nonlinear mapping, then

(1) T is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ ,∀x, y ∈ C,
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(2) T is said to be quasi-nonexpansive if

‖Tx− p‖ ≤ ‖x− p‖ ,∀x ∈ C and ∀p ∈ Fix(T ),

(3) T is said to be κ-strictly pseudo-contractive if there exists a constant κ ∈ [0, 1)
such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + κ ‖(I − T )x− (I − T )y‖2 ,∀x, y ∈ C.

Note that the class of strictly pseudo-contractive mappings includes the class of non-
expansive mappings. The mapping T is nonexpansive if and only if T is 0-strictly pseudo
contractive.

A mapping A : C → H is called α-inverse strongly monotone if there exists a positive
real number α such that

〈Ax−Ay, x− y〉 ≥ α ‖Ax−Ay‖2 ,

for all x, y ∈ C.
A mapping A is said to be ρ-strongly monotone if there exists a positive real number

ρ such that

〈Ax−Ay, x− y〉 ≥ ρ ‖x− y‖2 ,

for all x, y ∈ C.
The variational inequality problem is to find a point u ∈ C such that

〈Au, v − u〉 ≥ 0, (1.1)

for all v ∈ C. The set of solutions of (1.1) is denoted by V I(C,A). The application of the
variational inequality problem has been expanded to problems from economics, finance,
optimization and game theory. Many authors have studied the variational inequality
problem, see for instance [1] and [2].

Let F : C×C → R be a bifunction, A : C → H be a nonlinear mapping and ϕ : C → R
be a real-valued function. The generalized mixed equilibrium problem (see [3]), is to find
x ∈ C such that

F (x, y) + ϕ(y)− ϕ(x) + 〈Ax, y − x〉 ≥ 0, (1.2)

for all y ∈ C. The set of solution of (1.2) is denoted by

GMEP (F,ϕ,A) = {x ∈ C : F (x, y) + ϕ(y)− ϕ(x) + 〈Ax, y − x〉 ≥ 0,∀y ∈ C} .

Generalized mixed equilibrium problem has been studied by many authors, see for exam-
ple [4], [5], [6] and [7]. If ϕ = 0, then (1.2) reduces to the generalized equilibrium problem,
that is,

EP (F,A) = {x ∈ C : F (x, y) + 〈Ax, y − x〉 ≥ 0,∀y ∈ C} . (1.3)

If A = 0, then problem (1.3) reduces to the equilibrium problem, that is,

EP (F ) = {x ∈ C : F (x, y) ≥ 0,∀y ∈ C}. (1.4)

Optimization problem, saddle point problem, variational inequality problem and Nash
equilibrium problem can be applied with the equilibrium problem. Many authors have
introduced iterative algorithms in order to solve the equilibrium problem, see for instance
[8], [9] and [10].
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In 2005, Combettes and Hirstoaga [10] introduced an iterative scheme for finding the
best approximation to the initial data when EP (F ) is nonempty and proved a strong con-
vergence theorem. By using the viscosity approximation method, Takahashi and Taka-
hashi [8] introduced an iteration for finding a common element of the set EP (A) and
Fix(T ) and proved a strong convergence theorem in a Hilbert space. In 2008, Takahashi
and Takahashi [11] introduced another iterative scheme for finding the common element
of the set EP (F,A) and Fix(T ).

Recently, Kangtunyakarn [12] modified the set of solutions of generalized equilibrium
problem as follows:

EP (F, aA+ (1− a)B)

= {x ∈ C : F (x, y) + 〈(aA+ (1− a)B)x, y − x〉 ≥ 0,∀y ∈ C, a ∈ (0, 1)} .
(1.5)

He introduced an iterative scheme for finding a common element of the set of fixed points
of κ-strictly pseudo-contractive mapping and the set of solution of (1.5) as follows:

F (un, y) + 〈(aA+ (1− a)B)xn, y − xn〉+
1

rn
〈y − un, un − xn〉 ≥ 0,∀y ∈ C,

xn+1 = αnu+ βnxn + γnPC (I − γ(I − T ))un,∀n ≥ 1, (1.6)

and proved a strong convergence theorem of the sequence {xn} under suitable conditions.
Let D1, D2 : C → H be two nonlinear mappings. Motivated by (1.2) and (1.5), we

modify the set of solution of generalized mixed equilibrium problem as follows:

GMEP (F,ϕ, aD1 + (1− a)D2) = {x ∈ C : F (x, y) + ϕ(y)− ϕ(x)

+〈(aD1 + (1− a)D2)x, y − x〉 ≥ 0}, (1.7)

for all y ∈ C and a ∈ (0, 1). If D1 = D2, then GMEP (F,ϕ, aD1 + (1− a)D2) is reduced
to (1.2).

In this research, we modify generalized mixed equilibrium problems and prove the
strong convergence theorem for approximating a common element of the set of such a
problem and variational inequality problem and the set of fixed points of infinite family
of a strictly pseudo contractive mappings. Based on main result, we prove a strong con-
vergence theorem involving generalized equilibrium problems and variational inequality
problems.

2. Preliminaries

In this paper, we denote weak and strong convergence by the notations “ ⇀ ” and
“ → ”, respectively. In a real Hilbert space H, recall that the (nearest point) projection
PC from H onto C assigns to each x ∈ H the unique point PCx satisfying the property

‖x− PCx‖ = min
y∈C
‖x− y‖.

For a proof of the main theorem, we will use the following lemmas.

Lemma 2.1. [13] Given x ∈ H and y ∈ C, then PCx = y if and only if we have the
inequality

〈x− y, y − z〉 ≥ 0,∀z ∈ C.



274 Thai J. Math. Vol. 19 (2021) /W. Khuangsatung et al.

Lemma 2.2. [14] Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + δn,∀n ≥ 0

where αn is a sequence in (0, 1) and {δn} is a sequence such that

(1):

∞∑
n=1

αn =∞;

(2): lim sup
n→∞

δn
αn
≤ 0 or

∞∑
n=1

|δn| <∞..

Then lim
n→∞

sn = 0.

Lemma 2.3. Let H be a real Hilbert space. Then

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉,

for all x, y ∈ H.

Lemma 2.4. [13] Let H be a Hilbert space, let C be a nonempty closed convex subset of
H and let A be a mapping of C into H. Let u ∈ C. Then, for λ > 0,

u = PC(I − λA)u⇔ u ∈ V I(C,A),

where PC is the metric projection of H onto C.

Definition 2.5. [15] Let C be a nonempty convex subset of a real Hilbert space. Let

Ti, i = 1, 2, ... be mappings of C into itself. For each j = 1, 2, ..., let αj = (αj1, α
j
2, α

j
3) ∈

I × I × I where I = [0, 1] and αj1 + αj2 + αj3 = 1. For every n ∈ N. Define the mapping
Sn : C → C as follows:

Un,n+1 = I

Un,n = αn1TnUn,n+1 + αn2Un,n+1 + αn3 I

Un,n−1 = αn−11 Tn−1Un,n + αn−12 Un,n + αn−13 I

...

Un,k+1 = αk+1
1 Tk+1Un,k+2 + αk+1

2 Un,k+2 + αk+1
3 I

Un,k = αk1TkUn,k+1 + αk2Un,k+1 + αk3I

...

Un,2 = α2
1T2Un,3 + α2

2Un,3 + α2
3I

Sn = Un,1 = α1
1T1Un,2 + α1

2Un,2 + α1
3I.

Such mapping is called S-mapping generated by Tn, Tn−1, ..., T1 and αn, αn−1, ..., α1.

Lemma 2.6. [16] Let C be a nonempty closed convex subset of a real Hilbert space H
and T : C → C be a self-mapping of C. If S is a κ-strict pseudo-contractive mapping,
then T satisfies the Lipschitz condition;

‖Tx− Ty‖ ≤ 1 + κ

1− κ
‖x− y‖,∀x, y ∈ C.
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For finding solutions of the equilibrium problem, let us assume that the bifunction
F : C × C → R and let ϕ : C → R

⋃
{+∞} be a lower semicontinuous and convex

function satisfies the following conditions:
(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y, z ∈ C,

lim
t↓0

F (tz + (1− t)x, y) ≤ F (x, y);

(A4) for each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous;
(B1) for each x ∈ H and r > 0 there exist a bounded subset Dx ⊆ C and yx ∈ C such
that for any z ∈ C \Dx,

F (z, yx) + ϕ(yx)− ϕ(z) +
1

r
〈yx − z, z − x〉 < 0;

(B2) C is a bounded set.

Lemma 2.7. [17] Let C be a nonempty closed convex subset of H. Let F be a bifunction
from C×C to R satisfies (A1)−(A4), A : C → H be a continuous monotone mapping, and
let ϕ : C → R

⋃
{+∞} be a proper lower semicontinuous and convex function. Assume

that either (B1) or (B2) holds. For r > 0 and x ∈ H then there exists z ∈ C such that

F (z, y) + 〈Ay, y − z〉+ ϕ(y)− ϕ(z) +
1

r
〈y − z, z − x〉.

Define a mapping Tr : H → C as follows:

Tr(x) =
{
z ∈ C : F (z, y) + 〈Ay, y − z〉+ ϕ(y)− ϕ(z) +

1

r
〈y − z, z − x〉 ≥ 0,∀y ∈ C

}
(2.1)

for all x ∈ H. Then the following conclusions hold:

(1) For each x ∈ H,Tr 6= ∅;
(2) Tr is single-valued;
(3) Tr is firmly nonexpansive, i.e., for any x, y ∈ H,

‖Tr(x)− Tr(y)‖2 ≤ 〈Tr(x)− Tr(y), x− y〉;
(4) Fix(Tr) = GMEP (F,ϕ,A)
(5) GMEP (F,ϕ,A)is closed and convex.

Lemma 2.8. [15] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
{Ti}∞i=1 be κi-strictly pseudo-contractive mappings of C into itself with

⋂∞
i=1 Fix(Ti) 6= ∅

and κ = supi∈Nκi and let αj = (αj1, α
j
2, α

j
3) ∈ I×I×I, where I = [0, 1], αj1 +αj2 +αj3 = 1,

αj1 + αj2 ≤ b < 1 and αj1, α
j
2, α

j
3 ∈ (κ, 1) for all j = 1, 2, . . .. For every n ∈ N, let Sn be

S-mapping generated by Tn, Tn−1, . . . , T1 and αn, αn−1, . . . , α1. Then, for every x ∈ C
and k ∈ N, limn→∞ Un,kx exists.

For every k ∈ N and x ∈ C. [15] defined mapping U∞,k and S : C → C as follows:

lim
n→∞

Un,kx = U∞,kx (2.2)

and

lim
n→∞

Snx = lim
n→∞

Un,1x = Sx. (2.3)

Such a mapping S is called S-mapping generated by Tn, Tn−1, ... and αn, αn−1, ... .
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Remark 2.9. [15] For every n ∈ N, Sn is nonexpansive and limn→∞ supx∈D‖Snx−Sx‖ =
0, for every bounded subset D of C.

Lemma 2.10. [15] Let C be a nonempty closed convex subset of a real Hilbert space H.
Let {Ti}∞i=1 be κi-strictly pseudo-contractive mappings of C into itself with

⋂∞
i=1 Fix(Ti) 6=

∅ and κ = supi∈Nκi and let αj = (αj1, α
j
2, α

j
3) ∈ I×I×I where I = [0, 1], αj1+αj2+αj3 = 1,

αj1 + αj2 ≤ b < 1 and αj1, α
j
2, α

j
3 ∈ (κ, 1) for all j = 1, 2, . . .. For every n ∈ N, let Sn and

S be S-mapping generated by Tn, Tn−1, . . . , T1 and αn, αn−1, . . . , α1 and Tn, Tn−1, ... and
αn, αn−1, ..., respectively. Then Fix(S) =

⋂∞
i=1 Fix(Ti).

Lemma 2.11. [18] Let C be a nonempty closed convex subset of a real Hilbert space H.Let
A,B be α, β-inverse strongly monotone, respectively, with α, β > 0 and V I(C,A)

⋂
V I(C,B)

6= ∅. Then

V I(C, aA+ (1− a)B) = V I(C,A)
⋂
V I(C,B),∀a ∈ (0, 1). (2.4)

Furthermore if 0 ≤ γ ≤ min{2α, 2β}, we have I − γ(aA + (1 − a)B) is nonexpansive
mapping.

Remark 2.12. From Lemma (2.4) and Lemma (2.11), we have

V I(C, aA+(1−a)B) = V I(C,A)
⋂
V I(C,B) = Fix(PC(I−γ(aA+(1−a)B))),

for all a ∈ (0, 1) and γ > 0.

From (1.7), we have the following result.

Lemma 2.13. Let C be a nonempty closed convex subset of a real Hilbert space H and
F be a bifunction from C ×C to R satisfy A1)−A4) and F (x, z) ≤ F (x, y) + F (y, z) for
all x, y, z ∈ C. Let A,B be α, β-inverse strongly monotone, respectively, with α, β > 0
and GMEP (F,ϕ,A)

⋂
GMEP (F,ϕ,B) 6= ∅. Then

GMEP (F,ϕ, aA+ (1− a)B) = GMEP (F,ϕ,A)
⋂
GMEP (F,ϕ,B),∀a ∈ (0, 1).

Proof. It is obvious that GMEP (F,ϕ,A)
⋂
GMEP (F,ϕ,B) ⊆ GMEP (F,ϕ, aA + (1 −

a)B). Next, we will show that GMEP (F,ϕ, aA+ (1− a)B) ⊆ GMEP (F,ϕ,A)⋂
GMEP (F,ϕ,B). Let x0 ∈ GMEP (F,ϕ, aA+ (1− a)B) and x∗ ∈ GMEP (F,ϕ,A)⋂
GMEP (F,ϕ,B), we have

F (x0, y) + ϕ(y)− ϕ(x0) + 〈aAx0 + (1− a)Bx0, y − x0〉 ≥ 0,∀y ∈ C, (2.5)

F (x∗, y) + ϕ(y)− ϕ(x∗) + 〈Ax∗, y − x∗〉 ≥ 0,∀y ∈ C (2.6)

and

F (x∗, y) + ϕ(y)− ϕ(x∗) + 〈Bx∗, y − x∗〉 ≥ 0,∀y ∈ C. (2.7)

For every a ∈ (0, 1) , we have

aF (x∗, y) + aϕ(y)− aϕ(x∗)〈aAx∗, y − x∗〉 ≥ 0,∀y ∈ C

and

(1− a)F (x∗, y)+(1− a)ϕ(y)−(1− a)ϕ(x∗)+〈(1− a)Bx∗, y − x∗〉≥0,∀y ∈ C.
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By the monotonicity of B and x∗, x0 ∈ C, we have

aF (x0, x
∗) + aϕ(x∗)− aϕ(x0) + 〈aAx0, x∗ − x0〉
= aF (x0, x

∗) + aϕ(x∗)− aϕ(x0) + (1− a)ϕ(x∗)− (1− a)ϕ(x∗)

+ (1− a)ϕ(x0)− (1− a)ϕ(x0) + (1− a)F (x0, x
∗)− (1− a)F (x0, x

∗)

+ 〈aAx0 + (1− a)Bx0 − (1− a)Bx0, x
∗ − x0〉

= F (x0, x
∗) + ϕ(x∗)− ϕ(x0) + 〈aAx0 + (1− a)Bx0, x

∗ − x0〉
−(1− a)F (x0, x

∗)−(1− a)ϕ(x∗)+(1− a)ϕ(x0)−〈(1−a)Bx0, x
∗−x0〉

≥ (1− a)F (x∗, x0)+(1− a)ϕ(x0)−(1− a)ϕ(x∗)+(1− a)〈Bx0, x0 − x∗〉
= (1− a)(F (x∗, x0)+ϕ(x0)−ϕ(x∗)+〈Bx∗, x0−x∗〉+〈Bx0−Bx∗, x0−x∗〉)
≥ 0. (2.8)

Since GMEP (F,ϕ,A)
⋂
GMEP (F,ϕ,B) ⊆ GMEP (F,ϕ, aA+ (1− a)B) and

x∗ ∈ GMEP (F,ϕ,A)
⋂
GMEP (F,ϕ,B), we have

F (x∗, y) + ϕ(y)− ϕ(x∗) + 〈aAx∗ + (1− a)Bx∗, y − x∗〉 ≥ 0.∀y ∈ C. (2.9)

Since x∗ ∈ C and (2.5), we have

F (x0, x
∗) + ϕ(x∗)− ϕ(x0) + 〈aAx0 + (1− a)Bx0, x

∗ − x0〉 ≥ 0. (2.10)

From (2.9) and x0 ∈ C, we have

F (x∗, x0) + ϕ(x0)− ϕ(x∗) + 〈aAx∗ + (1− a)Bx∗, x0 − x∗〉 ≥ 0. (2.11)

Summing up (2.10), (2.11) and (A2), we have

〈a(Ax∗ −Ax0) + (1− a)(Bx∗ − x0), x0 − x∗〉 ≥ 0. (2.12)

Since A,B are α, β-inverse strongly monotone, respectively, and (2.12), we have

0 ≤ 〈a(Ax∗ −Ax0) + (1− a)(Bx∗ −Bx0), x0 − x∗〉
= 〈a(Ax∗ −Ax0), x0 − x∗〉+ 〈(1− a)(Bx∗ −Bx0), x0 − x∗〉
= a〈Ax∗ −Ax0, x0 − x∗〉+ (1− a)〈Bx∗ −Bx0, x0 − x∗〉
≤ − aα‖Ax∗ −Ax0‖2 − (1− a)β‖Bx∗ −Bx0‖2.

This implies that

0 ≤ −aα‖Ax∗ −Ax0‖2.

It follows that

Ax∗ = Ax0. (2.13)

By using the same method as (2.13), we obtain

Bx∗ = Bx0. (2.14)
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For every y ∈ C. From (2.6), (2.8), (2.13) and x∗ ∈ GMEP (F,ϕ,A), we have

F (x0, y) + ϕ(y)− ϕ(x0) + 〈Ax0, y − x0〉
= F (x0, y) + ϕ(y)− ϕ(x0) + 〈Ax0, y − x∗ + x∗ − x0〉
= F (x0, y) + ϕ(y)− ϕ(x0) + ϕ(x∗)− ϕ(x∗) + F (x∗, y)− F (x∗, y)

+ 〈Ax0, y − x∗〉+ 〈Ax0, x∗ − x0〉
= F (x0, y)− F (x∗, y) + ϕ(x∗)− ϕ(x0) + F (x∗, y) + ϕ(y)− ϕ(x∗)

+ 〈Ax∗, y − x∗〉+ 〈Ax0, x∗ − x0〉
≥ F (x0, y)− F (x∗, y) + ϕ(x∗)− ϕ(x0) + 〈Ax0, x∗ − x0〉
≥ F (x0, y) + F (y, x∗) + ϕ(x∗)− ϕ(x0) + 〈Ax0, x∗ − x0〉
≥ F (x0, x

∗) + ϕ(x∗)− ϕ(x0) + 〈Ax0, x∗ − x0〉
≥ 0.

Then

x0 ∈ GMEP (F,ϕ,A). (2.15)

Since x∗, x0 ∈ C and (2.5), (2.13), we have

(1− a)F (x0, x
∗) + (1− a)ϕ(x∗)− (1− a)ϕ(x0) + 〈(1− a)Bx0, x

∗ − x0〉
= (1−a)F (x0, x

∗)+(1−a)ϕ(x∗)−(1−a)ϕ(x0)+aF (x0, x
∗)

−aF (x0, x
∗) + 〈(1− a)Bx0 + aAx0 − aAx0, x∗ − x0〉

= F (x0, x
∗) + ϕ(x∗)− ϕ(x0) + 〈aAx0 + (1− a)Bx0, x

∗ − x0〉
− aF (x0, x

∗) + aϕ(x0)− aϕ(x∗)− 〈aAx0, x∗ − x0〉
≥ aF (x∗, x0) + aϕ(x0)− aϕ(x∗) + 〈aAx0, x0 − x∗〉
= aF (x∗, x0) + aϕ(x0)− aϕ(x∗) + a〈Ax∗, x0 − x∗〉
≥ 0. (2.16)

For every y ∈ C, from (2.7), (2.14), (2.16) and x∗ ∈ GMEP (F,ϕ,B), we have

F (x0, y) + ϕ(y)−ϕ(x0) + 〈Bx0, y − x0〉
= F (x0, y) + ϕ(y)− ϕ(x0) + 〈Bx0, y − x∗〉+ 〈Bx0, x∗ − x0〉
= F (x0, y) + ϕ(y)− ϕ(x0) + ϕ(x∗)− ϕ(x∗) + F (x∗, y)− F (x∗, y)

+ 〈Bx0, y − x∗〉+ 〈Bx0, x∗ − x0〉
= F (x0, y)− F (x∗, y) + ϕ(x∗)− ϕ(x0) + F (x∗, y) + ϕ(y)− ϕ(x∗)

+ 〈Bx∗, y − x∗〉+ 〈Bx0, x∗ − x0〉
≥ F (x0, y)− F (x∗, y) + ϕ(x∗)− ϕ(x0) + 〈Bx0, x∗ − x0〉
≥ F (x0, y) + F (y, x∗) + ϕ(x∗)− ϕ(x0) + 〈Bx0, x∗ − x0〉
≥ F (x0, x

∗) + ϕ(x∗)− ϕ(x0) + 〈Bx0, x∗ − x0〉
≥ 0.

Hence

x0 ∈ GMEP (F,ϕ,B). (2.17)
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By (2.15) and (2.17), we have x0 ∈ GMEP (F,ϕ,A)
⋂
GMEP (F,ϕ,B). Then

GMEP (F,ϕ, aA+ (1− a)B) ⊆ GMEP (F,ϕ,A)
⋂
GMEP (F,ϕ,B)

3. Main Result

In this section, we prove a strong convergence theorem and for the set of fixed point
of strictly pseudo contractive mappings and the sets of solution of generalized mixed
equilibrium problems and variational inequality problems by using Lemma 2.13.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F1,F2 be bifunctions from C × C to R satisfy A1)-A4) and Fi(x, z) ≤ Fi(x, y) + Fi(y, z)
for all x, y, z ∈ C and i = 1, 2. Let ϕ1, ϕ2 : C → R

⋃
{+∞} be proper lower semicon-

tinuous and convex function. Let A,B be α, β-inverse strongly monotone, respectively,
and let D,E be LD, LE-Lipschitz continuous and µ, ρ-strongly monotone mapping, re-
spectively. Let {Ti}∞i=1 be κi-strictly pseudo-contractive mapping of C into itself with
F :=

⋂∞
i=1 Fix(Ti)

⋂
GMEP (F1, ϕ1, A)

⋂
GMEP (F1, ϕ1, B)

⋂
GMEP (F2, ϕ2, A)⋂

GMEP (F2, ϕ2, B)
⋂
V I(C,D)

⋂
V I(C,E) 6= ∅ and κ=supi∈Nκi and let αj=(αj1,α

j
2,α

j
3)

∈ I×I×I where I = [0, 1] , αj1 +αj2 +αj3 = 1 , αj1 +αj2 ≤ b < 1 and αj1, α
j
2, α

j
3 ∈ (κ, 1) for

all j = 1, 2, . . . . For every n ∈ N, let Sn be S-mapping generated by Tn, Tn−1, . . . , T1 and
αn, αn−1, . . . , α1. Assume the either B1) or B2) holds. Let the sequence {xn} generated
by x1, u ∈ C and



F1(un, y) + ϕ1(y)− ϕ1(un) + 〈anAxn + (1− an)Bxn, y − un〉

+
1

r1n
〈y − un, un − xn〉 ≥ 0,

F2(vn, y) + ϕ2(y)− ϕ2(vn) + 〈anAxn + (1− an)Bxn, y − vn〉

+
1

r2n
〈y − vn, vn − xn〉 ≥ 0,∀y ∈ C,

yn = δnun + (1− δn)vn,

xn+1 = αnu+ βnxn + λnSnxn + ηnPC(I − γn(anD + (1− an)E))yn,

(3.1)

for all n ≥ 1, where the sequences {αn}, {βn}, {λn}, {ηn}, {δn} ⊆ [0, 1] with αn + βn +
λn + ηn = 1 for all n ∈ N , {an} ⊂ (0, 1) and {rjn} ⊆ [b, c] ⊂ (0, 2min{α, β}) for all
j = 1, 2. Suppose the following conditions hold:

(i):

∞∑
n=1

αn =∞, lim
n→∞

αn = 0, {βn} ⊆ [d, e] ⊂ (0, 1);

(ii): 0 < γn ≤ min{ 2µ
L2

D
, 2ρ
L2

E
};

(iii): lim
n→∞

δn = δ ∈ (0, 1),

∞∑
n=1

αn1 <∞;
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(iv):

∞∑
n=1

∣∣∣rjn+1 − rjn
∣∣∣ <∞ ∞∑

n=1

|αn+1 − αn| <∞,
∞∑
n=1

|γn+1 − γn| <∞,

∞∑
n=1

|δn+1 − δn| <∞,
∞∑
n=1

|an+1 − an| <∞,
∞∑
n=1

|βn+1 − βn| <∞,

∞∑
n=1

|λn+1 − λn| <∞,

∞∑
n=1

|ηn+1 − ηn| <∞ for all j = 1, 2.

Then the sequence {xn} converges strongly to z0 = PFu.

Proof. First, we show that D is µ
L2

D
-inverse strongly monotone mapping. Let x, y ∈ C,

we have

〈x− y,Dx−Dy〉 ≥ µ ‖x− y‖2

≥ µ

L2
D

‖Dx−Dy‖2 .

Similarly, we get E is ρ
L2

E
-inverse-strongly monotone mapping.

Next, we show that I − γnD and I − γnE are nonexpansive mappings. For every
x, y ∈ C, we have

‖(I − γnD)x−(I − γnD)y‖2 =‖x−y‖2+γ2n ‖Dx−Dy‖
2−2γn〈x−y,Dx−Dy〉

≤ ‖x− y‖2 + γ2n ‖Dx−Dy‖
2 − 2γnµ

L2
D

‖Dx−Dy‖2

= ‖x− y‖2 + γn

(
γn −

2µ

L2
D

)
‖Dx−Dy‖2

≤ ‖x− y‖2 .

Then we obtain I−γnD is a nonexpansive mapping. Similarly, we can show that I−γnE
is also a nonexpansive mapping.

The proof of Theorem 3.1 will be divided into five steps:

Step 1. We show that the sequence {xn} is bounded.
From (3.1) and Lemma 2.7, we have un = Tr1n(I − r1n(anA + (1 − an)B))xn and vn =

Tr2n(I − r2n(anA+ (1− an)B))xn.
From Lemma 2.7 and Lemma 2.13, we have

F
(
Tr1n

(
I − r1n (anA+ (1− an)B)

))
= GMEP (F1, ϕ1, anA+ (1− an)B)

= GMEP (F1, ϕ1, A)
⋂
GMEP (F1, ϕ1, B)

and

F
(
Tr2n

(
I − r2n (anA+ (1− an)B)

))
= GMEP (F2, ϕ2, anA+ (1− an)B)

= GMEP (F2, ϕ2, A)
⋂
GMEP (F2, ϕ2, B).

Let z ∈ F . From Lemma 2.4 and Lemma 2.11, we have

z ∈ V I(C, anD + (1− an)E) = Fix(PC(I − γn (anD + (1− an)E))).
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From the nonexpansiveness of Tr1n , Tr2n and Lemma 2.11, we have

‖xn+1 − z‖ ≤ αn ‖u− z‖+ βn‖xn − z‖+ λn‖Snxn − z‖
+ ηn‖PC(I − γn(anDx+ (1− an)E))yn − z‖
≤ αn ‖u− z‖+ βn‖xn − z‖+ λn‖xn − z‖+ ηn‖yn − z‖
= αn ‖u− z‖+ βn‖xn − z‖+ λn‖xn − z‖

+ ηn‖δn(un − z) + (1− δn)(vn − z)‖
= αn ‖u− z‖+ βn‖xn − z‖+ λn‖xn − z‖

+ ηn‖δn(Tr1n(I − r1n(anA+ (1− an)B))xn − z)
+ (1− δn)(Tr2n(I − r2n(anA+ (1− an)B))xn − z)‖
≤ αn ‖u− z‖+ βn‖xn − z‖+ λn‖xn − z‖

+ ηn(δn ‖xn − z‖+ (1− δn) ‖xn − z‖)
= αn ‖u− z‖+ βn‖xn − z‖+ λn‖xn − z‖+ ηn ‖xn − z‖
= αn ‖u− z‖+ (1− αn) ‖xn − z‖ . (3.2)

Put M = max{‖u− z‖ , ‖x1 − z‖}. From induction, we can show that ‖xn − z‖ ≤M, for
all n ∈ N. Therefore {xn} is bounded and so is {yn}.

Step 2. We show that lim
n→∞

‖xn+1−xn‖ = 0. For every n ∈ N, put Jn = anD+(1−an)E

and Gn = anA + (1 − an)B. From the definition of xn and the nonexpansivenss of
Pc(I − γnJn), we have

‖xn+1 − xn‖ ≤ |αn − αn−1|‖u‖+ βn‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖
+ λn‖Snxn − Sn−1xn−1‖+ |λn − λn−1|‖Sn−1xn−1‖
+ ‖ηnPC(I − γnJn)yn − ηn−1PC(I − γn−1Jn−1)yn−1‖
≤ |αn − αn−1|‖u‖+ βn‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖

+ λn‖Snxn − Snxn−1‖+ λn‖Snxn−1 − Sn−1xn−1‖
+|λn−λn−1|‖Sn−1xn−1‖+ηn‖PC(I−γnJn)yn−PC(I−γnJn)yn−1‖
+ ηn‖PC(I − γnJn)yn−1 − PC(I − γn−1Jn−1)yn−1‖
+ |ηn − ηn−1|‖PC(I − γn−1Jn−1)yn−1‖
≤ |αn−αn−1|‖u‖+βn‖xn−xn−1‖+|βn−βn−1|‖xn−1‖+λn‖xn−xn−1‖

+ λn‖Snxn−1 − Sn−1xn−1‖+ |λn − λn−1|‖Sn−1xn−1‖
+ ηn‖yn−yn−1‖+ηn‖PC(I−γnJn)yn−1−PC(I−γn−1Jn−1)yn−1‖
+ |ηn − ηn−1|‖PC(I − γn−1Jn−1)yn−1‖. (3.3)

Since yn = δnun + (1− δn)vn, we have

‖yn − yn−1‖ = ‖δnun + (1− δn)vn − δn−1un−1 − (1− δn−1)vn−1‖
= ‖δn(un − un−1) + (δn − δn−1)un−1 + (1− δn)(vn − vn−1)

+ (δn−1 − δn)vn−1‖
≤ δn‖un − un−1‖+ |δn − δn−1|‖un−1‖+ (1− δn)‖vn − vn−1‖

+ |δn − δn−1|‖vn−1‖. (3.4)
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From the nonexpansiveness of PC , we have

‖PC(I − γnJn)yn−1−PC(I − γn−1Jn−1)yn−1‖
≤ ‖(I − γnJn)yn−1 − (I − γn−1Jn−1)yn−1‖
= ‖γnJnyn−1 − γn−1Jn−1yn−1‖
≤ γn|an − an−1|‖Dyn−1‖+ an−1|γn − γn−1|‖Dyn−1‖

+ γn|an − an−1|‖Eyn−1‖+ (1− an−1)|γn − γn−1|‖Eyn−1‖.
(3.5)

Substitute (3.4) and (3.5) into (3.3), we have

‖xn+1 − xn‖ ≤ |αn − αn−1|‖u‖+ βn‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖
+ λn‖xn − xn−1‖
+ λn‖Snxn−1 − Sn−1xn−1‖+ |λn − λn−1|‖Sn−1xn−1‖
+ ηnδn‖un−un−1‖+ηn|δn−δn−1|‖un−1‖+(1− δn)ηn‖vn − vn−1‖
+ ηn|δn − δn−1|‖vn−1‖+ ηnγn|an − an−1|‖Dyn−1‖
+ ηnan−1|γn − γn−1|‖Dyn−1‖+ ηnγn|an − an−1|‖Eyn−1‖
+ ηn(1− an−1)|γn − γn−1|‖Eyn−1‖
+ |ηn − ηn−1|‖PC(I − γn−1Jn−1)yn−1‖. (3.6)

By the same method as Theorem 3.1 in [18], we have

‖Snxn−1 − Sn−1xn−1‖ ≤αn1
2

1− κ
‖xn−1 − z‖. (3.7)

Since un = Tr1n(I − r1nGn)xn where Gn = anA + (1 − an)B. From the definition of Trn ,
we have

F1(un, y) + ϕ1(y)− ϕ1(un) + 〈Gnxn, y − un〉+
1

r1n
〈y − un, un − xn〉 ≥ 0 (3.8)

and

F1(un+1, y) + ϕ1(y)− ϕ1(un+1) + 〈Gn+1xn+1, y − un+1〉

+
1

r1n+1

〈y − un+1, un+1 − xn+1〉 ≥ 0, (3.9)

for all y ∈ C.
From (3.8) and (3.9), we have

F1(un, un+1) + ϕ1(un+1)− ϕ1(un) + 〈Gnxn, un+1 − un〉

+
1

r1n
〈un+1 − un, un − xn〉 ≥ 0. (3.10)

and

F1(un+1, un) + ϕ1(un)− ϕ1(un+1) + 〈Gn+1xn+1, un − un+1〉

+
1

r1n+1

〈un − un+1, un+1 − xn+1〉 ≥ 0. (3.11)
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From (3.10) and (3.11), we obtain

F1(un, un+1) + ϕ1(un+1)− ϕ1(un) +
1

r1n
〈un+1 − un, un − xn + r1nGnxn〉 ≥ 0

(3.12)

and

F1(un+1, un) + ϕ1(un)− ϕ1(un+1)

+
1

r1n+1

〈un − un+1, un+1 − xn+1 + r1n+1Gn+1xn+1〉 ≥ 0. (3.13)

Summing up (3.12) and (3.13), we have

1

r1n
〈un+1 − unun − xn + r1nGnxn〉

+
1

r1n+1

〈un − un+1, un+1 − xn+1 + r1n+1Gn+1xn+1〉 ≥ 0.

It follows that

〈un+1 − un,
un − (I − r1nGn)xn

r1n
−
un+1 − (I − r1n+1Gn+1)xn+1

r1n+1

〉 ≥ 0.

This implies that

0 ≤ 〈un+1 − un, un − (I − r1nGn)xn −
r1n
r1n+1

(un+1 − (I − r1n+1Gn+1)xn+1)〉

= 〈un+1 − un, un − un+1〉

+ 〈un+1 − un, un+1 − (I − r1nGn)xn −
r1n
r1n+1

(un+1 − (I − r1n+1Gn+1)xn+1)〉.

It follows that

‖un+1 − un‖2 ≤ 〈un+1−un, un+1−(I − r1nGn)xn−
r1n
r1n+1

(un+1−(I−r1n+1Gn+1)xn+1)〉

= 〈un+1 − un, (I − r1n+1Gn+1)xn+1 − (I − r1nGn)xn

+

(
1− r1n

r1n+1

)
(un+1 − (I − r1n+1Gn+1)xn+1)〉

≤ ‖un+1 − un‖
(
‖(I − r1n+1Gn+1)xn+1 − (I − r1nGn)xn‖

+

∣∣∣∣1− r1n
r1n+1

∣∣∣∣ ‖un+1 − (I − r1n+1Gn+1)xn+1‖
)
.
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Then

‖un+1 − un‖ ≤ ‖(I − r1n+1Gn+1)xn+1 − (I − r1nGn)xn‖

+
1

r1n+1

∣∣r1n+1 − r1n
∣∣ ‖un+1 − (I − r1n+1Gn+1)xn+1‖

≤ ‖(I − r1n+1Gn+1)xn+1 − (I − r1n+1Gn+1)xn‖
+ ‖(I − r1n+1Gn+1)xn − (I − r1nGn)xn‖

+
1

r1n+1

∣∣r1n+1 − r1n
∣∣ ‖un+1 − (I − r1n+1Gn+1)xn+1‖

≤ ‖xn+1 − xn‖+ ‖r1n+1Gn+1xn − r1nGnxn‖

+
1

r1n+1

∣∣r1n+1 − r1n
∣∣ ‖un+1 − (I − r1n+1Gn+1)xn+1‖

≤ ‖xn+1 − xn‖
+ ‖r1n+1(an+1A+(1− an+1)B)xn−r1n+1(anA+(1− an)B)xn‖

+|r1n+1−r1n|‖Gnxn‖+
1

r1n+1

∣∣r1n+1−r1n
∣∣ ‖un+1−(I − r1n+1Gn+1)xn+1‖

= ‖xn+1 − xn‖
+ ‖r1n+1(an+1 − an)Axn + r1n+1((1− an+1)− (1− an))Bxn‖

+|r1n+1−r1n|‖Gnxn‖+
1

r1n+1

∣∣r1n+1−r1n
∣∣ ‖un+1−(I − r1n+1Gn+1)xn+1‖

≤ ‖xn+1 − xn‖+ r1n+1|an+1 − an|‖Axn‖+ r1n+1|an+1 − an|‖Bxn

+ |r1n+1−r1n|‖Gnxn‖+
1

b

∣∣r1n+1−r1n
∣∣ ‖un+1−(I−r1n+1Gn+1)xn+1‖.

(3.14)

From (3.14), we have

‖un − un−1‖ ≤ ‖xn − xn−1‖+ r1n|an − an−1|‖Axn−1‖+ r1n|an − an−1|‖Bxn−1‖

+ |r1n − r1n−1|‖Gn−1xn−1‖+
1

b

∣∣r1n − r1n−1∣∣ ‖un − (I − r1nGn)xn‖.
(3.15)

By using the same method as (3.15), we have

‖vn − vn−1‖ ≤ ‖xn − xn−1‖+ r2n|an − an−1|‖Axn−1‖+ r2n|an − an−1|‖Bxn−1‖

+ |r2n − r2n−1|‖Gn−1xn−1‖+
1

b

∣∣r2n − r2n−1∣∣ ‖vn − (I − r2nGn)xn‖.
(3.16)
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Substitute (3.7), (3.15) and (3.16) into (3.6), we have

‖xn+1 − xn‖ ≤ |αn − αn−1|‖u‖+ βn‖xn − xn−1‖+ |βn − βn−1|‖xn−1‖
+λn‖xn−xn−1‖+λn‖Snxn−1−Sn−1xn−1‖+|λn−λn−1|‖Sn−1xn−1‖
+ηnδn‖un−un−1‖+ηn|δn−δn−1|‖un−1‖+(1− δn)ηn‖vn−vn−1‖
+ ηn|δn − δn−1|‖vn−1‖+ ηnγn|an − an−1|‖Dyn−1‖
+ ηnan−1|γn − γn−1|‖Dyn−1‖+ ηnγn|an − an−1|‖Eyn−1‖
+ ηn(1− an−1)|γn − γn−1|‖Eyn−1‖
+ |ηn − ηn−1|‖PC(I − γn−1Jn−1)yn−1‖

≤ |αn−αn−1|‖u‖+βn‖xn−xn−1‖+|βn−βn−1|‖xn−1‖+λn‖xn−xn−1‖

+ λn

(
αn1

2

1− κ
‖xn−1 − z‖

)
+ |λn − λn−1|‖Sn−1xn−1‖

+ηnδn(‖xn−xn−1‖+r1n|an−an−1|‖Axn−1‖+r1n|an−an−1|‖Bxn−1‖

+ |r1n − r1n−1|‖Gn−1xn−1‖+
1

b

∣∣r1n − r1n−1∣∣ ‖un − (I − r1nGn)xn‖)

+ ηn|δn − δn−1|‖un−1‖+ (1− δn)ηn(‖xn − xn−1‖
+ r2n|an − an−1|‖Axn−1‖+ r2n|an − an−1|‖Bxn−1‖

+ |r2n − r2n−1|‖Gn−1xn−1‖+
1

b

∣∣r2n − r2n−1∣∣ ‖vn − (I − r2nGn)xn‖)

+ ηn|δn − δn−1|‖vn−1‖+ ηnγn|an − an−1|‖Dyn−1‖
+ ηnan−1|γn − γn−1|‖Dyn−1‖+ ηnγn|an − an−1|‖Eyn−1‖
+ ηn(1− an−1)|γn − γn−1|‖Eyn−1‖
+ |ηn − ηn−1|‖PC(I − γn−1Jn−1)yn−1‖

≤ (1− αn)‖xn − xn−1‖+ |αn − αn−1|M1 + |βn − βn−1|M1

+ αn1
2

1− κ
M1 + |λn − λn−1|M1

+c|an−an−1|M1+c|an−an−1|M1+|r1n−r1n−1|M1+
1

b

∣∣r1n−r1n−1∣∣M1

+|δn−δn−1|M1+c|an−an−1|M1+c|an−an−1|‖M1+|r2n−r2n−1|M1

+
1

b

∣∣r2n−r2n−1∣∣M1+|δn−δn−1|M1+|an−an−1|M1+|γn−γn−1|M1

+ |an − an−1|M1 + |γn − γn−1|M1 + |ηn − ηn−1|M1,

where M1 := maxn∈N{‖u‖, ‖xn‖, ‖xn − z‖, ‖Snxn‖, ‖Axn‖, ‖Bxn‖, ‖Gnxn‖,
|‖un − (I − r1nGn)xn‖, ‖un‖, ‖vn − (I − r2nGn)xn‖, ‖vn‖, ‖Dyn‖, ‖Eyn‖,
‖PC(I − γnJn)yn‖}. From the conditions (ii), (iv) and Lemma 2.2, we have

lim
n→∞

‖xn+1 − xn‖ = 0. (3.17)

Step 3. We show that limn→∞ ‖un − xn‖ = limn→∞ ‖vn − xn‖ = limn→∞ ‖yn − xn‖ =
limn→∞ ‖PC(I − γnJn)yn − xn‖ = 0. Let z ∈ F . Since un = Tr1n(I − r1nGn)xn, vn =
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Tr2n(I − r2nGn)xn and Trn is a firmly nonexpensive mapping, we have

‖Tr1n(I − r1nGn)xn))− z‖2 = ‖Tr1n(I − r1nGn)xn − Tr1n(I − r1nGn)z‖2

≤ 〈(I − r1nGn)xn − (I − r1nGn)z, un − z〉

=
1

2
(‖(I − r1nGn)xn − (I − r1nGn)z‖2 + ‖un − z‖2

− ‖(I − r1nGn)xn − (I − r1nGn)z − un + z‖2)

≤ 1

2
(‖xn − z‖2 + ‖un − z‖2 − ‖(xn − un)− r1n(Gnxn −Gnz)‖2)

=
1

2
(‖xn − z‖2 + ‖un − z‖2 − ‖(xn − un)‖2 − (r1n)2‖Gnxn −Gnz‖2

+ 2r1n〈xn − Tr1n(I − r1nGn)xn, Gnxn −Gnz〉)

≤ 1

2
(‖xn − z‖2 + ‖un − z‖2 − ‖xn − un‖2 − (r1n)2‖Gnxn −Gnz‖2

+ 2r1n‖xn − Tr1n(I − r1nGn)xn‖‖Gnxn −Gnz‖).

This implies that

‖un − z‖2 ≤ ‖xn − z‖2 − ‖xn − un‖2 − (r1n)2‖Gnxn −Gnz‖2

+ 2r1n‖xn − Tr1n(I − r1nGn)xn‖‖Gnxn −Gnz‖. (3.18)

Applying (3.18) and vn = Tr2n(I − r2nGn)xn, we have

‖vn − z‖2 ≤ ‖xn − z‖2 − ‖xn − vn‖2 − (r2n)2‖Gnxn −Gnz‖2

+ 2r2n‖xn − Tr1n(I − r2nGn)xn‖‖Gnxn −Gnz‖. (3.19)

For every x, y ∈ C, we have

〈Gnxn −Gnz, xn − z〉 = 〈(anA+ (1− an)B)xn − (anA+ (1− an)B) z, xn − z〉
= 〈an (Axn −Az) + (1− an) (Bxn −Bz) , xn − z〉
= an 〈Axn −Az, xn − z〉+ (1− an) 〈Bxn −Bz, xn − z〉

≥ anα ‖Axn −Az‖2 + (1− an)β ‖Bxn −Bz‖2 . (3.20)

From the definition of un and (3.20), we have

‖un − z‖2 = ‖Tr1n(I − r1nGn)xn − Tr1n(I − r1nGn)z‖2

≤ ‖(I − r1nGn)xn − (I − r1nGn)z‖2

= ‖xn − z‖2 − 2r1n〈xn − z,Gnxn −Gnz〉+ (r1n)2‖(Gnxn −Gnz)‖2

≤ ‖xn − z‖2 − 2r1nanα ‖Axn −Az‖
2 − 2r1n(1− an)β ‖Bxn −Bz‖2

+ (r1n)2‖an(Axn −Az) + (1− an)(Bxn −Bz)‖2

≤ ‖xn − z‖2 − 2r1nanα ‖Axn −Az‖
2 − 2r1n(1− an)β ‖Bxn −Bz‖2

+ (r1n)2an‖Axn −Az‖2 + (1− an)(r1n)2‖Bxn −B)‖2

≤ ‖xn − z‖2 − r1nan(2α− r1n) ‖Axn −Az‖2

− r1n(1− an)(2β − r1n) ‖Bxn −Bz‖2 . (3.21)
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Applying (3.21) and vn = Tr2n(I − r2nGn)xn, we have

‖vn − z‖2 ≤ ‖xn − z‖2 − r2nan(2α− r2n) ‖Axn −Az‖2

− r2n(1− an)(2β − r2n) ‖Bxn −Bz‖2 . (3.22)

From the definition of xn, (3.21) and (3.22), we have

‖xn+1 − z‖2 ≤ αn‖u− z‖2 + βn‖xn − z‖2 + λn‖Snxn − z‖2

+ ηn‖PC(I − γn(anD + (1− an)E))yn − z)‖2

≤ αn‖u− z‖2 + βn‖xn − z‖2 + λn‖xn − z‖2 + ηn‖yn − z‖2

= αn‖u− z‖2 + βn‖xn − z‖2 + λn‖xn − z‖2

+ ηn‖δn(un − z) + (1− δn)(vn − z)‖2

≤ αn‖u− z‖2 + βn‖xn − z‖2 + λn‖xn − z‖2

+ ηn(δn‖un − z‖2 + (1− δn)‖vn − z‖2) (3.23)

≤αn‖u− z‖2 + βn‖xn − z‖2 + λn‖xn − z‖2

+ ηn(δn(‖xn − z‖2 − r1nan(2α− r1n) ‖Axn −Az‖2

− r1n(1− an)(2β − r1n) ‖Bxn −Bz‖2) + (1− δn)(‖xn − z‖2

− r2nan(2α− r2n) ‖Axn −Az‖2 − r2n(1− an)(2β − r2n) ‖Bxn −Bz‖2))

≤αn‖u−z‖2 + ‖xn−z‖2−ηnan(r1nδn(2α−r1n)+r2n(1−δn)(2α−r2n)) ‖Axn−Az‖2

− (1− an)ηn(r1nδn(2β − r1n) + r2n(1− δn)(2β − r2n)) ‖Bxn −Bz‖2 . (3.24)

From (3.24), we have

ηnan(r1nδn(2α− r1n) + r2n(1− δn)(2α− r2n)) ‖Axn −Az‖2

≤ αn‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

≤ αn‖u− z‖2 + (‖xn − z‖2 + ‖xn+1 − z‖)(‖xn+1 − xn‖).

From the condition (i) and (3.17), we have

lim
n→∞

‖Axn −Az‖ = 0. (3.25)

By using the same method as (3.25), we have

lim
n→∞

‖Bxn −Bz‖ = 0. (3.26)

Since Gn = anA+ (1− an)B, we obtain

‖Gnxn −Gnz‖ ≤ anα ‖Axn −Az‖2 + (1− an)β ‖Bxn −Bz‖2 .

From (3.25) and (3.26), we have

lim
n→∞

‖Gnxn −Gnz‖ = 0. (3.27)
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From (3.21), (3.22), (3.23) and the definition of xn, we have

‖xn+1 − z‖2 ≤ αn‖u− z‖2 + βn‖xn − z‖2 + λn‖xn − z‖2

+ ηn(δn‖un − z‖2 + (1− δn)‖vn − z‖2)

≤ αn‖u− z‖2 + βn‖xn − z‖2 + λn‖xn − z‖2

+ ηn(δn(‖xn − z‖2 − ‖xn − un‖2 − (r1n)2‖Gnxn −Gnz‖2

+ 2r1n‖xn − Tr1n(I − r1nGn)xn‖‖Gnxn −Gnz‖)
+ (1− δn)(‖xn − z‖2 − ‖xn − vn‖2 − (r2n)2‖Gnxn −Gnz‖2

+ 2r2n‖xn − Tr1n(I − r2nGn)xn‖‖Gnxn −Gnz‖))
≤ αn‖u− z‖2 + ‖xn − z‖2 − ηnδn‖xn − un‖2 −(1− δn)ηn‖xn−vn‖2

− ηn(δn(r1n)2 + (1− δn)(r2n)2‖Gnxn −Gnz‖2

+ 2ηnδnr
1
n‖xn − Tr1n(I − r1nGn)xn‖‖Gnxn −Gnz‖

+ 2(1− δn)ηnr
2
n‖xn − Tr1n(I − r2nGn)xn‖‖Gnxn −Gnz‖.

This implies that

ηnδn‖un − xn‖2 ≤ αn‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

+ 2ηnδnr
1
n‖xn − Tr1n(I − r1nGn)xn‖‖Gnxn −Gnz‖

+ 2(1− δn)ηnr
2
n‖xn − Tr1n(I − r2nGn)xn‖‖Gnxn −Gnz‖

≤ αn‖u− z‖2 + (‖xn − z‖+ ‖xn+1 − z‖)(‖xn+1 − xn‖)
+ 2ηnδnr

1
n‖xn − Tr1n(I − r1nGn)xn‖‖Gnxn −Gnz‖

+ 2(1− δn)ηnr
2
n‖xn − Tr1n(I − r2nGn)xn‖‖Gnxn −Gnz‖.

From the condition (i), (3.17) and (3.27), we have

lim
n→∞

‖un − xn‖ = 0. (3.28)

By using the same method as (3.28), we have

lim
n→∞

‖vn − xn‖ = 0. (3.29)

From the definition of yn, we have

‖yn − xn‖ = ‖δnun + (1− δn)vn − xn‖
≤ δn‖un − xn‖+ (1− δn)‖vn − xn‖.

From (3.28) and (3.29), we have

lim
n→∞

‖yn − xn‖ = 0. (3.30)
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From the nonexpansiveness of PC and z ∈ F , we have

‖PC (I − γnJn) yn − z‖2 = ‖PC (I − γnJn) yn − PC (I − γnJn) z‖2

≤ ‖(I − γnJn) yn − (I − γnJn) z‖2

= ‖yn − z − γn (Jnyn − Jnz)‖2

=‖yn−z‖2−2γn 〈yn−z, Jnyn−Jnz〉+γ2n ‖Jnyn−Jnz‖
2

≤‖xn−z‖2−2γn 〈yn−z, Jnyn−Jnz〉+γ2n ‖Jnyn−Jnz‖
2
.

(3.31)

For every x, y ∈ C, we have

〈Jnx− Jny, x− y〉 = an 〈Dx−Dy, x− y〉+ (1− an) 〈Ex− Ey, x− y〉

≥ an
µ

L2
D

‖Dx−Dy‖2 + (1− an)
ρ

L2
E

‖Ex− Ey‖2 . (3.32)

From (3.31) and (3.32), we obtain

‖PC (I − γnJn) yn − z‖2 ≤‖xn−z‖2−2γn 〈yn−z, Jnyn−Jnz〉+γ2n ‖Jnyn−Jnz‖
2

≤‖xn − z‖2 − 2γnan
µ

L2
D

‖Dyn −Dz‖2

− 2γn (1− an)
ρ

L2
E

‖Eyn − Ez‖2

+ γ2n ‖an(Dyn −Dz) + (1− an)(Eyn − Ez)‖2

≤‖xn − z‖2 − 2γnan
µ

L2
D

‖Dyn −Dz‖2

− 2γn (1− an)
ρ

L2
E

‖Eyn − Ez‖2

+ γ2nan ‖Dyn −Dz‖
2

+ γ2n(1− an) ‖Eyn − Ez‖2

= ‖xn − z‖2 − γnan
(

2µ

L2
D

− γn
)
‖Dyn −Dz‖2

− γn (1− an)

(
2ρ

L2
E

− γn
)
‖Eyn − Ez‖2 . (3.33)

From the definition of xn, we have

‖xn+1 − z‖2 ≤ αn ‖u− z‖2 + βn ‖xn − z‖2 + λn ‖xn − z‖2

+ ηn ‖PC(I − γnJn+1)yn − z‖2

≤ αn ‖u− z‖2 + βn ‖xn − z‖2 + λn ‖xn − z‖2

+ ηn(‖xn − z‖2 − γnan
(

2µ

L2
D

− γn
)
‖Dyn −Dz‖2

− γn (1− an)

(
2ρ

L2
E

− γn
)
‖Eyn − Ez‖2)
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≤ αn ‖u− z‖2 + ‖xn − z‖2 − ηnγnan
(

2µ

L2
D

− γn
)
‖Dyn −Dz‖2

− ηnγn (1− an)

(
2ρ

L2
E

− γn
)
‖Eyn − Ez‖2 .

It implies that

ηnγnan

(
2µ

L2
D

− γn
)
‖Dyn −Dz‖2 ≤ αn ‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

− ηnγn (1− an)

(
2ρ

L2
E

− γn
)
‖Eyn − Ez‖2

≤ αn ‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

≤ αn ‖u−z‖2+(‖xn−z‖+‖xn+1−z‖) ‖xn+1−xn‖ .

From the condition (i) and (3.17), we have

lim
n→∞

‖Dyn −Dz‖ = 0. (3.34)

By using the same method as (3.35), we have

lim
n→∞

‖Eyn − Ez‖ = 0. (3.35)

From the definition of Jn, we have

‖Jnyn − Jnz‖ ≤ an ‖Dyn −Dz‖+ (1− an) ‖Eyn − Ez‖ . (3.36)

From (3.34), (3.35) and (3.36), we have

lim
n→∞

‖Jnyn − Jnz‖ = 0. (3.37)

From the definition of PC (I − γnJ) and Lemma 2.11, it implies that

‖PC (I − γnJn) yn − z‖2 = ‖PC (I − γnJn) yn − PC (I − γnJn) z‖2

≤ 〈(I − γnJn) yn − (I − γnJn) z, PC (I − γnJn) yn − z〉

=
1

2

[
‖(I−γnJn) yn−(I−γnJn) z‖2+‖PC (I−γnJn) yn−z‖2

−‖(I−γnJn) yn−(I−γnJn) z−(PC(I−γnJn) yn−z)‖2
]

≤ 1

2
(‖yn − z‖2 + ‖PC (I − γJn) yn − z‖2

− ‖yn − PC (I − γnJn) yn − γn (Jnyn − Jnz)‖2)

≤ 1

2
(‖xn − z‖2 + ‖PC (I − γnJ) yn − z‖2

− ‖yn − PC (I − γnJn) yn‖2 − γ2n ‖Jnyn − Jnz‖
2

+ 2γn 〈yn − PC (I − γnJn) yn, Jnyn − Jnz〉)

≤ 1

2
(‖xn − z‖2 + ‖PC (I − γnJn) yn − z‖2

− ‖yn − PC (I − γnJn) yn‖2 − γ2n ‖Jnyn − Jnz‖
2

+ 2γn ‖yn − PC (I − γnJn) yn‖ ‖Jnyn − Jnz‖).
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It follows that

‖PC (I − γnJn) yn − z‖2 ≤‖xn − z‖2 − ‖yn − PC (I − γnJn) yn‖2

+ 2γ ‖yn − PC (I − γnJn) yn‖ ‖Jnyn − Jnz‖ . (3.38)

From the definition of xn and (3.38), we have

‖xn+1 − z‖2 ≤ αn ‖u−z‖2+βn ‖xn−z‖2+λn ‖xn−z‖2+ηn ‖PC(I−γnJn)yn−z‖2

≤ αn ‖u− z‖2 + βn ‖xn − z‖2 + λn ‖xn − z‖2 + ηn(‖xn − z‖2

−‖yn−PC(I−γnJn) yn‖2+2γn ‖yn−PC(I−γnJn)yn‖ ‖Jnyn−Jnz‖)

≤ αn ‖u− z‖2 + ‖xn − z‖2 − ηn ‖yn − PC (I − γnJn) yn‖2

+ 2ηnγn ‖yn − PC (I − γnJn) yn‖ ‖Jnyn − Jnz‖ .
It implies that

ηn ‖yn − PC (I − γnJn) yn‖2 ≤ αn ‖u− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

+ 2ηnγn ‖yn − PC (I − γnJn) yn‖ ‖Jnyn − Jnz‖

≤ αn ‖u−z‖2 + (‖xn−z‖−‖xn+1−z‖) ‖xn+1−xn‖
+ 2ηnγn ‖yn − PC (I − γnJn) yn‖ ‖Jnyn − Jnz‖ .

(3.39)

From the condition (i), (3.17), (3.37) and (3.39), we obtain

lim
n→∞

‖yn − PC (I − γnJn) yn‖ = 0. (3.40)

Since

‖xn − PC (I − γnJn) yn‖ ≤ ‖xn − yn‖+ ‖yn − PC (I − γnJn) yn‖ ,
from (3.30) and (3.40), we have

lim
n→∞

‖xn − PC (I − γnJn) yn‖ = 0. (3.41)

Step 4. We show that lim
n→∞

sup 〈u− z0, xn − z0〉 ≤ 0 where z0 = PFu. To show this,

choose a subsequence {xnk
} of {xn} such that

lim
n→∞

sup 〈u− z0, xn − z0〉 = lim
k→∞

〈u− z0, xnk
− z0〉 . (3.42)

Without loss of generality, we may assume that xnk
⇀ ω as k →∞ where ω ∈ C. From

(3.30), we obtain ynk
⇀ ω as k →∞. From (3.28), we have unk

⇀ ω as k →∞. Assume
ω /∈ V I(C,D)

⋂
V I(C,E). From Lemma 2.11 and Lemma 2.4, we have

V I(C,D)
⋂
V I(C,E) = V I(C, Jnk

) = Fix(PC(I − γnk
Jnk

)).

From the nonexpansiveness of PC (I − γnk
Jnk

), (3.41) and Opial’s condition , we obtain

lim
k→∞

inf ‖ynk
− ω‖ < lim

k→∞
inf ‖ynk

− PC(I − γnk
Jnk

)ω‖

≤ lim
k→∞

inf ‖ynk
− PC(I − γnk

Jnk
)ynk
‖

+ lim
k→∞

inf ‖PC(I − γnJnk
)ynk

− PC(I − γnk
Jnk

)ω‖

≤ lim
k→∞

inf ‖ynk
− ω‖ .
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This is a contradiction. Hence

ω ∈ V I(C,D)
⋂
V I(C,E). (3.43)

From the definition of xn, we have

xn+1 − xn = αn(u− xn) + λn(Snxn − xn) + ηn(PC(I − γnJn)yn − xn).

From the condition (i), (3.15) and (3.41), we have

lim
n→∞

‖Snxn − xn‖ = 0. (3.44)

Assume ω /∈
⋂∞
i=1 Fix(Ti). From Lemma 2.10 , we have Fix(S) =

⋂∞
i=1 Fix(Ti) . Then

ω /∈ Fix(S). From Remark 2.9, we have

lim
k→∞

inf ‖xnk
− ω‖ < lim

k→∞
inf ‖xnk

− Sω‖

≤ lim
k→∞

inf(‖xnk
− Snk

xnk
‖+ ‖Snk

xnk
− Snk

ω‖+ ‖Snk
ω − Sω‖)

≤ lim
k→∞

inf ‖xnk
− ω‖ .

This is a contradiction. Then

ω ∈ Fix(S) =

∞⋂
i=1

Fix(Ti). (3.45)

Since

F1(un, y) + ϕ1(y)− ϕ1(un) + 〈Gnxn, y − un〉+
1

r1n
〈y − un, un − xn〉 ≥ 0,∀y ∈ C,

from (A2), we have

ϕ1(y)− ϕ1(un) + 〈Gnxn, y − un〉+
1

r1n
〈y − un, un − xn〉 ≥ F1(y, un),∀y ∈ C.

In particular

ϕ1(y)−ϕ1(uni
)+〈Gni

xni
, y−uni

〉+ 1

r1ni

〈y−uni
, uni
−xni

〉 ≥ F1(y, uni
),∀y ∈ C.

It follows that

ϕ1(y)− ϕ1(uni
) + 〈Gni

xni
, y − uni

〉+ 〈y − uni
,
uni − xni

r1ni

〉 ≥ F1(y, uni
). (3.46)

For 0 < t ≤ 1 and y ∈ C, let yt = ty + (1− t)ω. From (3.46), we have

ϕ1(yt)− ϕ1(uni) + 〈yt − uni , Gniyt〉
≥ 〈yt − uni

, Gni
yt〉 − 〈yt − uni

, Gni
xni
〉

− 〈yt − uni ,
uni − xni

r1ni

〉+ F1(yt, uni)

= 〈yt − uni , Gniyt −Gniuni +Gniuni〉 − 〈yt − uni , Gnixni〉

− 〈yt − uni
,
uni
− xni

r1ni

〉+ F1(yt, uni
)

= 〈yt − uni
, Gni

yt −Gni
uni
〉+ 〈yt − uni

, Gni
uni
−Gni

xni
〉

− 〈yt − uni
,
uni
− xni

r1ni

〉+ F1(yt, uni
).
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Since ‖uni
− xni

‖ → 0, we have ‖Gni
uni
− Gni

xni
‖ → 0. Since

uni
−xni

r1ni

→ 0 and

〈yt − uni
, Gni

yt −Gni
uni
〉 ≥ 0 and (A4), we have

ϕ1(yt)− ϕ1(ω) + 〈yt − ω,Gni
yt〉 ≥ F1(yt, ω). (3.47)

Form (A1), (A4) and (3.47), we have

0 = F1(yt, yt) + ϕ1(yt)− ϕ1(yt)

≤ tF1(yt, y) + (1− t)F1(yt, ω) + tϕ1(y) + (1− t)ϕ1(ω)− ϕ1(yt)

≤ tF1(yt, y) + (1− t)ϕ1(yt)− (1− t)ϕ1(ω) + (1− t)〈yt − ω,Gni
yt〉

+ tϕ1(y) + (1− t)ϕ1(ω)− ϕ1(yt)

= tF1(yt, y) + tϕ1(y)− tϕ1(yt) + (1− t)〈ty + (1− t)ω − ω,Gni
yt〉

= tF1(yt, y) + tϕ1(y)− tϕ1(yt) + (1− t)t〈y − ω,Gni
yt〉.

Dividing by t, we have

0 ≤ F1(yt, y) + ϕ1(y)− ϕ1(yt) + (1− t)〈y − ω,Gniyt〉.

Letting t→ 0, it follows from (A3), we have

0 ≤ F1(ω, y) + ϕ1(y)− ϕ1(ω) + 〈y − ω,Gniω〉,∀y ∈ C. (3.48)

From Lemma 2.13, we have

ω ∈ GMEP (F1, ϕ1, ani
A+ (1− ani

)B) = GMEP (F1, ϕ1, A)
⋂
GMEP (F1, ϕ1, B).

By using the same method as (3.48), we have

ω ∈ GMEP (F2, ϕ2, A)
⋂
GMEP (F2, ϕ2, B).

Hence ω ∈ F . Since xnk
⇀ ω and ω ∈ F , we have

lim
n→∞

sup 〈u− z0, xn − z0〉 = lim
k→∞

〈u− z0, xnk
− z0〉 = 〈u− z0, ω − z0〉 ≤ 0.

(3.49)

Step 5. Finally, we show that lim
n→∞

xn = z0, where z0 = PFu. From the nonexpansiveness

of PC (I − γJn), we have

‖xn+1 − z0‖2 = ‖αn(u−z0)+βn(xn−z0)+λn(Snxn−z0)+ηn(PC(I−γnJn)yn−z0)‖2

≤ ‖βn(xn − z0) + λn(Snxn − z0) + ηn(PC(I − γnJn)yn − z0)‖2

+ 2αn〈u− z0, xn+1 − z0〉
= (1− αn)2‖xn − z0‖2 + 2αn〈u− z0, xn+1 − z0〉
≤ (1− αn)‖xn − z0‖2 + 2αn〈u− z0, xn+1 − z0〉.

Applying Lemma 2.2 and (3.49), we have the sequence {xn} converse strongly to z0 =
PFu. This complete the proof.

Using our main theorem (Theorem 3.1), we obtain the following results.
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Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let Fi : C × C → R be a bifunction satisfy A1) − A4) and Fi(x, z) ≤ Fi(x, y) + Fi(y, z)
for all x, y, z ∈ C and i = 1, 2. Let A,B be α, β-inverse strongly monotone, respectively
and D,E be LD, LE-Lipschitz continuous and µ, ρ-strongly monotone mapping, respec-
tively. Let {Ti}∞i=1 be κi-strictly pseudo-contractive mapping of C into itself with F :=⋂∞
i=1 Fix(Ti)

⋂
EP (F1, A)

⋂
EP (F1, B)

⋂
EP (F2, A)

⋂
EP (F2, B)

⋂
V I(C,D)

⋂
V I(C,E) 6=

∅ and κ = supi∈Nκi and let αj = (αj1, α
j
2, α

j
3) ∈ I×I×I where I = [0, 1] , αj1+αj2+αj3 = 1,

αj1 + αj2 ≤ b < 1 and αj1, α
j
2, α

j
3 ∈ (κ, 1) for all j = 1, 2, . . . . For every n ∈ N, let Sn be

S-mapping generated by Tn, Tn−1, . . . , T1 and αn, αn−1, . . . , α1. Assume the either B1) or
B2) holds and let the sequence {xn} generated by x1, u ∈ C and

F1(un, y) + 〈anAxn + (1− an)Bxn, y − un〉+
1

r1n
〈y − un, un − xn〉 ≥ 0,

F2(vn, y) + 〈anAxn + (1− an)Bxn, y − vn〉+
1

r2n
〈y − vn, vn − xn〉 ≥ 0,

yn = δnun + (1− δn)vn,

xn+1 = αnu+ βnxn + λnSnxn + ηnPC(I − γn(anD + (1− an)E))yn,∀n ≥ 1.

where the sequence {αn}, {βn}, {λn}, {ηn}, {δn} ⊆ [0, 1] with αn + βn + λn + ηn = 1 for
all n ∈ N , {an} ⊂ (0, 1) and {rjn} ⊆ [b, c] ⊂ (0, 2min{α, β})for all j = 1, 2. Suppose the
following conditions hold:

(i):

∞∑
n=1

αn =∞, lim
n→∞

αn = 0, {βn} ⊆ [d, e] ⊂ (0, 1),

(ii): 0 < γn ≤ min{ 2µ
L2

D
, 2ρ
L2

E
},

(iii): lim
n→∞

δn = δ ∈ (0, 1),

∞∑
n=1

αn1 <∞,

(iv):

∞∑
n=1

∣∣∣rjn+1 − rjn
∣∣∣ <∞ ∞∑

n=1

|αn+1 − αn| <∞,
∞∑
n=1

|γn+1 − γn| <∞,

∞∑
n=1

|δn+1 − δn| <∞,
∞∑
n=1

|an+1 − an| <∞,
∞∑
n=1

|βn+1 − βn| <∞,

∞∑
n=1

|λn+1 − λn| <∞,

∞∑
n=1

|ηn+1 − ηn| <∞ for all j = 1, 2.

Then, the sequence {xn} converges strongly to z0 = PFu.

Proof. Put ϕ1 ≡ ϕ2 ≡ 0 in Theorem 3.1. So, from Theorem 3.1, we obtain the desired
result.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A,B be α, β-inverse strongly monotone, respectively and D,E be LD, LE-Lipschitz contin-
uous and µ, ρ-strongly monotone mapping, respectively. Let {Ti}∞i=1 be κi-strictly pseudo-
contractive mapping of C into itself with F :=

⋂∞
i=1Fix(Ti)

⋂
VI(C,A)

⋂
VI(C,B)

⋂
VI(C,D)⋂

V I(C,E) 6= ∅ and κ = supi∈Nκi and let αj = (αj1, α
j
2, α

j
3) ∈ I × I × I where I = [0, 1] ,

αj1 +αj2 +αj3 = 1 , αj1 +αj2 ≤ b < 1 and αj1, α
j
2, α

j
3 ∈ (κ, 1) for all j = 1, 2, . . . . For every

n ∈ N, let Sn be S-mapping generated by Tn, Tn−1, . . . , T1 and αn, αn−1, . . . , α1. Let the
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sequence {xn} generated by x1, u ∈ C and

xn+1 =αnu+ βnxn + γnSnxn

+ηnPC(I−γn(anD + (1−an)E))PC(I−r1n(anA+(1−an)B))xn,∀n ≥ 1.

where the sequence {αn}, {βn}, {γn}, {ηn}, {δn} ⊆ [0, 1] with αn + βn + γn + ηn = 1 for
all n ∈ N , {an} ⊂ (0, 1) and {r1n} ⊆ [b, c] ⊂ (0, 2min{α, β}) for all j = 1, 2. Suppose the
following conditions hold:

(i):

∞∑
n=1

αn =∞, lim
n→∞

αn = 0, {βn} ⊆ [d, e] ⊂ (0, 1),

(ii): 0 < γn ≤ min{ 2µ
L2

D
, 2ρ
L2

E
},

(iii):

∞∑
n=1

αn1 <∞,

(iv):

∞∑
n=1

∣∣r1n+1 − r1n
∣∣ <∞ ∞∑

n=1

|αn+1 − αn| <∞,
∞∑
n=1

|γn+1 − γn| <∞,

∞∑
n=1

|λn+1 − λn| <∞,
∞∑
n=1

|an+1 − an| <∞,
∞∑
n=1

|βn+1 − βn| <∞,

∞∑
n=1

|ηn+1 − ηn| <∞.

Then, the sequence {xn} converges strongly to z0 = PFu.

Proof. Putting F1 ≡ F2 ≡ ϕ1 ≡ ϕ2 ≡ 0, r1n = r2n and vn = un in Theorem 3.1, we have.

〈y − un, xn − r1n(anAxn + (1− an)Bxu)− un〉,∀y ∈ C.
It implies that

un = PC(I − r1n(anA+ (1− an)B))xn.

So, from Theorem 3.1 and Remark 2.12, we obtain the desired result.
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