Thai Journal of Mathematics
Volume 19 Number 1 (2021)
Pages 233-249

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Approximate Quasi Solutions of Multiobjective
Optimization Problems

Chanoksuda Khantree! and Rabian Wangkeeree!2:*
1 Department of Mathematics, Faculty of Science, Naresuan University, Phitsanulok, 65000, Thailand
e-mail : chanoksuda_-k@hotmail.com (C. Khantree)

2 Research center for Academic Excellence in Mathematics, Naresuan University, Phitsanulok, 65000,
Thailand
e-mail : rabianw@nu.ac.th (R. Wangkeeree)

Abstract This paper deals with quasi approximate properly efficient solutions of multiobjective opti-
mization problems involving nonsmooth functions. In this case, some necessary and sufficient conditions
for these approximate solutions in the multiobjective are provided via max function. As a consequence,
we obtain Fritz-John type necessary conditions for approximate properly efficient solutions of the consid-

ered problem by exploiting the corresponding results of the approximate properly efficient solutions.

MSC: 41A29; 90C26; 90C29; 90C30; 90C46

Keywords: multiobjective optimization; approximate solution; e-proper efficiency

Submission date: 29.01.2019 / Acceptance date: 14.06.2020

1. INTRODUCTION

Interest in getting approximate solutions of optimization problems has spread greatly
during the past 30 years. This growing interest is essentially due to two reasons. First,
mathematical models are an approximation of practical situations. Second, the use of
an algorithm in a computer in order to solve an optimization problem often leads to an
approximation of the solution.

Particularly, the interest has been emphasized in multiobjective optimization because
this area studies decision models widely used in the practice. Moreover, the efficient set
of multiobjective optimization might be empty in a non-compact instance, while approxi-
mate efficient set might be nonempty under very weaker requirements. The first concepts
of approximate solution or e-efficient solution in multiobjective optimization appear in
the works of Kutateladze [1]. Then, White [2] studied six kinds of e-efficiency for multi-
objective optimization, and several researchers studied some properties of these concepts
and the relationships between them.

One of the most important notions in multiobjective optimization theory is proper ef-
ficiency, to eliminate the situations in which the trade-off between criteria is unbounded.

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright © 2021 by TJM. All rights reserved.



234 Thai J. Math. Vol. 19 (2021) /C. Khantree and R. Wangkeeree

Geffrion [3] has studied this problem in finite dimensions with the coordinate ordering
and has suggested a restriction to ”proper” efficient points which allows for a reasonable
characterization. Because of the importance of this concept, it is necessary to filter out
the e-strongly efficient points with unbounded trade-off between criteria, through defining
e-proper efficiency concept. Li and Wang [1] introduced the concept of e-proper efficiency
at first, and obtained necessary conditions for e-proper efficiency through scalarization
methods. Thereafter, Liu [5] derived a necessary and sufficient condition for e-properly ef-
ficient solutions of convex multiobjective optimization. More definitions, generalizations,
and characterizations of e-proper efficiency can be found.

Recently, Beldiman et al. [6] considered approximate quasi (weak, proper) efficiency in
multiobjective optimization and derived necessary conditions for these kinds of approxi-
mate solutions by using an alternative theorem. Their concepts, generalize definitions of
(weak, proper) efficiency as well as e-(weak, proper) efficiency. Also, Panaitescu and Dog-
aru [7] derived two necessary conditions for e-quasi proper efficient points as well as two
sufficient conditions for e-quasi efficient solutions of a general multiobjective optimization.

The layout of the paper is as follows. Section 2 collects definitions, notations and
preliminary results that will be used later in the paper. Section 3 establishes necessary
conditions for approximate solution to two problems consist of unconstrained multiob-
jective optimization problem and constrain multiobjective optimizaton problem. Finally,
apply multiobjective optimization problems to linear multiobjective optimization prob-
lems in Section 4.

2. PRELIMINARIES

Throughout the paper, we use the standard notation of variational analysis. Unless
otherwise specified, all spaces under consideration are Asplund spaces (i.e., Banach spaces
whose separable subspaces have separable duals) whose norms are always denoted by || - ||.
The canonical pairing between space X and its dual X* is denoted by (-,-). The symbol
Bx stands for the closed unit ball in X. As usual, the polar cone of Q C X is the set

0° = {z" € X*| (z*,2) <0,Vz € Q}.

Also, we denote by R’} the nonnegative orthant of R™ where m € N:= {1,2,...}.
Given a set-valued mapping F' : X = X* between X and its dual X*, we denote by

T—T

limsup F(z) := { e X*

3 sequences x, — T and z} —— z*
with z¥ € F(x,) forall neN ’

(2.1)

the sequential Painlevé-Kuratowski upper/outer limit of F' as x — Z. Here the symbol
7 indicates the convergence in the weak™ topology of X*.

A set Q C X is called closed around T € € if there is a neighborhood U of  such
that QN clU is closed. We say that € is locally closed if €2 is closed around z for every
z € Q. Let Q C X be closed around z € ).

The Fréchet/regular normal cone to ) at T € Q is defined by

N@@y:{ﬁex*

limsupwgo , (2.2)
P e
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where 7 - 7 means that z — Z with z € Q. If o ¢ Q, we put N(z,Q) := 0.
The Mordukhovich/limiting normal cone N(Z,) to Q at T € Q is obtained from
regular normal cones by taking the sequential Painlevé-Kuratowski upper limits as:
N(i, Q) := lim sup N(x, Q). (2.3)
If x ¢ Q, we put N(z;Q) := 0.
When X is a finite-dimensional space, the Mordukhovich normal cone enjoys the so-
called robustness property (see [3, Page 11]), that is,

N(z;Q) = limsup N(z;) Vz € Q. (2.4)
T—T
For an extended real-valued function ¢ : X — R := [~00, o], we set

domy :={x € X | p(x) < oo}, epig:={(z,u) € X xR |pu>epx)}.
The Mordukhovich/limiting subdifferential of ¢ at T € X with |p(Z)| < oo is defined
by
Dp(3) i= {2* € X" | (2%, —1) € N((7, p(2)); epi®)}. (2.5)
If |p(Z)] = oo, then one puts dp(z) := 0.
Considering the indicator function §(-;Q) defined by §(z;2) = 0 for z € Q and by
d(z; Q) = oo otherwise, we have (see [8, Proposition 1.79]):

N(z;Q) = 06(z;Q) Vz € Q. (2.6)

The nonsmooth version of Fermat’s rule (see, [3, Proposition 1.114]) is formulated as
follows: If T is a local minimizer for ¢, then

0 € 9p(T). (2.7)

For a function ¢ locally Lipschitz at Z with modulus ¢ > 0, it holds that (see [8,
Corollary 1.81])

lz*|| < € Vz* € 0p(T). (2.8)
In what follows, we also use the limiting/Mordukhovich subdifferential sum rule.

Lemma 2.1. [%, Theorem 3.36] Let ¢; : X — R, be lower semicontinuous around & € X
fori=1,2,--- ,n,andn > 2, and let all but one of these functions be Lipschitz continuous
around . Then one has

1+ @2+ ...+ ¢n)(Z) C Op1(T) + Opa(T) + ... + Opn(T). (2.9)

Finally in this section, we recall the Ekeland variational principle (see [9]), which is
needed for our investigation.

Lemma 2.2. (Ekeland Variational Principle) Let (X, d) be a complete metric space and
©: X = R be a proper lower semicontinuous function bounded from below. Let € > 0 and
xg € X be given such that p(xg) < infcx @(z) +e. Then for any A > 0 there isZ € X
satisfying

(i) »(z) < o(xo),
(it) d(Z,z0) < A,

(iti) ¢(z) < p(z) + ;d(x,i) for all z € X\{z}.



236 Thai J. Math. Vol. 19 (2021) /C. Khantree and R. Wangkeeree

3. NECESSARY CONDITIONS FOR APPROXIMATE SOLUTIONS

Let ©Q be a nonempty closed subset of X, and let K := {1,2,...,m}, and I :=
{1,2,...,p} be index sets. Suppose that f := (fx),k € K and g := (g;),7 € I are
locally Lipschitz functions on X.

3.1. UNCONSTRAINED MULTIOBJECTIVE OPTIMIZATION PROBLEM

We consider the unconstrained multiobjective optimization problem:

min{f(z) |z € X}. (3.1)
In what follows, we deal with approximate efficient solutions of problem (3.1)(see
[10, 11]). The interested reader is referred to [6, 12] for various characterizations of

weak /proper approximate efficient solutions via scalarization methods.

Definition 3.1. [5, 6] Let € := (e1,...,&m) € RY.
1. We say that z € X is an e-weakly efficient solution of problem (3.1) if there is
no x € X such that

fu(@) +ex < fu(@), ke K. (3.2)

2. We say that Z € X is an e-efficient solution of problem (3.1) if there is no
2 € C such that

fk(a?)—l—fk < fx(Z), ke K, (3.3)
with at least one strict inequality.

3. A point Z € X is called an e-quasi-weakly efficient solution of problem (3.1) if
there is no z € X such that

fk(m)—l—EkHl‘—.fH <fk<.'i‘), ke K. (34)
4. A point z € C is called an e-quasi-efficient solution of problem (3.1) if there is
no x € X such that

fe(x) +epllz — 2| < fr(@), k€K, (3.5)

with at least one strict inequality.

Definition 3.2. [5] A point € X is called an e-properly efficient solution of problem
(3.1) if it is an e-efficient solution and there is a real positive number M > 0 such that for
each k € K and x € X satisfying fr(x) + e < fix(Z), there exists at least one an index
j € K such that f;(z) < f;(z) +¢; and

fe(Z) — fe(x) — e <
fi(@) = f;(2) +¢; —

Definition 3.3. [6] A point Z € X is called an e-quasi-properly efficient solution of
problem (3.1) if it is an e-quasi-efficient solution and there is a real positive number
M > 0 such that for each k € K and = € X satisfying fr(z) + exl|lx — Z|| < f&(Z), there
exists at least one an index j € K such that f;(Z) < f;(x) + €|z — Z|| and

fk(i‘) - f}g(&?) — 5k||.13 _ j:H
fi(@) — £;(Z) + ]|z — 1] <M.
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Remark 3.4.

1. e-proper efficiency = e-efficiency = e-weak efficiency;

2. e-quasi-proper efficiency = e-quasi-efficiency = e-quasi-weak efficiency;

3. when £ = 0, an e-(properly, weakly) efficient solution of problem (3.10) is a (properly,
weakly) efficient solution see e.g., [13—15];

4. when € = 0, an e-quasi-(properly, weakly) efficient solution of problem (3.10) is aquasi-
(properly, weakly) efficient solution.

Hence the case of € # 0 is often of interest when dealing with approximate efficient
solutions. For this reason, we always assume here after that ¢ € R \ {0}.
Let ¢ : X — R, 0 be a given positive number and the scalar optimization problem:

min{¢(x) | z € X} (3.6)
Definition 3.5. [4]

1. A point T € X is called an f-optimal solution of (3.6) if ¢(x) > ¢(z) — 6 for
any x € X.

2. A point Z € X is called an #-quasi optimal solution of (3.6) if ¢(z)+0||x —Z| >
#(z) for any = € X.

To prove our main results, we quote an alternative theorem for nonconvex functions
as follows:

Lemma 3.6. [16, Theorem 3.1] One and only one of the following alternatives holds:
1. there exists some x € X such that
fu(z) <0, Vk € K;

2. for any k € K, and negative numbers 6y, there exist positive numbers \j, = 5,;1,
such that

— > .
1}3162})(()\;@[]“;6(95) 0kl >1, Ve e X

Lemma 3.7. [1] If T € X is an e-properly efficient solution of (3.1), then the system
(@) + pef (@) < arfu(®) + pef(E) — aner — pee, Vi € K

admits no solution x € X, for some p > 0, where oy, > 0,k € K and e := (1,1,...,1)T ¢

R™.

From Lemmas 3.6 and 3.7, we get the following necessary condition for a feasible
solution to be an e-properly efficient solution.

Theorem 3.8. [1] Any e-properly efficient solution T of (3.1), is an 9-optimal solution
to the scalar optimization problem
min {%wn(x) —y0) + pe(f(x) )] |2 € X} (3.7)

for some p > 0, where e = maxyex Mi(ex+pec), v = [(fr(T) —y50) +pe(f (@) —y*)] ", vi
is any number such that A, > 0,k € K and y* := (y7,y5,...,y5)-

Since [1] has lemma for Z € X is e-properly efficient solution of (3.1), we will prove
lemma for Z € X is e-quasi-properly efficient solution of (3.1) as follows.
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Lemma 3.9. If T € X is e-quasi-properly efficient solution of (3.1), then the system
apfi(®) + pef(z) < anfu(®) + pef (5) — anexllz — 7| — peclle — 3|, Yk € K,

admits no solution x € X for some p > 0, where a, > 0,k € K and e = (1,1,...,1)T ¢

R™.

Proof. Suppose that Z € X, is an e-quasi-properly efficient solution of (3.1). Thus T is

also an e-quasi efficient solution of (3.1). By the e-quasi efficiency of Z, the system
fi(@) < fu(Z) — exllz — 2||,Vk € K,

has no solution z in X. Hence, for any ay > 0,k € K, the system

ar fr(®) < ap fi(ZT) — agerllz — 2|, (3.8)
has no solution z in X. Let & € X be fixed. We discuss in the following two cases.

Case I: We prove that if ef (Z) — ee||& — Z|| < ef(Z), then the system of k inequalities
nfi(®) + pef (@) < anful®) + pef (2) — aperlli — & - pes)d — 71|,k € K,
is inconsistent for any p > 0. This is because if it was not the case, we would
have
a fi(T) — an fr(2) — anepl|Z — 2| > pef(2) — pef(z) + pee||t — Z|| = 0,Vk € K,
which is a contradiction to (3.8).

Case II: If ef (Z) — ec||Z — Z|| > ef (&), then
K :={k € K| fe(z) —exllz — 2| > fr(2)} # 0.

Since ¥ € X is an e-quasi-properly efficient solution of (3.1) and by Remark 3.4, 7
is an e-quasi efficient solution of (3.1). There exists some k € K such that fz (&) >

Jr(@)—egll2—z||. Let fi(2)—fi(Z)+el|t—2| = maxpe x {fe(2)—fr(T)+erll 22 }-
Thus fi(%) — fi(Z) + &||& — Z|| > 0. Since T € X is an e-quasi-properly efficient
solution of (3.1), there exists an M > 0 such that for any k& € K, there exists an
J € K satisfying f;(2) > f;(Z) — ;]| — Z|| and
fk(?) - fk(ﬂf) - €k||~:ﬂ - ifH <M.
[i(@) = f3(z) + &5l12 — 2|
Thus for any k € K,
fr(@) = fr(@) — x| — 2| < M[f;(2) — f;(Z) +&5[1& — 2]

< M[fi(2) = fi(Z) + &ll& — Z[],

and hence
[11(@) = fi@) +allz — 2] Y [fr(@) — ful@) — exll — 2[] < Mm.
keK
Since
0<ef(®)—ef(&)—ecld—z| < Y [fu(@) — ful@) — exlld — 2],
keK
we have

[i(2) = fi(@) + ez — z]] 7 [ef () - ef(2) = ecll& — z]]] < Mm.
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Let p < minge g o (Mm)~t. Then
p < ay(Mm)~"

< alfi@) = fiz) +alld - 2|]
T oef(@) —ef(d) —egl| -z

ie.,
pef(T) — pef(E) — pee||Z — Zl| < au[fi(2) — fi(Z) +&il|& — Z|].
Hence
arfi(T) + pef(T) — mell|d — || — pee||2 — z|| < a1 fi(&) + pef(E).
Therefore, the system of k inequalities
apfi(L) + pef (%) < arfr(T) + pef (T) — arer||2 — T|| — pee||t — Z||,Vk € K,
is inconsistent.
Noting that & can be any element of X, we conclude that the system
apfi() +pef(z) < anfu(®) +pef(z) — arer||z — z|| — pecllz — ||, Vk € K,z € X,

has no solution for some p > 0. This completes the proof. =

Theorem 3.10. Any e-quasi-properly efficient solution T of (3.1) is an go-quasi optimal
solution to the scalar optimization problem

min {%Akmm D)+ pelf(x) )] |z € X} (3.9)

for some p > 0, where A\, = [(fx(Z) —y5) + pe(f(Z) —y*)| 7, y; is any number such that
A > 0,k € K and g9 = maxpei A (ep + peg).

Proof. By Lemma 3.9, let a, = 1,k € K, there exists a p > 0 such that
Jr(@) + pef(x) < fr(Z) + pef(Z) — ekllz — 2| — peellz — 2|, VEk € K,

has no solution. By Lemma 3.6, for any k£ € K, and negative numbers §j, there exist
positive numbers A\, = —(5,;1 > 0, such that

1< e Mel(f() = @) + 2o = 3l) + pe £ (@) — £(2) +ello— 7)) — 6], ¥ € X.

Let y; be a number such that 6, = (y; — f&(Z)) +pe(y* — f(Z)) < 0, for all k € K. Denote
Ao = [(fu(@) = yi) + pe(f(z) —y*)] . For any z € X,

1 < max A[(fi(2) — i) + pe(f(x) —y7) + (e + pee)lw — 2]

(z
< max A[(fi(2) — yi) + pe(f(2) —y")] + max(ex + pee)l|z — 2|
= max A [(fr(2) = yi) + pe(f(2) = y")] + eollz — ]|

Since
1 — me SE@) = 90) + pe(f(@) —y7)
kel (fu(z) — yi) + pe(f(z) —y*)

= max A [(f(2) — yi) + pe(f(2) =y,
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we have for any = € X,
max Ax[(fi(2) = 9i) + pe(f(2) —y")] + eollz — 2|
> max \[(fi(2) — yk) + pe(f(2) —y7)]-

The proof is completed. n

3.2. CONSTRAIN MULTIOBJECTIVE OPTIMIZATON PROBLEM

The main results in this section are two necessary conditions for a feasible solution to
be e-properly efficient solutions and e-quasi-properly efficient solutions of this following
problem.

We focus on the constrained multiobjective optimization problem :

min{f(z) |z € C}, (3.10)
where C' is the feasible set given by
C:={zxeQ]glx)<0,iel}. (3.11)

To simplify the statements concerning problem (3.10), for fixed Z € X and e-properly
efficient solution, we define a real-valued function v on X as follows:

wi) = max {\l(fu(@) —yi +en) +pe(f(@) =y + o)l gi(2)}, z€X,
(3.12)

for some p > 0, where A\, = [(fx(Z) — y;) + pe(f(Z) —y*)]~! and y} is any number such
that Ay > 0,k € K, which motivated by Theorem 3.8.

Note that since e := (1,1,...,1)7 € R™ e = (e1,€2,...,6m) € R and [ :=
(fi, fo,--+» fm), we can see that es = (1,1,...,1)T(e1,69,...,6m) = ekt and ef =

(L1, DT (frs fas ooy fn) = ek fiwherel € K :={1,2,...,m}.
The following theorem provides a Fritz-John type necessary condition in a fuzzy form
for e-properly efficient solutions of problem (3.10).

Theorem 3.11. Let & be e-properly efficient solution of (3.10). For any v > 0, there
exist x, € Q,p > 0, > 0,k € K,pu; > 0,0 € I with Sgegne + Xicrps = 1, such that
|z, — Z|| < v and

0€ Z nk>\k <8fk(mu) +p Z afl('rv)> + Zﬂiagi(xu) + %BX* + N(xu§ Q),

keK leK el

KA [(fk(xv) —yi+er)+p (Z filwy) = i + Za) — w(xv)] =0,k € K,

leK leK leK
i [gi(z,) —¥(x,)] =0, i€,

where g9 = maxge i A\ (ex + peg), i = [(fx(Z) — ;) + pe(f(Z) —y*)| 1,y is any number
such that A\, > 0 and the function 1 was defined in (3.12).

Proof. Let T be an e-properly efficient solution of (3.10). Then Z is an e-efficient solution
and there is a real positive number M > 0 such that for each k¥ € K and z € X satisfying
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fr(x) +er < fr(Z), there exists at least one an index j € K such that f;(z) < f;(z) +¢;
and

fi(@) — fk(ff) —Ck
fil@) = f;(x) + ¢
Let us consider the function v defined in (3.12),

P(x) = pnax Pel(fr(z) — i +ex) + pe(f(z) —y* +¢)],9:(2)}, v € X,

for some p > 0, where A\, = [(fx(Z) — y;) + pe(f(Z) — y*)]! and y} is any number such
that Ay > 0,k € K. If z € C, then g;(x) < 0,Vi € I. If z ¢ C but z € Q, then there
exists i € I such that g;(z) > 0. Since Z € Q, ¥ is an e-properly efficient solution and by
Lemma 3.7, we obtain that there are p > 0, a; > 0 and there is no = € ) such that

anfe(@) + pef(x) < anfu(®) + pef(z) — axey — pee, ¥k € K.
This implies that there is no x € 2 such that
(fe(@) — fu(Z) + k) + pe(f(z) — f(Z) +¢) <0, Vk e K.
Thus there exists k € K such that for each z € Q,
0 < (fi(@) = fi(Z) + ) + pe(f(z) — f(Z) +¢)
< [(Fr(2) =) = (i (@) —yp) + &3] + pel(f () —y*) = (f(Z) —y") + €],
it follows that
(fi(®) =) + pe(f(T) —y") < [(fi(2) — i) + el + pel(f(2) —y") + €],
0 < Ual®) = £i(@) +&p) + pe(f (@) — f(Z) +¢)
- (fi(®@) = y7) + pe(f(T) —y*)
A [(fr(@) = fr(@) +ep) + pe(f(2) = f(2) + )],
where \; = [(f;(Z

) —yi) + pe(f(@) —y")]~ 1,yk is any number such that \; > 0. Thus
0 < ¢(z) Vo€ Q, (3.13)

which infers that ¢ is bounded from below on . This implies that inf,cq ¥ (z) exists,
which inf,ecq ¥ (x) >0

In addition, due to Z € C, we obtain that g;(z) < 0,Vi € I. We consider

w(@) = max (k@) —yp +er) +pe(f(7) -y + )] 0i(2)}
= | Dax {\k(eg + pee) +1,4:(Z)}

max{A(ex + pee) +1}
= ¢go+1,
where ¢ := maxgex A\i(ex + pee). This implies that

$(@) < inf (e) + 20+ 1.
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For any v > 0, applying the Ekeland variational principle Lemma 2.2, there exists x,, € €2
such that ||z, — Z|| < v and

eo+1
W(zy) < (z) + OU | — |, Va e .
This means that z,, is a minimizer to the scalar optimization problem
mig (),
where
eo+1
o(z) = Y(z) + " |z — x|, € Q. (3.14)
Thus x,, is a minimizer to the unconstrained scalar optimization problem
i o(x; Q). 1
min p(z) + 8(z; Q) (3.15)

Applying the nonsmooth version of Fermat’s rule (2.7) to the unconstrained scalar opti-
mization problem (3.15), we obtain

0€d(p+0(59)) (z). (3.16)

Since the function ¢ is Lipschitz continuous around x,, and the function §(-; Q) is lower
semicontinuous around z,, it follows from the sum rule (2.9) applied to (3.16) and from
the relation in (2.6) that

0 € Op(xy) + N(x,; ). (3.17)
Note that from evaluated the subdifferential of norm in Banach space [18, Example 4,
Page 193],

|| - = |[)(zv) = Bx~.
Applying again the sum rule (2.9) to ¢ defined in (3.14), we get (3.17) that
eo+1
v

0 € d(xy) + Bx+ + N(24;9). (3.18)

Now, invoking the formula for the Mordukhovich/limiting subdifferential of maximum
functions (see [3, Theorem 3.46(ii)]) and the sum rule (2.9) applied to ¢ in (3.4) we have

O (w0) C > ek (Dfw(wo) + pdlef) (o)) + Y 10gi(wy), (3.19)
keK i€l

where
Nk ZO,kEK,Mi 2072‘6],

DoAY pmi=1,

kEK il
ek [(fe(@o) — yi +ex) +pe (f(zo) —y" +e) — ()] =0,k € K,
1ilgi(z0) — (xy)] = 0, € I.

This implies that

eo+1
v

0€ > Mk <8fk(x,u) +0> 6fl(x,u)> + widgi(w)+ Bx-+N(z,;9),

keK leK el
(3.20)
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where

Nk ZO,/{;EK,M, >O7i617

S pi=1,

keK icl

Ak | (fe(@o) — vk +ex) +p (Z filwy) = ui + Z&) - 1/1(%)1 =0,k € K,

leK leK leK
,Ui[gi(l'u) - 1/)(171))] =0,i€el.

To simplify the statements concerning problem (3.10), for fixed Z is e-quasi-properly
efficient solution, we define a real-valued function ® on X as follows:

0(z) = max {M[(fu(2) = yi +exlle —2ll) + pe(f(@) —y" +ellw = )], gi(2)}
(3.21)

for some p > 0, where A\, = [(fx(Z) — y;) + pe(f(Z) — y*)]~" and y} is any number such
that Ay > 0,k € K which motivated by Theorem 3.10 with Z is an ep-quasi optimal
solution of (3.9).

The following theorem provides a Fritz-John type necessary condition in a fuzzy form
for e-quasi-properly efficient solutions of problem (3.10).

Theorem 3.12. Let T be an e-quasi-properly efficient solution of (3.10). Then there
exist p>0,m >0,k € K,u; > 0,1 € I with Xgegnr + Xicrps = 1 such that

0€ > med <3fk(f)+ﬂzafl(f) + (&d-ﬂzfz) BX*) + > igi(®)+N(z;Q),

keK leK leK i€l
uigi(f) =0,i€ 1. (322)

Proof. Let T be an e-quasi-properly efficient solution of (3.10).
By Theorem 3.10, there exists p > 0 such that z is an €y-quasi optimal solution to the
scalar optimization problem (3.9), that is

win {gleafgcm(fk(x) ) 4 pelf@) — )] |z e X} |

where A\, = [(fx(Z)—y;)+pe(f(Z)—y*)] ! which y} is any number such that A\, > 0,k € K
and g9 = maxgex Ak (e + pee). Let us consider for any = € Q and the function ® defined
in (3.21), that is

®lx) = max A](fe(@) —vp) + pe(f (@) —y7) + (ex + pee) o — 2], gi(2)} -

If z € C, then gi(x) < 0,Vi € I. If z ¢ C but z € Q, then there exists ¢ € I such
that g;(x) > 0. Since Z is an €o-quasi optimal solution to the scalar optimization problem
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(3.9), we obtain that for each z € Q,

1= ma Mel(fu(2) = 9i) + pe(f () — 3]
< max Mu[(fl@) = v7) + pe(f (@) — )] + =olle — 7]
= ma M (i (@) = v7) + pe(f (@) = y*)] + max (e + pes)jo — 3
= max \e[(fi(@) — ) + pe(f () — ) + (e + pee) |l — 7).

Since T € C, we obtain that g;(Z) < 0, for all ¢ € I, so we can consider

o(T)

= max Ol((@) = ) + pelf (@) = y7) + (e + pee)]@ — alll, gu(a)}

LJmex {Nel(fe(@) — i) + pe(f(2) —y")], 9:(2)}

pnax {Ael(fu(x) = i) + pe(f(x) —y*) + (e + pes) ||z — Z[|], gi(z)}

= P(z),Vx € Q.

IN

This means that Z is a minimizer to the scalar optimization problem

Thus Z is a minimizer to the unconstrained scalar optimization problem

min ®(z) + 0(z; Q). (3.23)

zeX

Applying the nonsmooth version of Fermat’s rule (2.7) to the unconstrained scalar opti-
mization problem (3.23), we obtain

0€d(®+d(50) (7). (3.24)
Since the function @ is Lipschitz continuous around Z and the function §(-; ) is lower
semicontinuous around Z, it follows from the sum rule (2.9) applied to (3.24) and from
the relation in (2.6) that

0 € 0®(z) + N(z;9Q). (3.25)

Next consider for each = € X,

®(x) =, max {A[(fi(@) = vi) + pe(f(x) = ") + (e + pee) |l — 2], gs(2)}

by evaluated the subdifferential of norm in Banach space [18, Example 4, Page 198],

o - ) (&) = Bx-.
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Now, invoking the formula for the Mordukhovich/limiting subdifferential of maximum
functions (see [3, Theorem 3.46(ii)]) and the sum rule (2.9) applied to ® in (3.21) we have

o0(z) = 0 [ max D[k — ) + pe(F () — ) + (ex + pee)] - —xm,gi(-)}} (@)

keK,iel

D mAl(fr() = yi) + pe(f () = y*) + (ex + pee)|| - =[] + ngw)] (7)

keK el
C D mAk [0fk(@) + pO(ef)(T) + (ek + pee)d|| - —2(|(@)] + D _ 1igi(®)
keK el
= M [0f5(®) + pd(ef)(®) + (ek + pes) Bx-] + Y pigi(®)
keK iel

where
Nk ZO,]CGK,,UZ 20,1617

St =1,

kEK iel
This implies that

0e Z 77k>\k <8fk +pzaﬁ (Ek +pz&l> BX*> +Zuigz Jr]\f x Q)

keK leK leK iel

where

Nk ZO,]CEK,,U/Z >O,i€[a

S+ =1,

keK icl

4. APPLICATIONS TO NECESSARY CONDITIONS FOR APPROXIMATE
SOLUTIONS OF LINEAR OPTIMIZATION PROBLEM

Now we apply multiobjective optimization problems to linear multiobjective optimiza-
tion problems. Let €’ be a nonempty closed subset of R™, and let K := {1,2,...,m},
and I :={1,2,...,p} be index sets.

4.1. UNCONSTRAINED LINEAR MULTIOBJECTIVE OPTIMIZATION PROBLEM

First of all, we considered the unconstrained linear multiobjective optimization prob-
lem:

min{(c{z,...,chx) |2 € R"} (4.1)
where ¢,z € R™ and the superscript T stands for transposition.
We start with definitions of efficiency and proper efficiency with refer to [19-22]. Let

Z% denote a feasible solution where the k-th objective function is minimized. Mostly, the
single-objective maximum solutions Z!,...,Z™ do not coincide so that we are forced to
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find a compromise in an efficient solution. By definition, a feasible solution Z is referred
to as an efficient solution if there is no feasible solution x such that

e <clz, keK,
with at least one an index j € K such that
T T -
c;r<clT. (4.2)
Moreover, the feasible solution Z is weakly efficient if there is no feasible solution x such
that

cdr<clz keK. (4.3)

The specification of approximate efficient solutions in Definition 3.1 to problem (4.1) is
as follows:

Definition 4.1. Let € := (e1,...,65,) € RT.

1. We say that z € R™ is an e-weakly efficient solution of problem (4.1) if there
is no € R™ such that

cirtep<ciz, keK. (4.4)

2. We say that & € R” is an e-efficient solution of problem (4.1) if there is no
x € R™ such that

ckrx+e,<cfz keK, (4.5)
with at least one strict inequality.

3. A point Z € R" is called an e-quasi-weakly efficient solution of problem (4.1)
if there is no € R™ such that

chx+epllr—7| <z, ke K. (4.6)
4. A point Z € R™ is called an e-quasi-efficient solution of problem (4.1) if there
is no z € R"™ such that

ckx+epllr—z| <tz keK, (4.7

with at least one strict inequality.

Definition 4.2. A point Z € R" is called an e-properly efficient solution of problem (4.1)
if it is an e-efficient solution and there is a real positive number M > 0 such that for each
k € K and x € R” satisfying cfx +er < cf:i, there exists at least one an index j € K
such that ¢] I < ¢] x4 ¢; and

Tm T
GET—CT ek _
cToe—cTg4+e; =
J J J

Definition 4.3. A point z € R"™ is called an e-quasi-properly efficient solution of problem
(4.1) if it is an e-quasi-efficient solution and there is a real positive number M > 0 such
that for each k € K and z € R™ satisfying cf = + x|z — Z|| < ¢} 7, there exists at least
one an index j € K such that ¢] & < ¢] x 4 ¢{|z — || and
T~ _ T =
. T—cx—cglle—17
Lo dfa—ale-al _

cir—ciT+ejllz—z|| ~
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The following Lemma and Theorem show that Lemma and Theorem in section 3.1

can apply to linear multiobjective optimization problems by taking fi(z) = cfz. So

ef(x) = eCu.
Lemma 4.4. If T € R" is an e-properly efficient solution of (4.1), then the system
arctx + peCr < apct @+ peCt — apey, — pes, ¥k € K, (4.8)

admits no solution © € R™ for some p > 0, where o, > 0,k € K and e = (1,1,..., 1)T S
R™,

Theorem 4.5. Any e-properly efficient solution T of (4.1), is an eg-optimal solution to
the scalar linear optimization problem

min {I]glea;(( e [(efz —yi) + pe(Cax —y*)] |z € ]Rn}
Tz
kT

for some p > 0, where g = maxpcx A\i(ei + pee), \p = — i) +pe(Cz —y*)] 7! and

yr 18 any number such that A\, > 0,k € K.

Lemma 4.6. If £ € R™ is an e-quasi-properly efficient solution of (4.1), then the system

arcrx + peCr < ayct T + peCT — agerl|x — z|| — peel|r — |, Vk € K, (4.9)

admits no solution x € R™ for some p > 0, where a3, > 0,k € K and e = (1,1,...,1)T ¢
R™,

Theorem 4.7. Any e-quasi-properly efficient solution T of (4.1) is an £9-optimal solution
to the scalar optimization problem

min {Jlfcneaé()\k[(c{x —yi) +pe(Cz —y*)] +eollz — 2| | = € X} ) (4.10)
for some p > 0, where A\, = [(c£ & — y;) + pe(CZT — y*)] 7L, yi is any number such that

A > 0,k € K g9 = maxger Ai(eg + pee).

4.2. CONSTRAINED LINEAR MULTIOBJECTIVE OPTIMIZATION PROBLEM

We consider the following constrained linear multiobjective optimization problem

min{(c{ z,...,chz) |z € C'}, (4.11)
which C’ is the feasible set given by

C={xe|ale>bicl}, (4.12)
where cy,a;,z € R" and b; € R, where k € K = {1,...,m},i € I = {1,...,p} and
C =(c1,...,¢m)T is m x n matrix. The superscript 7" stands for transposition.

The following Theorem show that Theorem in section 3.2 can apply to linear mul-

tiobjective optimization problems by taking fix(z) = c¢fa and g;(z) = b; — alz. So
ef(x) =eCu.

Let z € R" and be an e-properly efficient solution of (4.11), we define a real-valued
function ¥ on R" as follows:
P(x) = ,Jhax {Mel(ciz —yi +ex) + pe(Cx — y* +¢€)],b; —a] z}, z€R",
(4.13)
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for some p > 0, where Ay = [(c£Z —y;) + pe(Cz —y*)] ! and yj is any number such that
A >0,k € K.

The following theorem provides a Fritz-John type necessary condition in a fuzzy form
for e-properly efficient solutions of problem (4.11).

Theorem 4.8. Let T be an e-properly efficient solution of (4.11). For any v > 0, there
erist t, € Q. p >0, >0,k € K,u; > 0,7 € I with Xpexgnr + Zicrpi = 1, such that
|z, — Z|| < v and

+1
OEE:kaﬁ%+p§:q>+§:mm+gaj_B+N@mQ%

keK leK el
MeAR[(ch 2y — yps + ek) + pe(Cay —y* +€) —(2,,)] = 0,k € K,
i [aiTxl, — &(my)] =0, i€,

where A\, = [(cFz — ;) + pe(CZ — y*)| 7Y, and yi is any number such that A\, > 0.

_ Let T be an e-quasi-properly efficient solution of (4.11), we define a real-valued function

® on R™ as follows:

8(c) = ma {Mel(ele — v+ eplle = 7)) + pe(Ca — " + ella — )], by — o}
(4.14)

for some p > 0, where A\, = [(cLZ —y}) + pe(CZ —y*)]~! and y} is any number such that
A >0,k € K.

The following theorem provides a Fritz-John type necessary condition in a fuzzy form
for an e-quasi-properly efficient solutions of problem (4.11).

Theorem 4.9. Let T be an e-quasi-properly efficient solution of (4.11). Then there exist
p>0,m>0,ke K pu; >0,i €l with Xgpegnr + Xicrps = 1, such that

0e an)\k ck+chl+ <5k+szl>B

=Y piai + N(z:9),

keK leK leK el
wibi — pialz =0, € I. (4.15)
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