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1. Introduction

Differential operators plays key role in study of various generalized Rodrigues formulae,
Generating relations(including bilateral), Finite summation formulae etc.. In this paper,
operator considered as follows

θ ≡ xa(s+ xD) (1.1)

where a and s are arbitrary and D =
d

dx
. In particular, consider

θ1 ≡ xa(1 + xD) (1.2)

Some noteworthy operational formulae obtained

θn{xα+k} = an
(
s+ α+ k

a

)
n

xα+k+na (1.3)
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where k is an integer, n a non-negative integer and α is arbitrary.

θn{xuv} = x

n∑
k=0

(
n

k

)
θku θn−k1 v (1.4)

where n is non negative integer.

θn{xαf(x)} = xα(θ + αxa)n{f(x)} (1.5)

etθ{xαf(x)} = xα[(1− axat)− 1
a ]α+sf(x[1− axat]− 1

a ) (1.6)

Shukla and Prajapati [1–3] introduced a class of polynomials connected with Mittag-
Leffler function and its generalization. Prajapati et. al. [4], Salehbhai et. al. [5] defined
sequence of functions associated with Mittag-Leffler function. Recently, Ajudia and Pra-
japati [6, 7] investigated a sequence of functions associted with Wright function and
studied its properties, in continuation of the study of sequence of functions. Here, we
eshtablished a general sequence of functions defined as,

B(α,β,γ,δ)
qn (x; a, k, s) =

x−δ−an

n!
Eγ,qα,β(pk(x))θn

[
xδ

Eγ,qα,β(pk(x))

]
(1.7)

where α, β, γ ∈ C; Re(α) > 0,Re(β) > 0,Re(γ) > 0, q ∈ (0, 1) ∪ N (furthermore, we can
consider q > 0) and Eγ,qα,β(z) is generalized Mittag-Leffler function defined by Shukla and

Prajapati [8] as

Eγ, qα, β(z) =

∞∑
n=0

(γ)qn
Γ(αn+ β)

zn

n!
(1.8)

2. Generating Relations

A considerably large number of special functions (including all the classical orthogonal
polynomials) are known to possess generating relations. We used operational technique
by employing θ as a differential operator, for obtaining following generating relations of
equation (1.7).

∞∑
n=0

B(α,β,γ,δ)
qn (x; a, k, s)tn = (1− at)−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1− at)− 1
a })

(2.1)

∞∑
n=0

B(α,β,γ,δ−an)
qn (x; a, k, s)tn = (1 + at)

δ+s
a −1

Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1 + at)
1
a })

(2.2)

∞∑
n=0

(
m+ n

n

)
B

(α,β,γ,δ)
q(n+m) (x; a, k, s)tn

= (1− at)−m−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1− at)− 1
a })

B(α,β,γ,δ)
qm (x(1− at)− 1

a ; a, k, s) (2.3)
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∞∑
n=0

(
m+ n

n

)
B

(α,β,γ,δ−an)
q(n+m) (x; a, k, s)tn

= (1 + at)(
δ+s
a )−1 Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1 + at)
1
a })

B(α,β,γ,δ)
qm (x(1 + at)

1
a ; a, k, s) (2.4)

Proof. (Proof of (2.1)) From (1.7), consider

∞∑
n=0

xanB(α,β,γ,δ)
qn (x; a, k, s)tn = x−δEγ,qα,β(pk(x))etθ

{
xδ

Eγ,qα,β(pk(x))

}
above equation reduces to

∞∑
n=0

xanB(α,β,γ,δ)
qn (x; a, k, s)tn = x−δEγ,qα,β(pk(x))

xδ(1− axat)−( δ+sa )

Eγ,qα,β [pk{x(1− axat)− 1
a }]

and replacing t by txa, which gives (2.1).

Proof. (Proof of (2.2)) From (1.7), one can get

∞∑
n=0

B(α,β,γ,δ−an)
qn (x; a, k, s)tn = x−δEγ,qα,β(pk(x))etθ

{
xδ−an

Eγ,qα,β(pk(x))

}
The simplification of above equation gives,

∞∑
n=0

B(α,β,γ,δ−an)
qn (x; a, k, s)tn = x−δEγ,qα,β(pk(x))

xδ(1 + axat)
δ+s
a −1

Eγ,qα,β [pk{x(1 + axat)
1
a }]

which proves (2.2).

Proof. (Proof of (2.3)) Writing (1.7) as

θn

{
xδ

Eγ,qα,β(pk(x))

}
= n!

xδ+an

Eγ,qα,β(pk(x))
B(α,β,γ,δ)
qn (x; a, k, s)

therefore,

etθθn

{
xδ

Eγ,qα,β(pk(x))

}
= n!etθ

xδ+an

Eγ,qα,β(pk(x))
B(α,β,γ,δ)
qn (x; a, k, s)

above equation can be written as

∞∑
m=0

tm

m!
θm+n

{
xδ

Eγ,qα,β(pk(x))

}

=
n!xδ+an(1− axat)−( δ+sa )−n

Eγ,qα,β(pk{x(1− axat)− 1
a })

B(α,β,γ,δ)
qn (x(1− axat)− 1

a ; a, k, s)
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this reduces to

∞∑
m=0

(
m+ n

m

)
xamB

(α,β,γ,δ)
q(n+m) (x; a, k, s)tm

= (1− axat)−( δ+sa )−n Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1− axat)− 1
a })

B(α,β,γ,δ)
qn (x(1− axat)− 1

a ; a, k, s)

replacing t by txa, this leads to (2.3).

Proof. (Proof of (2.4)) Multiply
xδ

Eγ,qα,β(pk(x))
and then employing θm on both the sides

of equation (2.2), we have

∞∑
n=0

θm

{
xδB

(α,β,γ,δ−an)
qn (x; a, k, s)

Eγ,qα,β(pk(x))

}
tn = (1 + at)

δ+s
a −1θm

{
xδ

Eγ,qα,β(pk{x(1 + at)
1
a })

}
(2.5)

Equation (1.7) can be written as

(m+ n)!xδ+a(m+n) 1

Eγ,qα,β(pk(x))
B

(α,β,γ,δ)
q(m+n) (x; a, k, s) = θm+n

{
xδ

Eγ,qα,β(pk(x))

}

i.e.

(m+ n)!
xδ+a(m+n)

Eγ,qα,β(pk(x))
B

(α,β,γ,δ)
q(m+n) (x; a, k, s)

= θm

{
n!

xδ+an

Eγ,qα,β(pk(x))
B(α,β,γ,δ)
qn (x; a, k, s)

}
(2.6)

replacing δ by δ − an, above equation reduces to

θm

{
xδ

Eγ,qα,β(pk(x))
B(α,β,γ,δ−an)
qn (x; a, k, s)

}

=
(m+ n)!

n!

xδ+am

Eγ,qα,β(pk(x))
B

(α,β,γ,δ−an)
q(m+n) (x; a, k, s) (2.7)

From equation (2.5) and (2.7), we get

∞∑
n=0

(m+ n)!

n!

xδ+am

Eγ,qα,β(pk(x))
B

(α,β,γ,δ−an)
q(m+n) (x; a, k, s)tn

= (1 + at)
δ+s
a −1m!

{
xδ+am

Eγ,qα,β(pk{x(1 + at)
1
a })

}
B(α,β,γ,δ)
qm (x(1 + at)

1
a ; a, k, s)

this follows (2.4).
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3. Generating Functions Involving Stirling Number

Riordan [9], defined Stirling number of second kind as

S(n,m) =
1

m!

m∑
j=1

(−1)m−j
(
m

j

)
jn (3.1)

so that

S(n, 1) = S(n, n) = 1, S(n, n− 1) =

(
n

2

)
and S(n, 0) =

{
1, n = 0
0 n ∈ N

The following theorem is useful to get some generating relation for B
(α,β,γ,δ)
qn (x; a, k, s);

Theorem 3.1 (Srivastava (Theorem 1) [10]). Let the sequence {ζn(x)}∞n=0 be generated
by

∞∑
m=0

(
n+m

m

)
ζm+n(x)tm = f(x, t){g(x, t)}−nζn(h(x, t)) (3.2)

where f, g and h are suitable function of x and t.
Then the following family of generating function

∞∑
m=0

mnζm(h(x,−z))zm{g(x,−z)}−m = {f(x,−z)}−1
n∑

m=0

m!S(n,m)ζm(x)zm

(3.3)

holds true provided that each member of (3.3) exists.

The generating functions (2.3) and (2.4) related to the family given by (3.2).

By comparing (2.3) and (3.2); g(x, t) = (1− at), ζm(x) = B
(α,β,γ,δ)
qm (x; a, k, s),

h(x, t) = x(1− at)− 1
a and f(x, t) = (1− at)−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1−at)
− 1
a })

, we get

∞∑
m=0

mnB(α,β,γ,δ)
qm (x(1 + az)−

1
a ; a, k, s)zm(1 + az)−m

= (1 + az)(
δ+s
a )E

γ,q
α,β(pk{x(1 + az)−

1
a })

Eγ,qα,β(pk(x))

n∑
m=0

m!S(n,m)B(α,β,γ,δ)
qm (x; a, k, s)zm (3.4)

replacing z by z
1+az and x by x

(1+az)
1
a

above equation gives

∞∑
m=0

mnB(α,β,γ,δ)
qm (x; a, k, s)zm = (1− az)−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1− az)− 1
a })
×

n∑
m=0

m!S(n,m)B(α,β,γ,δ)
qm

(
x(1− az)− 1

a ; a, k, s
)( z

1− az

)m
(3.5)



226 Thai J. Math. Vol. 19 (2021) /N. K. Ajudia et al.

with |z| < |a|−1; a 6= 0.
Similarly, use of Theorem 3.1, to generating relation (2.4) gives generating relation as

∞∑
m=0

mnB(α,β,γ,δ−am)
qm (x(1− az)− 1

a ; a, k, s)zm(1− az)−m

= (1 + az)1−( δ+sa )E
γ,q
α,β(pk{x(1− az)− 1

a })
Eγ,qα,β(pk(x))

n∑
m=0

m!S(n,m)B(α,β,γ,δ)
qm (x; a, k, s)zm (3.6)

replacing z by z
1−az and x by x(1− az)− 1

a above equation gives

∞∑
m=0

mnB(α,β,γ,δ−am)
qm (x; a, k, s)zm = (1− az)(

δ+s
a )−1 Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1 + az)
1
a })
×

n∑
m=0

m!S(n,m)B(α,β,γ,δ)
qm

(
x(1 + az)

1
a ; a, k, s

)( z

1 + az

)m
(3.7)

with |z| < |a|−1; a 6= 0.

4. Bilateral Generating Functions

A class of function {Sn(x), n = 0, 1, 2, ...} is generated by

∞∑
n=0

Am,nSm+nt
n = f(x, t){g(x, t)}−mSm(h(x, t)) (4.1)

where m is non negative integer, the coefficient Am,n are arbitrary constant and f, g, h
are suitable functions of x and t. Equation (4.1) is well-known in the literature as the
Singhal-Srivastava generating function [11].

Theorem 4.1 (Srivastava and Manocha [12]). For the sequence {Sn(x)} generated by
(4.1), let

F (x, t) =

∞∑
n=0

anSn(x)tn (4.2)

where an 6= 0 are arbitrary constants, then

f(x, t)F [h(x, t), yt{g(x, t)}−1] =

∞∑
n=0

Sn(x)σn(y)tn (4.3)

where σn(y) is a polynomial (of degree n in y) defined by

σn(y) =

n∑
k=0

akAn−ky
k (4.4)

Theorem 4.1 play an important role to obtain a bilateral generating relation from (2.3).

Considering Sn(x) = B
(α,β,γ,δ)
qn (x; a, k, s), Am,n =

(
m+n
n

)
, g(x, t) = (1− at),

h(x, t) = x(1− at)− 1
a and f(x, t) = (1− at)−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1−at)
− 1
a })

in above theorem,
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produces
∞∑
n=0

B(α,β,γ,δ)
qn (x; a, k, s)σn(y)tn

= (1− at)−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1− at)− 1
a })

F

[
x

(1− at) 1
a

,
yt

(1− at)

]
(4.5)

where F (x, t) =
∞∑
n=0

anSn(x)tn

Srivastava and Lavoie have generalized McBride’s theorem [13] in 1975 as follows.

Theorem 4.2 (Srivastava and Lavoie [14]). If sequence {ζµ(x) : µis a complex number}
is generated by

∞∑
n=0

Aµ,nζµ+n(x)tn = f(x, t){g(x, t)}−µζµ(h(x, t)) (4.6)

where Aµ,n arbitrary constants, and f, g, h are arbitrary functions of x and t. Let

Φλ,ν(x, t) =

∞∑
n=0

aν,nζµ+λn(x)tn, (aν,n 6= 0), (4.7)

where λ is positive integer and ν is an arbitrary complex parameter.
Then

∞∑
n=0

ζµ+n(x)Pλn,ν(y)tn = f(x, t){g(x, t)}−µΦλ,ν
[
h(x, t), ytλ{g(x, t)}−λ

]
(4.8)

where Pλn,ν(y) is a polynomial of degree
[
n
λ

]
in y, which is defined as,

Pλn,ν(y) =

[nλ ]∑
r=0

Aν+λr,n−λr aν,n y
r

In the generating relation (2.3), consider ζn(x) = B
(α,β,γ,δ)
qn (x; a, k, s), µ = m,

Aµ,n =
(
m+n
n

)
, f(x, t) = (1− at)−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1−at)
− 1
a })

, g(x, t) = (1−at) and h(x, t) =

x(1− at)− 1
a . Then
∞∑
n=0

B
(α,β,γ,δ)
q(m+n) (x; a, k, s)Pλn,ν(y)tn

= (1− at)−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1− at)− 1
a })

Φλ,ν

[
x

(1− at) 1
a

,
ytλ

(1− at)λ

]
(4.9)

where,

Φλ,ν(x, t) =

∞∑
n=0

aν,nB
(α,β,γ,δ)
q(m+λn)(x; a, k, s)tn, with aν,n 6= 0, (4.10)

and

Pλn,ν(y) =

[nλ ]∑
r=0

(
ν + n

n− λr

)
aν,n y

r
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is a polynomial of degree
[
n
λ

]
in y, λ is positive integer and ν is an arbitrary complex

number.

Theorem 4.3 (Srivastava [15]). For the function ζµ(x) defined by (4.6), let

Θp,ν
λ,µ[x; y1, ..., yl; t] =

∞∑
n=0

Cµ,νn ζµ+λn(x)Ων+pn(y1, ..., yl)t
n, Cµ,νn 6= 0, (4.11)

where µ and ν are arbitrary complex numbers, p and λ are positive integers, and
Ων(y1, ..., yl) is non-vanishing function of l variables y1, ..., yl, l ≥ 1. Then

∞∑
n=0

ζµ+n(x)Qp,νn,λ,µ(y1, ..., yl; z)t
n

= f(x, t){g(x, t)}−µΘp,ν
λ,µ

[
h(x, t); y1, ..., yl; z

{
t

g(x, t)

}λ]
(4.12)

where Qp,νn,λ,µ(y1, ..., yl; z) is a polynomial of degree
[
n
λ

]
in z (with coefficient’s dependent

on y1, ..., yl) defined by

Qp,νn,λ,µ(y1, ..., yl; z) =

[nλ ]∑
r=0

Aµ+λr,n−λr C
µ,ν
r Ων+pr(y1, ..., yl) z

r (4.13)

considering,

Θp,ν
λ,m[x; y1, ..., yl; t] =

∞∑
n=0

Cm,νn V
(α,β,δ)
m+λn (x; a, k, s)Ων+pn(y1, ..., yl)t

n, Cm,νn 6= 0,

(4.14)

where ν is arbitrary complex number, p and λ are positive integers and Ων(y1, ..., yl) is
non-vanishing function of l variables y1, ..., yl, l ≥ 1.

Taking ζn(x) = B
(α,β,γ,δ)
qn (x; a, k, s), f(x, t) = (1− at)−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1−at)
− 1
a })

,

g(x, t) = (1 − at), h(x, t) = x(1 − at)− 1
a , µ = m,Aµ,n =

(
m+n
n

)
in above theorem, and

generating relation (2.3) yields bilateral generating relation as

∞∑
n=0

B
(α,β,γ,δ)
q(m+n) (x; a, k, s)Qp,νn,q,µ(y1, ..., yl; z)t

n = (1− at)−( δ+sa ) Eγ,qα,β(pk(x))

Eγ,qα,β(pk{x(1− at)− 1
a })

×Θp,ν
q,µ

[
x(1− at)− 1

a ; y1, ..., yl; z

{
t

1− at

}λ]
(4.15)

where Qp,νn,λ,m(y1, ..., yl; z) is a polynomial of degree
[
n
λ

]
in z (with coefficient’s dependent

on y1, ..., yl) defined by

Qp,νn,λ,m(y1, ..., yl; z) =

[nλ ]∑
r=0

(
m+ n

n− λr

)
Cm,νr Ων+pr(y1, ..., yl) z

r (4.16)
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5. Finite Summation Formulae

In this section, We obtained finite summation formulae for equation (1.7) as

B(α,β,γ,δ)
qn (x; a, k, s) =

n∑
m=0

am

m!

(
δ

a

)
m

B
(α,β,γ,0)
q(n−m) (x; a, k, s) (5.1)

B(α,β,γ,σ)
qn (x; a, k, s) =

n∑
m=0

am

m!

(σ
a

)
m
B

(α,β,γ,δ)
q(n−m) (x; a, k, s− δ) (5.2)

B(α,β,γ,δ+µ+1)
qn (x; a, k, s) =

n∑
m=0

am

m!

(
µ+ 1

a

)
m

B
(α,β,γ,δ)
q(n−m) (x; a, k, s) (5.3)

Proof. (Proof of (5.1)) We can write (1.7) as,

B(α,β,γ,δ)
qn (x; a, k, s) =

x−δ−an

n!
Eγ,qα,β(pk(x))θn

{
xxδ−1

1

Eγ,qα,β(pk(x))

}
using (1.4) we get,

B(α,β,γ,δ)
qn (x; a, k, s) =

x−δ−an

n!
Eγ,qα,β(pk(x))x

n∑
m=0

(
n

m

)
θn−m

{
1

Eγ,qα,β(pk(x))

}
θm1
{
xδ−1

}
Equation (1.3) yields

B(α,β,γ,δ)
qn (x; a, k, s)

=
x−an

n!
Eγ,qα,β(pk(x))

n∑
m=0

(
n

m

)
θn−m

{
1

Eγ,qα,β(pk(x))

}
am
(
δ

a

)
m

xam (5.4)

Putting δ = 0 and replacing n by n−m in (1.7) gives

B
(α,β,γ,0)
q(n−m) (x; a, k, s) =

x−a(n−m)

(n−m)!
Eγ,qα,β(pk(x))θn−m

{
1

Eγ,qα,β(pk(x))

}
(5.5)

use of (5.4) and (5.5), follows (5.1)

Proof. (Proof of (5.2)) From (1.7) and (1.5) it follows that,

B(α,β,γ,δ)
qn (x; a, k, s) =

x−an

n!
Eγ,qα,β(pk(x))(θ + δxa)n

{
1

Eγ,qα,β(pk(x))

}
this gives

θn

{
1

Eγ,qα,β(pk(x))

}
=

xann!

Eγ,qα,β(pk(x))
B(α,β,γ,δ)
qn (x; a, k, s− δ) (5.6)

with the help of (1.4), equation (1.7) gives

B(α,β,γ,σ)
qn (x; a, k, s)

=
x−(σ+an)+1

n!
Eγ,qα,β(pk(x))

n∑
m=0

(
n

m

)
θm1 {xσ−1}θn−m

{
1

Eγ,qα,β(pk(x))

}
(5.7)
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Using (5.6), simplification of (5.7) reduces to (5.2).

Proof. (Proof of (5.3)) Using (1.4), equation (1.7) can be written as

B(α,β,γ,δ+µ+1)
qn (x; a, k, s)

=
x−(δ+µ+an)

n!
Eγ,qα,β(pk(x))

n∑
m=0

(
n

m

)
θm1 {xµ}θn−m

{
xδ

1

Eγ,qα,β(pk(x))

}
this leads to (5.3).

6. Special Cases

Special cases of B
(α,β,γ,δ)
qn (x; a, k, s) obtained by considering suitable values of param-

eters. Putting α = β = γ = q = 1 and pk(x) = βxk in (1.7) reduces to

B(1,1,1,δ)
n (x; a, k, s) = xa(s−n)τ δn(x; k, β, a, s) (6.1)

where

ταn (x; r, β, κ, η) =
x−α−κη

n!
exp (βxr) [xκ(η + xD)]

n {xα exp(−βxr)} (6.2)

is defined by Chen et. al. [16].
If α = β = γ = q = 1 then (1.7) reduces to

B(1,1,1,δ)
n (x; a, k, s) = M δ

kn(x; s, a) (6.3)

where

Mδ
kn(x; s, a) =

x−δ−an

n!
exp{pk(x)} [xa(s+ xD)]

n {xδ exp−pk(x)} (6.4)

given by Joshi and Prajapat [17].
If α = β = γ = q = 1 and pk(x) = x then (1.7) gives

B(1,1,1,δ)
n (x; a, 1, s) = anY δ−1n (x; a) (6.5)

where Y αn (x; a) is Konhauser polynomial of second kind defined by Konhauser [18].
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