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1. INTRODUCTION

In 2003, Shaikh [1] introduced the notion of Lorentzian concircular structure manifolds
(briefly, (LC'S),-manifolds) with an example, which generalizes the notion of LP-Sasakian
manifolds introduced by Matsumoto [2] and also by Mihai and Rosca [3]. Then Shaikh
and Baishya ([4, 5]) investigated the applications of (LC'S),-manifolds to the general
theory of relativity and cosmology. The (LCS),-manifolds are also studied by Hui et. al
([6-12]), Shaikh and his co-authors ([13-18]), Yadav et. al [19] and many others. In this
connection it may be mentioned that many authors studied various spaces and spacetime
such as [20-26].

The contact CR-submanifolds are rich and very much interesting subject. The study of
the differential geometry of a contact CR-submanifolds as a generalization of invariant and
anti-invariant submanifolds of an almost contact metric manifold was initiated by Bejancu
[27]. Thereafter several authors studied submanifolds as well as contact CR-submanifolds

of different classes of almost contact metric manifolds such as Chen ([28, 29]), Hasegawa
and Mihai [30], Jamali and Shahid [31], Khan et. al ([32, 33]), Munteanu [34], Murathan
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et. al [35] and many others. Recently Atceken and his co-author ([36, 37]) studied contact
CR-submanifolds of Kenmotsu manifolds.

Motivated by the above studies the present paper deals with the study of contact CR-
submanifolds of (LCS),-manifolds. The paper is organized as follows. Section 2 is con-
cerned with preliminaries. Section 3 is devoted to the study of contact CR-submanifolds
of (LCS),-manifolds. We obtain many integrability conditions of the distributions of
contact CR-submanifolds of (LC'S),-manifolds. Finally we give an interesting example
of a contact CR-submanifold of (LC'S)7-manifold.

2. PRELIMINARIES

An n-dimensional Lorentzian manifold M is a smooth connected paracompact Haus-
dorff manifold with a Lorentzian metric g, that is, M admits a smooth symmetric tensor
field g of type (0,2) such that for each point p € M, the tensor g, : T,M x T,M — R is a
non-degenerate inner product of signature (—, +, -+ ,4), where Tpﬁ denotes the tangent
vector space of M at p and R is the real number space. A non-zero vector v € T, M is
said to be timelike (resp., non-spacelike, null, spacelike) if it satisfies g,(v,v) < 0 (resp,
<0,=0,>0)[38].

Definition 2.1. In a Lorentzian manifold (M, g) a vector field P defined by
9(X, P) = A(X),

for any X € I'(T'M), is said to be a concircular vector field [39] if
(VxA)Y) = afg(X,Y) + w(X)A(Y)}

where «a is a non-zero scalar and w is a closed 1-form and V denotes the operator of
covariant differentiation with respect to the Lorentzian metric g.

Let M be an n-dimensional Lorentzian manifold admitting a unit timelike concircular
vector field &, called the characteristic vector field of the manifold. Then we have

9(§,¢) = —1. (2.1)

Since ¢ is a unit concircular vector field, it follows that there exists a non-zero 1-form 5
such that for

9(X, &) = n(X), (2.2)
the equation of the following form holds

(Vxm)(Y) = a{g(X,Y) +n(X)n(Y)}, a#0 (2.3)
that is,

Vxé = afX +0(X)&}, a#0 (2.4)

for all vector fields X, Y, where V denotes the operator of covariant differentiation with
respect to the Lorentzian metric g and « is a non-zero scalar function satisfies

Vxa = (Xa) = da(X) = py(X), (2.5)

p being a certain scalar function given by p = —£(«). If we put

6X = 1VxE, (2.6)
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then from (2.3) and (2.6) we have
X = X +n(X)¢, (2.7)

from which it follows that ¢ is a symmetric (1,1) tensor and called the structure tensor of
the manifold. Thus the Lorentzian manifold M together with the unit timelike concircular
vector field &, its associated 1-form 1 and an (1,1) tensor field ¢ is said to be a Lorentzian
concircular structure manifold (briefly, (LCS),-manifold) [1]. Especially, if we take o = 1,
then we can obtain the LP-Sasakian structure [10]. In a (LCS),-manifold (n > 2), the
following relations hold [1]:

n€) =-1, ¢ =0, n®X)=0, g6X,0Y)=yg(X,Y)+nX)nY), (28

$X = X +n(X)e, (2.9)
S(X,€) = (n—1)(a® = p)n(X), (2.10)
R(X,Y)E = (o — p)[n(Y)X —n(X)Y], (2.11)
R(§,Y)Z = (a® = p)[g(Y, 2)¢ = n(2)Y], (2.12)
(Vx9)Y = a{g(X, V)€ + 2n(X)n(Y)E +n(Y) X}, (2.13)
(Xp) = dp(X) = Bn(X), (2.14)
R(X,Y)Z = ¢R(X,Y)Z + (a® = p){g(Y, Z)n(X) — g(X, Z)n(Y)}§ (2.15)

for all X, Y, Z € T'(TM).

Let M be a submanifold of a (LC'S),-manifold M with induced metric g. Also let V
and V1 are the induced connections on the tangent bundle 7'M and the normal bundle
T+ M of M respectively. Then the Gauss and Weingarten formulae are given by

VxY =VxY +h(X,Y) (2.16)
and
VxV =—-AyX + V%V (2.17)

for all X,Y € I'(TM) and V € T(T*+ M), where h and Ay are second fundamental form
and the shape operator (corresponding to the normal vector field V') respectively for the
immersion of M into M. The second fundamental form h and the shape operator Ay are
related by

g(h(X,Y), V) =g(AvX,Y) (2.18)
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for any X,Y € T(TM) and V € I'(T+M), where g is the Riemannian metric on M as
well as on M. o
For any submanifold M of a Riemannian metric on M, the equation of Gauss is given by

R(X,)Y)Z = R(X,Y)Z+ Anx.z2)Y — Any.pyX (2.19)
+ (Vxh)(Y,Z) - (Vyh)(X, 2)

for any X,Y,Z € T'(TM), where R and R denote the Riemannian curvature tensors of
M and M respectively. The covariant derivative VA of h is defined by

(Vxh)(Y,Z) =V%h(Y,Z) = h(VxY,Z) — h(VxZ,Y) (2.20)
and the covariant derivative VA is defined by

(VxAv)Y = Vx(AyY) — AgyyY — AyVxY (2.21)
for any X,Y,Z € T(TM) and V € I'(T*M). The normal part (R(X, Y)Z)J' of R(X,Y)Z
from (2.19) is given by

(R(X.Y)Z)" = (Vxh)(Y. 2) - (Vyh)(X, 2), (2.22)
which is known as Codazzi equation.
In particular, if (E(X , Y)Z)L = 0 then M is said to be curvature-invariant submanifold
of M.
The Ricci equation is given by

g(R(X,Y)V,U) = g(R*(X,Y)V,U) + g([Av, Av]X,Y) (2.23)
forany X, Y € I'(TM) and U,V € T'(T+M), where R+ denotes the Riemannian curvature

tensor of the normal vector bundle T+ M and if R+ = 0 then the normal connection of
M is called flat [41].

3. CoNTACT CR-SUBMANIFOLDS OF (LC'S),-MANIFOLDS

Let M be an isometrically immersed submanifold of a (LCS),,-manifold M. Then for
any X € I'(TM), we can write

X = EX + FX, (3.1)

where £ X is the tangential component and F'X is the normal component of ¢.X.
Also for any V € I(T+ M), we can write

¢V = BV +CV, (3.2)

where BV and C'V are the tangential and normal components of ¢V respectively. Also
B is an endomorphism of the normal bundle 7+M of TM and C' is an endomorphism of
the sub-bundle of the normal bundle T-M.

The covariant derivatives of the tensor fields of E and F' are defined as

(VxE)YY =VxEY — E(VxY), (3.3)
and

(VxF)Y = VXFY — F(VxY) (3.4)
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for all X,Y € T'(T'M). The canonical structures E and F' on a submanifold M are said
to be parallel if VE = 0 and VF = 0, respectively.
Also the covariant derivatives of B and C' are defined by

(VxB)V =VxBV — B(VxV), (3.5)
and

(VxC)V =VxCV — C(VxV). (3.6)
Also for any X,Y € T'(TM), we have g(EX,Y) = g(X, EY) and for any U,V € T(T+ M),
we have g(U,CV) = g(CU, V). This shows that E and C are also symmetric tensor fields.
Moreover for any X € I'(TM) and V € T'(T* M), we have the relation between F and B,
given by

g(FX,V)=g(X,BV). (3.7)

Definition 3.1 ([37]). Let M be an isometrically immersed submanifold of a (LC'S),,-
manifold M. Then M is called a contact CR-submanifold of M if there is a differential
distribution D : p = D, C T, M on M satisfying the following conditions:

(i) £€ D,

(ii) D is invariant with respect to ¢, i.e., ¢(D,) C D, for each p € M and

(iii) the orthogonal complementary distribution D+ : p — D;- C T,,M satisfying ¢(D;") C
T;M for each p € M.

A contact CR-submanifold is called anti-invariant (or totally real) if D, = {0} and
invariant (or holomorphic) if DpL = {0}, respectively for any p € M. It is called proper
contact CR-submanifold if neither D, = {0} nor DIJ; = {0}.

Now for ¢ € T'(D) C I'(T'M) we have from (3.1) that ¢¢ = E{ + F¢ = 0, which is
equivalent to

E¢ = F¢ = 0. (3.8)
Applying ¢ to (3.1) and using (2.9) and (3.2), we get
E*+BF=I+n&¢and FE+ CF = 0. (3.9)

Similarly applying ¢ to (3.2) and using (2.9) and (3.1), we get
C?+FB=1and EB+ BC = 0. (3.10)
We now prove the following:

Theorem 3.2. Let M be an isometrically immersed submanifold of a (LCS),-manifold
M. Then M is a contact CR-submanifold if and only if FE = 0.

Proof. Let M be a contact CR-submanifold of a (LC'S),,-manifold M. Let us denote the
orthogonal projections on D and D+ by R and S, respectively. Then we have

R+S=1I1,R*=R,S*= S and RS = SR = 0. (3.11)
For any X € I'(T'M), we can write

X =RX + SX and ¢X = ¢pRX + ¢SX = ERX + FRX + ESX + FSX. (3.12)
Since D is invariant distribution, it follows that

FR=0and ES = 0. (3.13)
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Also we have

RE=FE=ER and FS=SF=F. (3.14)
From (3.9) we get

FER+CFR=0. (3.15)
In view of (3.13), (3.15) yields

FE=0. (3.16)
From (3.9) and (3.16), we obtain

CF =0. (3.17)

Conversely, let M be a submanifold of a (LC'S),,-manifold M such that FE = 0. For any
X €(TM) and V € T'(T+M), we have

9(X,0*V) = g(6°X,V),9(X,¢BV) = g(¢FX,V),
g(X,EBV) = ¢g(CFX,V)=0.
Consequently we get
EB =0. (3.18)

By virtue of (3.9), (3.10), (3.17) and (3.18) we obtain E3 — E = 0 and C3 — C = 0, which
shows that E and C are f-structures on TM and TM, respectively.
If wetake R=E?>4+n®&and S =1 — E?2 —n® £ then we can easily see that

R+S=IR*>=R,S*=Sand RS = SR =0, (3.19)

that is, R and S are orthogonal projections and they define orthogonal complementary
distributions such as D and D+. Since R = E?> +n®¢ and E? — E =0, we get ER=F
and ES = 0.

For any X,Y € I'(T'M), we have g(SEX,Y) = g(EX,SY) = g(X,ESY) = 0. Thus we
have SE = 0, which implies that SER = 0.

Using (3.8), (3.16) and the relation R = E? + 1 ® £, we get

FR=0. (3.20)

From (3.19) and (3.20), we can say that D and D' are invariant and anti-invariant
distributions on M, respectively. Also from (3.11), we have R{ = £ and S¢ = 0, that is,
the distribution D contains &.

On the other hand, setting R = E? and S = I — E?, we can easily see that projections R
and S define orthogonal distributions such as D and D™, respectively.

Thus we have FR = E, SE = 0, FR = 0 and ES = 0, that is D is an invariant
distribution, D is an anti-invariant distribution and R¢ = 0 and S¢ = £, which implies
that ¢ € DL. Hence the theorem is proved. =

Next we prove the following theorem:

Theorem 3.3. Let M be a contact CR-submanifold of a (LCS),,-manifold M. Then the
anti-invariant distribution D+ is completely integrable and its mazimal integral subman-
ifold is an anti-invariant submanifold of M if and only if the shape operator A satisfy

ApxY = Apy X,
for all X,Y € T(D%1).
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Proof. Let M be a contact C'R-submanifold of a (LC'S),-manifold M;Then from (2.13),

(2.16), (2.17), (3.1) and (3.2) and the relation (Vx@)Y = VxoY — ¢VxY, we get
a{g(X, V)€ + 2n(X)n(Y)E +n(Y) X} (3.21)
=VxEY +VxFY — ¢VxY — ¢h(X,Y)

for any X,Y € T(TM).

From the tangential and normal components of (3.21), we get

(VxE)Y = Apy X + B(X,Y) + a{g(X, Y)E+ 2n(X)n(Y)E+n(Y)X}  (3.22)

and

(VxF)Y =Ch(X,Y) - h(X,EY). (3.23)
Similarly we have for any X € I'(TM) and V € I'(T+M) that

(VxB)V +(VxC)V + h(X,BV)—-Acy X + FAy X + FAy X = 0. (3.24)
Comparing the tangential and normal components of (3.24) we get

(VxC)V =—h(X,BV)—-FAyX, (3.25)
and

(VxB)V = Acy X — EAy X. (3.26)
Since M is tangent to £, we have from (2.13) and (2.18) that

AvE =aBV, h(X,§) =aFX (3.27)

for all V € T(T+M) and X € T(TM). It is well known that Bh = 0 plays an important
role in the geometry of submanifolds. Consequently (3.22) reduces to

(VxE)Y = o{g(X,Y)E + 2n(X)n(Y)E +n(Y) X} (3.28)

for any X,Y € I'(D). From (3.28) we may conclude that the induced structure E is a
(LCS)p- structure on M.
Again using (2.13) and (2.18) we have

EX,Y]|=Apy X — ApxY,
for all X,Y € T'(D4). Thus [Z,W] € T(D%1) for any Z,W € T'(D1), that is Dt is

integrable. Hence the theorem is proved. ]

Theorem 3.4. Let M be a contact CR-submanifold of a (LC'S),,-manifold M. If the sec-
ond fundamental form of the contact CR-submanifold M is parallel, then o is a constant
function on M.

Proof. Let M be a contact CR-submanifold of a (LC'S),,-manifold M and let the second
fundamental form of the contact C'R-submanifold M is parallel. Then from (2.20) we get

Vh(Y,Z) = h(VxY,Z) —h(VxZ,Y)=0 (3.29)

for any X,Y,Z € T(TM).
Putting Y = ¢ in (3.29) and using (2.4), (2.16) and (3.27) we get

Vxh(Y,€) — h(VxY,&) — h(VxE,Y) = 0.
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By using (3.23) and (3.27), we have
0 = Vx(awFY)—a.FVxY —a.h(TX,Y)
= X(a)FY +aVxFY —aFVxY — a.h(TX,Y)
= X(a)FY +a(xF)Y — a.h(TX,Y)
= X()FY —o{h(X,TY) + hTX,Y) - Ch(X,Y)}.

Here choosing Y = &, we mean that h(TX,&) — Ch(X,§) = aFTX —Ch(X,£) = 0. Since
M is a contact CR-submanifold, we conclude that Ch(X, &) = 0. So we obtain

X(a)FY — a{h(£,TY) — Ch(¢,TY)} = 0 = X(a)FY =0,
that is, X («) = 0. This proves our assertion. ]

Theorem 3.5. Let M be a submanifold of a (LC'S),,-manifold M. Then M is a contact
CR-submanifold if and only if the endomorphism C defines an f structure on T'(T+M),
that is, C% — C = 0.

Proof. Let M be a contact C'R-submanifold of a (LC'S),-manifold M. Then from (3.10)
and (3.17) we have C® — C = 0, which implies that C is an f structure on T M.
Conversely, let C be an f-structure on I'(T+M). Then from (3.10), we can derive CFB =
0. So for any V € I'(T+ M) by using (3.7), we have

g(BCV, BCV) = g(¢CV, BCV) = g(CV, FBCV) = g(V,CFBCV) =0,

which implies that BC' = 0 and hence B = 0. Thus from Theorem 3.1, we conclude
that M is a contact C' R-submanifold. [

Theorem 3.6. Let M be a contact CR-submanifold of a (LCS),-manifold M. If the

endomorphism E on M is parallel, then M is anti-invariant submanifold of M.
Proof. Since E is parallel then from (3.22) and (3.27), we get
0 = g(h(X,8),FY) +of{—g(X,Y) = 2n(X)n(Y) + n(X)n(Y)}
= ag(FX,FY)—o{9(X,)Y)+n(X,Y)} = —ag(EX,EY)
for any X, Y € T(TM). Since a#0. This implies that M is anti-invariant submanifold. m

Theorem 3.7. Let M be a contact CR-submanifold of a (LCS),-manifold. Then the
endomorphism F' is parallel if and only if the endomorphism B is parallel.

Proof. From (3.23) we get
g(VxF)Y,V)

g(Ch(X,Y) - h(X,EY),V)
g(h(Xv Y)’ CV) - g(AvX, EY)
= g(AcvX,Y) —g(EAvX,Y) = g((VxB)V,Y). (3.30)

This proves our assertion. [

Definition 3.8. If the invariant distribution D and anti-invariant distribution D' are
totally geodesic in M then M is called contact C R-product.

Now we characterize contact C'R-products in (LC'S),-manifold.

Theorem 3.9. Let M be a contact CR-submanifold of a (LCS),-manifold M. Then M
is a contact C R-product if and only if the shape operator A of M satisfies the condition

AypiD = 0. (3.31)
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Proof. Let us take M be a contact C' R-submanifold of M. Then for all X,Y € I'(D) and
Z,W € T'(D+) we have from (2.13), (2.16) and (2.18) we get
9(AgwoX,Y) = g(h(¢X,Y), W)
= g(Vy¢X,oW)
= g((Vy9)X 4+ ¢Vy X, oW)
= g(e{g(X, V)¢ + 20(X)n(Y)E +n(X)Y}, 6W) + 9(Vy X, W)
= an(X)g(Y,oW) + g(Vy X, W)

= g(VyX,W)
ie.,
9(AswoX,Y) = g(Vy X, W) (3.32)
and
9(AgwoX,Z) = g(h(¢X,Z),¢W)
= 9(Vz¢X,¢W)
= 9((Vz29)X + ¢V X, ¢W)
= 9(a{9(X, 2)¢ +0(X)Z}, oW) + g(V2X, W)
= an(X)g(Z,¢W) — g(VzW, X)
—g(VzW, X)
ie.,
9(Asw X, Z) = —g(V W, X) (3.33)
Thus from (3.32) and (3.33) we get VxY € I'(D) and VW € I'(D%) if and only if the
relation (3.31) holds. ]

From 3.9, we can state the following:

Corollary 3.10. Let M be a contact CR-submanifold of a (LCS),-manifold M. Then
M is a contact CR-product if and only if Bh(D,TM) = 0.

Theorem 3.11. Let M be a contact CR-submanifold of a (LCS),,-manifold M. Then
the structure C' is parallel if and only if the shape operator Ay of M satisfies the condition

AyBU + AyBV =0 (3.34)
for all U,V € T(T+M).
Proof. From (2.18), (3.7) and (3.25), we have
g(VxO)WV,U) = —g(h(X,BV),U) —g(FAyX,U) (3.35)
—g(AyBU + Ay BV, X)

for all X € T(T'M). From (3.35) it follows that the structure C is parallel if and only if
the relation (3.34) holds. ]
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Example 3.12. Let M = R” be the semi-Euclidean space endowed with the semi-
Euclidean metric ¢ = [ — dt? + da? + da3 + da3 + da3 + da? + da] with coordinate
(t,r1, 72,73, 74, 75,76). Define

o. 9 0 )

0] 0
n:dt7£:7’¢(7):07¢(%)7_87,¢(67$2 :_87.1357
0 0]
¢(87$3) ’¢(6m4) ’¢(8x5) ’¢(3$6 = oy

Then it can be easily seen that the structure (¢,&,7, g) is a (LCS)7-manifold on M = R7.
Now we define a submanifold M of M by M = {(x1,0,23,24,0,76,t) € R7} endowed
with the global vector fields
0 0 0 0 0 0 0
61 = g =

—,62 = ——,¢€ T =565 =573— + T4
T 91 P T 9wy T T 00 T oy an

Then the distributions Dr = span{e, e5} and D+ = span{es, e, } are respectively invari-
ant and anti-invariant distributions on M. Thus we can write TM = Dp(= {e2,e5}) ®
Dt (= {es,ea})® < er(= {&}) >. Consequently M is a contact CR-submanifold of
M =R".
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