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Abstract In this study, by using some integral representations formulas, we study solvability conditions
and explicit solution of the Dirichlet-Neumann problem, an example for a combined boundary value

problem, for the Bitsadze equation in a ring domain.
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1. INTRODUCTION AND PRELIMINARIES

Main boundary value problems in complex analysis are the Schwarz, the Dirichlet and
the Neumann boundary value problems. Recently, these boundary problems for some
model complex partial differential equations have been studied in different domains. The
basic idea of these works comes with Begehr’s papers (see [1, 2]). In his papers, he
investigated boundary value problems for complex model equations in the unit disc D of
the complex plane by aid of some integral representation formulas.

In [2], the author studied the Dirichlet-Neumann problem for the inhomogeneous Bit-
sadze equation in the unit disc. In this article we solve the same problem in a concentric
ring domain R, by using Begehr’s iteration method which were used in his papers.

In order to calculate integrals in R = {z € C: 0 < r < |z| < 1}, we need some integral
formulas which are basic instruments:

Theorem 1.1 (Gauss theorem, complex form [I]). Let D C C be a regular domain,
w € CY(D;C)NC(D;C), then

/w;(z)da:dy: % /w(z)dz and/wz(z)da?dy = f% /w(z)dz,
i i
D oD D oD
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where the complex partial differential operators 0, and Oz are defined by

1/0 .0 1/0 0 .
82—2(‘Z)""f—(w*%)’z—x““’““%'

In an open domain D in C, if a complex-valued function w satisfies the differential
equation

wz =10 (1.1)

then it is called an analytic function in D. For analytic functions the well-known Cauchy

theorem is valid [4].

Theorem 1.2 (Cauchy theorem). Let v be a simple closed smooth curve and D be the
inner domain, bounded by v. If w is an analytic function in D, continuous in D, then

/w(z)dz =0. (1.2)
y
Then, in view of Cauchy theorem, the following representation is valid for any analytic

function:

Theorem 1.3 (Cauchy Integral Formula). Let v be a simple closed smooth curve and
D be the inner domain, bounded by . If w is an analytic function in D and z € D, then

w(z) = - / w(¢) =2 (1.3)

271 (—=z
¥

One can obtain the Cauchy-Pompeiu representation formula from the Gauss theorem.

Theorem 1.4 (Cauchy-Pompeiu representations). Let D C C be a regular domain
of C, w e CY(D;C)NC(D;C), ¢ =& +in. Then

| a1 dedn
w(Z)Z%/w(C)C_Z_;/wf(og_z

oD
holds for all z € D.

2. SOME THEOREMS ON BOUNDARY VALUE PROBLEMS

The following theorems about the Dirichlet and Neumann problems for the inhomoge-
neous Cauchy-Riemann equation are proved in [3].

Theorem 2.1 ([3]). The Dirichlet problem for the inhomogeneous Cauchy-Riemann equa-
tion in R

wz = f, in R; w=+y on OR, (2.1)
for f € L,(R;C),p > 2, v € C(OR;C) given, is solvable in the class ng’p(R; C)NC(R;C)
if and only if for z € R

1 zdC

o [ O - / A=z dein (22
OR

1 ¢

o [ 1Om - / 1(6) s (23)

OR
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The unique solution then is expressed by the formula

W) = 5 [ 072 / I(Gr= (24)

211
OR

We note that in R, the Neumann boundary vale problem on the boundary of the
circular ring domain is related to the outward normal derivative

{ 20, + 70z, |2 =1,
81/; = Z z —
=570z — 707, |Z|—T

Theorem 2.2 ([3]). The Neumann problem for the inhomogeneous Cauchy-Riemann
equation in R,
Loz =1

-1, |z|=m,

Wz = f7 A‘Z|auzw‘0R =7, w(ZO) =, A= {

for f € C“(E(C), 0<a<l1,v€COR;C), ceC, z € R given, is solvable by a function
from W2t (R; C) with continous weak z—derivative on R if and only if for € R

1 _ _dgdn

o | DO =THO] T2 + /f T
OR

1 _ dﬁdn _

i | () =TI / MO 207 ="

Moreover if v and f satisfy the condition

1 dc

o | DO -CFQl 7

OR

=0

then the solution is a unique, single valued function represented by

wiz) = C’% ['Y(C)Cf@ﬂlog(ll__;i)(?
ici=1
1 _ TQ—ZZ dc
+2m.<| [v(¢) = C£(Q)] log(m)?
/f C* 20) )dé:d?7 (2.5)

3. DIRICHLET-NEUMANN PROBLEM FOR BITSADZE EQUATION

Theorem 3.1. The Dirichlet-Neumann boundary value problem for the inhomogeneous
Bitsadze equation in R

wzz = f,wlar = Y0, (A|2|0y, wz)|or = 71, wz(20) = ¢, (3.1)
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for f € C*(R;C),0<a <1, 2z €R,ceC, v,y € COR;C) given, is solvable if and
only if for z € R

1 dfdn _
o [ 0© = THO] T2 + /f oo = (32)
OR
1 dédn
o [ b€ - T _Z<+—/f S =0 (33)
OR
1 zd¢ 2\ 1 va ( <17 >dC
- (1— _ _ _ ) &
i | POTT = 0o >z{c et | [0 =80T8 () ¢
zo [f(¢) dédn 1 [ f(Q)(1—[¢*) dédn
W/Tc—zﬁw/ ¢ 1) 1z<}7 (34)
R R
1 zd 1—72 1 - 2 d
= [0z = (5 )z{c—gm Jeo-crones (=)
OR OR
20 [ f(Q) dédn
* T R/ ¢ C—Zo}
zZ [ fQ) -1
—;/ O aean (3.5)
R
Moreover if v1 anf f satisfy the condition
1 - ¢
i [m(C) - Cf(C)} ? =0, (3.6)
OR
then the unique solution is given by
1 d
we) = g [ 0O - 26 LaP)
OR
1 = L2 |C|22C> 2 < <7 )}dC
om zz/[ ©-re -2 ) - - on ()|
= Zo —2) = |2]* Pz dédn
/f [ — - zc}c—zd (3.7)
Proof. The problem (3.1) is equivalent to the system
wz = g, wlar = Yo, (3-8)

9z = f7 (/\|Z‘6Vg)|6R = 7179(30) = (39)
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According to Theorem 2.1 the solvability conditions of (3.8) are

1 zZd(¢ 1 Z
= = déd
o [ 00T = 5 ezt
AR R
1 zd(¢ 1 z
o [ 0O = 2 a5 dsan
OR R
The unique solution then is expressed by the formula
L A L[ dedn
w(z) = 5 [ 0O T/g@g_z'
OR
On the other hand, by using Theorem 2.2, is solvable if and only if
1 — _ d&dn
o | n© - THO] T + /f o=
OR
and
1 - déd
o [ (O~ - / O 2 =0
OR
Moreover if 7, and f satisfy the condition
¢
o | (@ -Cr©] 2 =0,
OR

then the solution is a unique, single valued function represented by

= 1 = 1—2C\ d¢
g(z) = c— %‘ ‘ [11(¢) = CF(O)] log <1 - Zoc) “
¢|=1
1 _ r2_ ZZ dc
"o | [11(0) = CH()] log ( - ZO() «
/f )dfdn

For convenience in further calculations, (3.16) can be written with ¢ = ¢; + ity as

1
o— ——
211
OR

—2

9(¢) =

If (3.17) is plugged into the right-hand side of (3.10), we get

OR

"/{ f 0 t—ma—o%“% ==

R

R

oo = 2 o)t

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

P (A St
[n(H)-tf ()] log(|t|2_Z0t> b R/ IO an g thdte

(3.17)

d&dn
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By changing order of integration, it becomes

G A

7r 1- (: 1—-2¢
R R
z - 1 [t|2 — ¢t dédn | dt
5 [n(t) —tf(1)] [w /log <|t|2 — zot) 1 _ZJ r
OR R
z 1 C — 20 dfd?? dtldt?
ﬂ/f(t){w t—¢ 1—z(]t—z0'
R R
Because of
cZ dédn ~ cz (- dC  cz d¢ czr? d¢
) 1-z2C — 2mi) "1-%C 2mi (1-2z0¢ 2w / (1-2z0)¢
R oR I¢|=1 I¢l=r

( |t]* — §t> d¢

62 — 20t ) T 2¢

( t]* - > d¢
[t]2 — 2ot ) (1 —ZC)¢

£ () s

|t
= (1-r91 -
( r ) Og(|t|220t

1 2 —(t
7/10g [t — ¢t dedy
™ [t]2 — 20t ) 1 —ZC

R

o
: Z

and
;/cfz() dedy ¢~z dédn  E(t — ) /c —z) d¢
m) t—C1—-2C 1—z<<—t 1—zt  2mi 1—-2¢C ¢—t
R
B t(t—zo)_l / (—2z9 dC n r2 (—2zg dC
T 1—zt 2mi 1—-2CC(C—t) " 2mi 1—-2(C(C—1)
I¢j=1 I¢j=r
ottt — 20) 1 ¢ —2 1 1 2z
= w2 1—zg< (C—t)t()dCJr "
I¢j=1

1 [W ~1)(t 2)
t

1-zt

— zo(1 — 7"2)] ,
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the right-hand side of (3.10) can be written as

_ ) SN
%/g(()ﬁdfdn = (1—7”2)2{0—21M- [71(()—Cf(C)]10g(|<|z|C|ZOC)CC
R OR
2o [ f(Q) dédn
+7TR/ ¢ Q—Zo}
Z [ FQO P -1
e
R
(3.18)

Therefore, one of the solvability conditions of the given problem (3.1) can be found as

1 zd¢ 2\ L = <17 dg
e i <1—r>z{c—m. [0) - €7(6) g )
ami ) T 2ri | P - t) €

zo [ 1(C) dédn
HZ ¢ 4—20}
z (1O,
BN ANV ——d¢d
7TR/ ¢ 1-%
(3.19)

In a similar way, by (3.17) plugging into in (3.11), after changing order of integration, we
get

1 Z oz dédn
T /g(() r2 — Ecdfdn T on ) r2—%
R R

z _ 1 [t — ¢t dédn | dt
" ) O] {w =k z(} 0
C R

OR
z 1 ¢ —z9 d&dn dt1dts
_w/f(t){w t—¢ TQ—ZC}t—ZO'
R R

Hence,
cz dédn ~ cz [~ d&dn  cz d¢ o’ / d¢
) r2—z¢ 2w r2—zC  2mi (r2 —z¢)¢ 2w (r2 —z¢)¢
R OR <=1 I¢|=r
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1 [t|?> - ¢t dédn 1 - [t|? — ¢t d¢
%/log (|t|2 —zot) 2 _zC %/Clog <|t|2 —zot> 12— %(
R OR
b [y
2w & [t|? — 20t ) (1% —Z()C
I¢l=1
? t]> — ¢t d¢
Tom ) <|t|2 - sz) GEEA];
[¢l=r
_ 1—7r? 1 [t
B ( 2 ) "g(w —sz)
and
1 [¢—z dedy 1 -z dﬁdn_t(f—zo)_l/C(C—ZO)dC
T t—Cr2—zC m) r2—z¢—t r2—%Ft 2mi r2—z( (—t
R R OR
o %(t— Z()) 1 C — 20 d(
R A N R (D)
I¢l=1
r? ¢ — 2o d¢
ami ) r2—2(C(C—1)
I¢|=r
E(t— ZQ) 1 C — 20 1 1 20
22—zt 2mi 1ﬂz§<u<w x>d<+
I¢l=1
LTt = 1)t — 20) 1—1r2
- e ()]
the right-hand side of (3.11) can be written as
1 zZ 1- 1 [<]? ) d¢
l dédn = il I k¥
W/ﬁ@ba_z<£n ( ) {c 5 /i g(MQ_%C C}
R OR
C)

(5
=

d&dn
-2

ﬁ
T
R

f(¢ )(ICI2 -1

2 —ZC

dédn.
R

(3.20)

Finally the other solvability condition of the given problem (3.1) can be written as

(

+2

1—7r2

r

™

1

5 [ (@ = S0 s

OR

I\l

2

/

|

f(Q) d&dn
¢ C—2o

} /f P =Y

¢I? _
|IC]* — 20

)d@“
¢

(3.21)
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It can be said that (3.19), (3.21) with (3.13), (3.14) are solvability conditions of the given
problem (3.1). If these conditions are satisfied, the problem is solvable. Furthermore, if
v and f satisfy the condition
1 - d¢
(1) = Cf(QO] = =0 (3.22)

2mi
OR

then the solution is unique.
In order to determine the solution of Problem (3.1), we take account of (3.12). By

rewritting (3.17) in related term of (3.12), one can get

ded 2 ¢t dt | déd
ot = 3 { oo (D)
OR

T (—=z T

d&dn
77/ /f mdhdtg @ (3.23)

R
By calculating the following integrals

dédn ¢ [ Cd¢
C—z 2m —,
_ / et o _de
T 2mi —z)  2mi (C—2)
I¢l=1 [¢l=r
c

= S0t -l

! 8% =CT\ dédn 1 12—t Cdg (P
— /1 — = lo _ — 71 A =t
W/ Og<|t2_zot (—= omi ) % P —z0t) (-2 o [t[? — 20t
R OR

RN <|t|2—<t> ¢
o S\t =2t/ C(C—2)

I¢1=1
r? [t|2—Ct d¢ [t|? — 2t
- 1 — -zl T E—
2ri Og(np t)<@>z) ZOg(tP—zﬁ)
[¢l=r
(122 Io t|>— 2t B 1—72 o [t|?
- p S\t =20t 2 ) B\l
and
1 — 29 déd
f/ 20577_ /C Zod£d+ 1 /¢
T —z t—zm Cf
R "R
with

1 — 1 d _
[ = o [ £ E0-20)
R
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1 —
= [ e =1 (=P + 206 - )
R

for the last term of (3.23)

¢ — 2 ded oy L 202 2
iZ@_SC_Z = (1= )+ 20 - )
b (1= 0P + 2012 - )

1 e e ) B

t—=z t—z 2t

it can be found that

S0 = Lot

T (-2
1/%@—UMUmem<W_4ﬂ?

R

 2miz IC]* — 20¢
OR
1 - 2 d
o | B0 -Tr@] [ =ryos ()] 2
OR
1 C(C—20) —Z(2—20) 7122 dédn
- [ro[feEr e
R
Finally solution of the problem can be given as
1 d
W) = g [0S - S0P - )
AR
! 7 s C|2—Z¢>_ 2 (KQHdC
%_2”ii$ffh(<) crionfu—tyon(a=2 ) ~0-ron(1 2 )|
1 C(¢—20) —Z(z —20) 7“220] d&dn
+7T/f(<){ C—=z 2¢ | ¢~z
R
This completes the proof. [
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