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Abstract The aim of this article is to introduce a Stancu type generalization of modified Szdsz operators
using Charlier polynomials. We establish a recursive relation between Szdsz-type operators defined in [S.
Varma, F. Tagdelen, Szdsz type operators involving Charlier polynomials, Math. Comput. Modeling 56
(5-6) (2012) 118-122] and Stancu-type generalization of these operators. Further, we discuss Korovkin
type theorem, rate of convergence in terms of modulus of continuity and simultaneous approximation.
Moreover, we study Local approximation results using second order modulus of smoothness, Peetre’s
K-functional and Lipschitz class. In the last of this manuscript, we give weighted Korovkin type theorem

and statistical approximation result in polynomial weighted space.
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1. INTRODUCTION

In 1950, Szdsz [1] introduced an extension of Bernstein operators [2] on [0, c0)

Sp(f;z) = ne_mi (n]j')kf k , neN. (1.1)

n
k=0

He studied uniform and pointwise approximations for continuous functions on (0, 00) by
the operators defined by (1.1). On the other hand in 1968, Stancu [3] gave a generalization
of Bernstein operators [2] using two real parameters a and 8 satisfying condition 0 < o <
5 as follows

m
0.8 k+a
(PP ) @) =D pmt pe | (1.2)
k=0
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where py, () = (1 — 2)™"* and m € N. Many researchers studied Stancu method
for different type of linear positive sequences and their approximation behaviour in some
functional spaces (see [1]-[16]). Charlier polynomials [17] having the generating function
of the form:

<1 - ) ZC k|, It| < a, (1.3)

and the explicit representation

c@w=> (M) (L)

r=0

where (—u), is the Pochhammer’s symbol given by

(—u)o=1,(-u)r = —u(-u+1)...(~u+r—-1), reN.

Recently, Varma and Tasdelen [18] gave Szdsz-type operators using Charlier polynomials
as follows
) 1 (a—1)nz oo @ k
L,(f;z,a)=e " [1—— Cy/(—(a—1 -, N, 14
=t (1-0) S mas(). ne (14
where ¢ > 1 and x > 0. Later on, Wafi and Rao [19] studied various approximation

results in several functional spaces for one variable. Motivated by the above idea, we
define a Stancu varient of the operators defined by 1.4

(a—1)nz oo
T3P (fra) =e! <1 — (11) Z(j(a (a— 1)nm)f<m>, neN, (1.5)

where 0 < o < 3. We notice that for a = § = 0, operators (1.5) reduce to the operators
(1.4). In this article, we established recursive relation between the operators (1.5) and
(1.4) and studied the Korovkin type theorem, rate of convergence in terms of modulus of
continuity, simultaneous approximation result. Local approximation results using second
order modulus of smoothness, Peetre’s K-functional, Lipschits class and weighted Ko-
rovkin type theorem, statistical approximation result in polynomial weighted spaces are
also given.

2. PRELIMINARIES
Let e;(t) = t*,i € {0,1,2} be the test functions.
Lemma 2.1. From [18], we have
Thaleo;z) = 1,

Thaler;z) = o+ —,

1 9
Thalezx) = x2+$<3+>+.
n a



Modified Szész Operators Involving Charlier Polynomials ... 133

Lemma 2.2. For the operators T3P defined by (1.5), we have

Proof. Using operators defined by (1.5), we have

(@=n2 o (@) m
1 y Gl ~1
Tﬁf(tm;;p):eﬂ(l_) cl( (Z' )nx)<k+a> B

a — n+p

(a=1)nz (a) m
_ o, 1 C,7(=(a—=1nx) nm k+a
—e <1 a) Z o CEv T dt

(a1)nz (a) m m—i
_ie_l 1 Cy/(— (a 1)nx) k a
w ()% O ()(n)

Lemma 2.3. For all x,t > 0, we have

T3P (esz) = 1,
N nx a+1
Tnaﬁ(elvx) = n+ﬁ+n+ﬂ’

n2 1 nx a? +2a+2
T8 (eg;z) = — 22+ [3+2a+ + ‘
o (€2;2) (n+ B)2 a—1)(n+p)? (n+ B)?

Proof. From Lemma 2.2, we have

m m m—i
T2 (em; ) Th.a(es; ).
el n+ﬂm§;()< ) aleis)

For i =0,
T5(e; ) = Ty aleo;z) = 1.
Fori=1,
To(eno) n15<anawh>+ﬂw@uw)
nx a+1
BEETAEET)

Similarly, it can be proved for i = 2. ]
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Lemma 2.4. Let ¢i(t) = (t — 2)%,i = 0,1,2 be the moments. Then, we have

el () = 1,

TofWha) = o2 pa

N B? 242042
Toa o) = mw“’”(””_zaﬁ_w) AR 0t A

Remark 2.5. All the basic estimates proved in this section reduce to the basic estimates
proved in [18] for the special case (a = 8 =0).

3. RATE OF CONVERGENCE OF THE OPERATORS T}

Definition 3.1. Let C5[0, c0) be the set of all continuous and bounded functions defined
on [0,00) and § > 0. Then, the modulus of continuity w(f;d) is defined as

w(f;0) :== sup [f(t) = f(y)], t,y € [0,00).

[t—y|<o

Theorem 3.2. Let f € C[0,00)(\E. Then T,‘f‘f(f,x) — f uniformly on each compact

subset of [0,00) where C[0,00) is the space of continuous functions and E := {f : x >
0, 5

is convergent as x — 0o }.

Proof. In the light of Lemma 2.3, we have T3/ (e;;x) — a* as n — oo for i € {0,1,2}.
Using universal Korovkin-type property (vi) of Theorem 4.1.4 in [20], we prove Theorem
3.2. ]

Theorem 3.3. (See [21]) Let L : C([a,b]) — B([a,b]) be a linear and positive operator
and let @, be the function defined by

@x(t) = ‘t—$‘, (1‘,t) € [a7b] X [a7b]'
If f € Cp([a,b]) for any = € [a,b] and any 6 > 0, the operator L verifies:

(L)) = f(@)] < |f(@)l|(Leo)(w) — LI{(Leo)(x) + 81/ (Leo) () (Lo2) () by (6).

Theorem 3.4. For f € Cg[0,00), the relation

(T (f32) = f ()] < 2w(f39),
holds uniformly, where & = \/ T2 (V2 (t); z).
Proof. Using Lemma 2.3, Lemma 2.4 and Theorem 3.3, we get

T2 (fr2) — f(@)] < {1407 T80 (p(@)?2) hw(f30),

which prove Theorem 3.4. n



Modified Szész Operators Involving Charlier Polynomials ... 135

4. SIMULTANEOUS APPROXIMATION

Theorem 4.1. For f € C"[0,00)( E, we have

dr d n \ [d 1 T
) f@‘f (+53) (i v+ 78)
62
O (=
n \" [d r
i (n+5) ”(dxrf%w)

Proof. By simple calculation, we obtained

a2+2a+2}

P 25)( R0

\+

)

3| IR

dr 1\ @b C(a) (a— 1)nx) An+/3 ( +
dz" na (fv ) <1_a) (W) T'Z ( )
n+p3

kta
where A:iﬁ f(n+5) is the r order difference with the step length n+B

(a—1)nz r 00 (a)
dr _ 1 n ;Y (—(a — 1)nx)
TP (fiz)=et(1- = 1y ok
dz" na(fax) (& < a) (n—f—ﬁ) r 2 Il

k+a k+a+1 k+a+2 k+a+r
n+p n+B T n+B 77 n+p

_ 1\ ey C(a) a—l)mc) kE+a
1<1_a> (n+5) 'Z N\n+5

n r
= riT%8 (g x),
(7”[3) na (95 )

i f

X

where g(t) = tt—l—n+5,t+n+ﬁ,.. t+n+/3 Now,
dr d" r dr
Lo dﬂf(x>|s (5) mtann) = rato) + rtoe) — 2 1(0)
T d?”
< (-2) { M8 g:) — rlgla)| + [rlg(a) ~ Wﬂm}
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S(niﬁy{

—1-7“![1 L5t Tﬁf(iﬁ%(t);x)}w(fﬁ)}

S(niﬁ){

rlg(z) —

rola) — s (0)|

32 an x a?+20+2
+7! 1+\l (n+6)$2+ (Cl_l—2aﬁ—25> 1) + )
1
From [22], we have
1 1 d" 1 T
Ao yom) < vl e tia) 2
and
d" 1 d"
o) = 50| < (i s ) (43)

From (4.1), (4.2) and (4.3), we have

T N on N (A, 1
|dern,a(f7x) dxrf(m)|§<n+ﬂ> w(d.ITf’\/m+n+B)

82 an T a?420+2
x{1+\l(n+ﬁ)x2+<a_1—2aﬁ—26>(n+5)+ ) }

nrdrlr
+<n+6>w<wfﬁn+ﬁ>

Consequently, we obtain

Corollary 4.1. Let L, = Tp) be the operators defined by (1.6) in [15]. For f €
C"[0,00) () E, we have

d” d dr 1 r
dl.rL"(f;‘T’a)(f§I)dx7.f(x)| < W<d$7_f;\/ﬁ+n>

d" r
+ w(@wﬁn>-
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5. LocAL APPROXIMATION RESULTS

In this section, we deal with order of approximation locally in Cg[0, 00) (space of real

valued continuous and bounded functions f on [0, 00)) with the norm ||f|| = sup |f(z)].
<zx<oo

For any f € Cg[0,00) and ¢ > 0, Peeter’s K-functional is defined as

Ks(f,8) = inf{[|f — gl +dllg"[ : g € CE[0,00)},
where C3[0,00) = {g € Cg[0,) : ¢’,¢g" € Cp[0,00)}. By DeVore and Lorentz [23,
p.177, Theorem 2.4], there exits an absolute constant C' > 0 such that

Ks(f;8) < Cun(f;V0),

where wy(f;9) is the second order modulus of continuity is defined as

wa(f; V) = sup sup |f(z+2h) —2f(x+ h)+ f(z)|

0<h<+/3§ z€[0,00)
Theorem 5.1. Let f € C%[0,00). Then, there exists a constant C > 0 such that
| Tl (fi2) = F(@) 1< Cwn (/6028 (1)) + w(f; Tl (e ),
where 52‘5(:10) = Tﬁf( 2:m) + (Tﬁ’f(wm;x))?
Proof. Consider the auxiliary operators as follows

Teb(fra) = T8 (fi2) + f(2) = f(na(z)),

where 7y, o (%) = Tp,a(Yg; ) + . Using Lemma 2.4, we have
TP (z) = 1,
Tl Wa(t);z) = 0,
Tl (fia)) < 3|1 (5.1)
For any g € C3[0,00) and by the Taylor’s theorem, we get
t
() =gla) + (t = 2)g' (@) + [ (2= 0)g" (). (5.2
t
Tof(ga) —gl@) = @0 —aim) + T / v)dv: )
t
- Tﬁ‘f(/(t v)g'(v)dv;x)
x
t Mn,a ()
= 13( [ dvo) = [ Oale) = 0 (@)

|T°"B ) _ g Taﬁ

\ﬂ
&
<
8

SN—




138 Thai J. Math. Vol. 19 (2021) /N. Rao and A. Wafi

Since,

t

[t =o' @

<(t-a)?g" . (5.4)

Then

nn.a(l‘)

(1hn.a(x) = 0)g" (V)dv| < (Nna(@) —2)* || 9" || - (5:5)

IN

T (g5 2) = g(a)] {Tﬁf’f((t = 2)%2) + (n,a(@) = m)2}llg”||

i @)lg" |l (5.6)

Now, we have

T (fi2) — f(2)| < [TEL(f — gsa)| + |(F — 9)(@)| + [ T0 (g;.2) — g(x)]
+ |f(77n,a(x)) - f($)’7

A f = gll +1T2L (g5 2) — g(@)| + | f (na(2)) — f(2))]
4f = gl + €2 @9l + w( Tl (s ).

IA

To () = f(2)]

IN

T30 (fiw) = ()] < Cun(f;1/ 6028 () +w(f3 Tl (3 ).

Now, we shall discuss rate of convergence of the operators defined by (1.5) for the
functions which belong to Lipschitz class
|t — [

m cx,t € (0,00)}, (5.7)

Lipy () ={f € C0,00) : [f(t) = f(x)| < M

where M is a constant and 0 < v < 1.

Theorem 5.2. Let f € Lipy; (). Then for x >0 and 0 <y <1, we have

xT

T2 (fr ) <x>|ngW] ,

where (p qo(x) = T,?f (2 (t); ).
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Proof. For f € Lip};(1) and v =1, = € (0,00), we have

(a—Dnz (@)
B f. ) — S, L Gy (=(a —1)nz) k+al)
Tf(fio) — f@)] < (1 ) > S £ ) - 1@
(a=D)nz a kta
< Me_1<1_1> ZCI(C)(i(ali Lnz) [*7 z.
a k=0 K ffﬁ—l—x
< M _ 1 1 amne oo C,ga)(—(a—l)nm) kE+a
o
M opy
< ﬁTn,a (|t .’IJ| )
aﬂ 2(+)-
< M Toa (V3 (t); )

VT

= M(Cn,t;(x)> :

Thus, the assertion hold for v = 1. Now, we will prove for v € (0,1). From the Hélder’s

Inequality with p = % and q = ﬁ, we have
(a-D)nz (a) % ¥
o.f a1 C" (—(a—1)nx) k—a)
T (F52) = fo)] = ( ( ) ;) S Mog) /@

(a—)nz (a) 1—~
_ 1 C." (—(a — 1)nzx)
1 1—- = k

< <e_1 ( _Cll> (a-1)ns :0 c,ia)((;l)nx) ('fCZ:Z) _f(x)D i)’y.

(a=1)nz (@) k+a — T ~
1 —(a—1 n+p
TeE(fr2) - f(@)] < M( (1 - ) Lot vt dt)
k=0 : Vot
(a—1)nz a
M =G (la—na) [ k+a )
Tz a P k! n+p

(T (It =zl 2))”

<M (C”’“(x)> E.

Consequently, we obtain
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Corollary 5.1. Let f € C3[0,00) and L, = T, be the operators defined in (1.6) by
Varma and Tagdélen [18]. Then, there exists a constant C' > 0 such that
| Lu(f;2,a) = f(2) |< Cwa(f5 \/énla(@)) +w(f; Lu(¥s 2, a)),
where 52:2(55) = Ln (¢ 2 ,a) + (Ln("/}w§w))2'
Corollary 5.2. Let f € Lipi,(v) and L, = ngg be the operators defined in (1.6) by

Varma and Tagdélen [18]. Then for x > 0 and 0 < v < 1, we have

<n,a(x)] :

X

\Ln(f32,0) = f(2)] < M[
where C,.0(2) = Ly (V2(t); ).

6. WEIGHTED APPROXIMATION

Let By i.2[0,00) = {f(z) : |f(z)] < M¢(1+ 2?),1 + 2? is weight function, M; is a
constant depending on f and x € [0,00)}, C14,2[0,00) is the space of continuous function

in Byi.2[0,00) with the norm ||f(z)|/141.2 = sup % and Cf . = {f € Ciia2 -
z€[0,00)

| llim lf Jgé = K, where K is a constant depending on f}.
T|[—0o0

Theorem 6.1. If the operators Tﬁ‘f defined by (1.5) from CH_%2 [0,00) to By442[0,00)
satisfying the conditions

lim |79 (es;2) — a%|l1402 =0, i =0,1,2
n—00 ’

Then for each CF_ ,[0,00)

i [T (f:2) = fllan = 0.

1422

Proof. To prove Theorem 7.1, it is enough to show that
lim |79 (es;2) — 2t||1402 =0, i =0,1,2
n—00 ’

From Lemma 2.4, we have

Tl (L) — 1]

T (eg; ) — ° = su =0 for : = 0.
|| n,a( 0 ) ||1Jr902 mE[OEO) 1+ 22
Fori=1
|n+ + a+1 - fE|
B~ n+B
||T“’B(el, z) — 2142 = sup
e z€[0,00) 1+ 22
B8 T a+1 1

sup +—— sup ——~.
n+ z€[0,00) 1+ 22 n+p z€[0,00) 1+ 22
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This implies that |77 (e1;2) — 2! [1442 — 0 an n — co. For i =2

+ ne o?+2042 2
3 (n+ﬁ)2$ (3 + 2« + > 0 IE + CERIL: T
||1n,7a (62; .”L') - T ||1+1;2 = sup

z€[0,00) 14 a2

< z?
> sup ———>5
z€[0,00) 1+ 22

3420+ — ! L v
o u
—1 (n—I—B) z€| 02@ 1+ a2

o +2a+2 1
————5— Sup —.
(n + ﬂ)z z€[0,00) 1+ a2

n2

o2 !

Which shows that |17 (e2; ) — 221442 — 0 an n — oco. m

Consequently, we obtain

Corollary 6.1. If the operators L, = T,):0 be defined in (1.6) by Varma and Tagdélen

[18]. Then from CerIQ

hm | Ln(ei; 2,a) — 21402 =0, i =0,1,2.

[0,00) to By42[0,00) satisfying the conditions

Then for each C 0, c0)

N ([ L(fi,a) — flliga = 0.

1+x2[

7. STATISTICAL APPROXIMATION

Statistical approximation theorems in operators theory were introduced by Gadjiev et
al [24]. Tt is known that every convergent sequence is statically convergent but conversely
need not be true. Many researchers have studied Statistical approximation results for
different positive linear operators (see [25, 20]). Let A = (anx) be a non-negative infinite
suitability matrix. For a given sequence z := (zp), the A-transform of z denoted by
Az : ((Az),,) is defined as

(Ax), = Z AnkTh
k=1

provided the series converges for each n. A is said to be regular if lim(Az),, = L whenever
limz = L. Then z = (x,) is said to be a A-statistically convergent to L i.e. st4 — lim
x = L if for every € > 0, lim,, Zk:‘mrlee ank = 0.

Theorem 7.1. Let A = (ani) be a non-negative reqular switability matriz and x > 0.
Then, we have

sta —lim ||T7?f(f,x) — fllige2+r =0, for all f € Cyyp2+x and A > 0.

Proof. From ([27], p. 191, Th. 3), it is sufficient to show that for A =0
stq — lim ||T7‘f"f(ei;x) —€;ll1422 =0, for i € {0,1,2}.
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In view of Lemma 2.3, we get

T8 (e iT) —x = sup ——
H n,a( 1 ) ||1+:C2 :L’E[O,IZO) 1+ 22

< n 1> JroHrl <( n 1>+a+1
—— 1)z — .
n+p n+pB| - \n+p n+p
Now, for a given € > 0, we define the following sets

Dy: = {n: ||T,‘f‘7’f(el;x) —z| > e}

S

a—+1 €
D3y: = : > — 5.
3 {n n+5_2}

This implies that D; C Dy | J D3, which shows that ZkeDl g < ZkeDQ ank*ZkeDg, G-
Therefore, we get

sta —Hm || T80 (e1; @) — |1442 = 0.
For ¢ = 2 and using Lemma 2.3, we have
1 n? 1 ne a2—|—2a+2‘
TP (eg2) — 22| 14> = sup (—1)$2+ 3+2a+ +
|| , ( ) H1+w me[o,oo)1+$2 (n+p)? a—1)(n+pB)? (n+p3)2 ’

n? 1 n a?+2a+2
< (g )+ (3”a+a1><n+m2+ CENEN

For a given € > 0, we have the following sets

E : = {n: T3 (eg;2) — 2° ze}
o = () )

1 n €

a2+ 2a+2 €
Ey: = n: ————— > — 5.
4 { (n+p5)2 —3

This implies that Eq C Es|J E3|J Es. By which, we obtained

Zankg Zank"" Zank+ Zank~

keFE, keFE> keFE;3 keFE,
As n — oo, we get
sty —1lim || T (eg; ) — 2|1 102 = 0.
- .
Hence, the proof of Theorem 7.1 is completed. ]

Consequently, we obtain
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Corollary 7.1. Let A = (anr) be a non-negative regular suitability matrix and > 0
and L,, = TV be the operators defined by (1.4). Then, we have

,a

sta —lm||L,(f;2,a) — flli4e2+r =0, for all f € Cyy2+x and A > 0.
n
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