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Strong convergence of modified Mann
iteration method for an infinite family of
nonexpansive mappings in a Banach space

I. Inchan

Abstract : In this paper we introduce a new modified Mann iteration for a W-
mapping generated by T,,, 1,1, ..., 71 and Ay, Ap—_1, ..., A\1. The iteration is defined
as follows:

x1 =z € C, arbitrarily;

Yn = QpTp + (1 - O‘n)anny n 2 1

Tni41 = ﬂnf(mn) + (1 - ﬂn)yny n>1,

where W, is a W-mapping, C' a nonempty closed convex subset of a Banach
space E with uniformly Gateaux differentiable. Then we prove that under certain
different control conditions on the sequences {a,,} and {3,}, that {z,} converges
strongly to a common fixed point of T,,,n € N.
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1 Introduction

Let C be a closed convex subset of a Banach space E. Recall that a self-
mapping f : C — C is a contraction on C if there exists a constant o € (0,1)
such that

() = fWll < allz —yll, 2yeC.

We use Il to denote the collection of all contraction on C. That is
e ={f: f:C — C a contraction}.

Note that each f € II¢ has a unique fixed point in C'. Let now T be a nonexpansive
mapping of C into itself, that is, | Tz — Ty|| < ||z — y|| for all z,y € C. Halpern
[4] introduced the following iterative scheme for approximating a fixed point of T":

Tpt1 = ap + (1 — )Ty, (1.1)
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for all n € N, where 1 = z € C and {a,,} is a sequence of [0,1]. This iteration
process is called a Halpern type iteration. Strong convergence of this type iterative
sequence has been widely studied: Wittmann [17] discussed such a sequence in a
Hilbert space. Shioji and Takahashi [14] extented Wittmann’s result; they prove
strong converge of {z,, } defined by (1.1) in a Banach space; see also Kamimura and
Takahashi [7] and Tiduka and Takahashi [5]. On the other hand, Bauschke [3] used
a Halpern type iterative scheme to find a common fixed point of a finite family
of nonexpansive mappings in a Hilbert space. Kimura et. al. [§] generalized the
result of Shioji and Takahashi [14] and studied strong convergence to a common
fixed point of a finite family of nonexpansive mappings in a Banach space; see
also [13, 10]. In 2007, Aoyama, Kimura, Takahashi and Toyoda [I] introduce the
following iterative sequence: Let 1 =« € C and

Tpt1 = @n + (1 — ap)Thzy, (1.2)

for all n € N, where C' is nonempty closed convex subset of a Banach space, {a,}
is a sequence of [0, 1], and {7} is a sequence of nonexpansive mappings. Then
they prove that {x,} defined by (1.2)) converges strongly to a common fixed point
of {T},}.

In 2003, Kikkawa and Takahashi [9], introduce an iterative scheme for finding
a common fixed point of infinite nonexpansive mappings in a Hilbert space by
using the hybrid method:

Yn = Wnin,

Cn =12 € Cillyn — 2|l < |20 — 2|I},
Qn={z € C; (v — 2,21 — 1) > 0},
Zn+1 = Po,ng, (21),

(1.3)

for every n € N. Then we prove that {x,,} converges strongly to Ppy)(21) where
F(U) = e, F(T3).

Algorithm 1.1 Let 77,75, ... be an infinite family of nonexpansive mappings of H
into itself and let A1, Ag, ... be real numbers such that 0 < A\; < 1 for every i € N,
we define a mapping W,, of H into itself as follows:

Un,n—i—l = I,
Un,n = ATLTTLUR,TL+1 + (1 - )\n)Iv
Un,nfl = )\nflTnflUn,n + (]- - )\nfl)I7

Un e = MeTUp g1 + (1 — M), (1.4)
Unji—1 = M1 T 1Un gk + (1 — A1),

Un2 = XU, 3+ (1 — )1,
Wyp =Un1=MT1Un2+ (1 — M),
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such mapping W,, is called the W — mapping generated by T,,T,_1,...,T71 and
>\na )‘n—17 ey )\1~
In this paper, we introduce the following iterative sequence as follows;

x1 = x € C, arbitrarily;
Yn = QpIp + (1 - an)anna (15)
Tnt1 = ﬂnf(mn) + (1 - ﬂn)ym

for all m € N, where {«a,, }, {8} are sequences of [0, 1], and W, is a W-nonexpansive
mappings. Then we prove that {z,} defined by (1.5) converges strongly to a
common fixed point of T,,n € N.

2 Preliminaries

Throughout this paper, we assume that F is a reflexive Banach space, C'is a
nonempty closed convex subset of E. E* is the dual space of E and J : E — 25~
is the noemalized mapping defined by

J(@) ={f € E%, (&, f) = l=[lll F1l, [l=l| = [ 1}, = € E

where (-, -) denotes the generalized duality pairing. In the sequel, we shall denote
the single-valued normalized duality mapping J by j.

Let S = {x € E : ||z| = 1} denote the unit sphere of E. Recall that E is said
to have a Gateaux differentiable norm if the limit

t —
e+ tyll —
t—0 t

)

exists for each z,y € E, and F is said to have a uniformly Gateaux differentiable
norm if for each y € S, the limit is attained uniformly for z € S.
Recall that a Banach space E is said to be strictly convex if

z|| = =1, =z imliesM<l.
zll = [lyll =1, y imp 5

Lemma 2.1. [2] Let E be a Banach space and J the normalized duality mapping.
Then for all x,y € E

() llz +yl* < llzl* +2{y, j(z +y)) for all j(z +y) € J(z +y);

(i) ||+ ylI* > ||z]|* + 2(y, 5(x)) for all j(z) € J(x).

Lemma 2.2. [18] Let {a,} be a sequence of nonnegative real numbers, satisfying
the property,
Ap+1 S (1 - 'Yn)an + bn7 n Z 07

where {y,} C (0,1), and {b,} is a sequence in R such that:
i) E5Zyvn = 00;
i) limsup,,_, o % <0 or X2, |by| < 0.

Then lim,_, o an = 0.
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Lemma 2.3. [6] Let E be a real reflexive and strictly convex Banach with uni-
formly Gateauzx differentiable norm. Suppose C is a nonempty closed convex subset
of E. Suppose that T : C — C is a nonexpansive mapping with F(T) # 0 and
f €llg. Then {x:} defined by xy = tf(x) + (1 —t)Txs converges strongly to fized
point of T' such that p is the unique solution in F(T') to the following variational
inequality:

(f=Dp,j(" —p)) <0

for all z* € F(T).

Let p be a continuous linear functional on [*° and s = (ag, a1, ...) € [*°. We
write p, (ay) instead of u(s). We call u a Banach limit if u satisfies ||p]| = pn (1) =
1 and ppn(ans1) < pn(ay) for all (ag,ag,...) € 1%°. If p is a Banach limit, then we
have the following:

(i) for all n > 1, a,, < ¢, implies pn(an) < pn(cn),

(ii) pn(ansr) = pn(ay) for any fixed positive integer 7,

(iii) liminf, o0 an < pn(an) <limsup,,_, . a, for all (ag,aq,...) € I*°.

Remark 2.4. If s = (ag, a1,...) € I*° with a, — a, then p(s) = up(a,) = a for
any Banach limit p by (iii). For more details on Banach limits, we refer readers
to 1’16/.

Lemma 2.5. [19] Let a € R be a real number and a sequence {a,} C I°° satisfying
the condition p,(a,) < a for all Banach limits. If limsup,, ., (an+1 — an) < 0,
then limsup,, . an < a.

Lemma 2.6. [15] Let {x,,} and {y,} be bounded sequences in a Banach space X
and let {8} be a sequence in [0,1] with 0 < liminf, . B, < limsup,,_, . Bn < 1.
Suppose X1 = (1= Bn)yn + Bnxn for all integers n > 0 and limsup,, . (||yn+1 —
Ynll = |Tnt1 — xul]) < 0. Then, lim, o ||yn — Znl| = 0.

Lemma 2.7. [12] Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let Ty, Ts, ... be nonexpansive mappings of C' into itself such that
NS F(T,) is nonempty, and let A1, Az, ... be real numbers such that 0 < A, <b <
1 for anyn > 1. Then, for every x € C and k € N, the limit lim,,_,o, Uy, exists.

Using Lemma 2.7, one can define mapping W of C into itself as follows:

Wz = lim Wyx = lim Uy, iz,
for every x € C'. Such a W is called the W — mapping generated by T1,T5, ... and
A1, Ag, .... Throughout this paper we will assume that 0 < A, < b < 1 for every
n>1.

Lemma 2.8. [12] Let C be a nonempty closed convex subset of a strictly convex
Banach space E. Let Ty, Ts, ... be nonexpansive mappings of C into itself such that
NS F(T,) is nonempty, and let A1, Az, ... be real numbers such that 0 < A\, < b <
1 for anyn > 1. Then, F(W) =N F(T,,).
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First we give our implicit iterative scheme as follows: For each k£ > 1 define a
mapping Sy : H — H by

Si(z) = %f(m) b1 %)Wx, k> 1,z ¢ H.

It is easy to see that for each k > 1, Sy is a contraction on C. Indeed, we note
that

1Sk(2) = Skl = |1 f(2) + (1= PWaz = (5 f(y) + (1 = )Wyl
plf @) = fWIl+ Q= 5wz —Wy]|

rallz =yl + (1 = pllz =yl

(1- (1 =)z =yl

By Banach contraction principle, there exist a unique fixed point ux € C of Sk
such that

INIAIA I

Up = %f(uk) + (1 — %)VVU}€7 Vk > 1. (21)

3 Main Results

In this section, we To obtain our result, we need some Lemmas.

Lemma 3.1. Let E be a strictly convexr and reflexive Banach space with a uni-
formly Gateaux differentiable norm. Suppose C' be a nonempty closed convex subset
of E. Let Ty, Ty, ... be nonexpansive mappings of C' into itself such that N2, F(T,)
is nonempty, and let f € llo. Let {x,} be a sequence in (1.5) withlim,_ ., 5, =0,
then

,u'n<f(p) - paj(xn - p)> S Oa
forpe N F(T,).

Proof. First we show that {z,} is bounded. Let p € N2, F(T,,). By the definition
of y, and x,,, we have
[yn — Il = [lon®n + (1 — an)Wnz, — p||
= llan(@n —p) + (1 = an) (Wnzn — p)||
< anllzn = pl| + (1 = an) Wz, — pl|
< apll@n — pll + (1 = an)llzn — pl|
= Jzn -l
and hence
[#n41 = pll = [1Bnf(zn) + (1 = Bn)yn — pll
= 1Bn(f(xn) —p) + (1 = Bn)(yn — p)||
< Bullf(zn) = pll + (1 = Ba)llyn — pll
< Bullf(zn) = f() + Bullf(p) = pll + (1 = Bp)llyn — 1l
< Bnallzn = pll + Ballf(p) = pll + (1 = Bn) |z — pl|
< (1= Ba(1 = @) [ln = pll + Ba(1 — o) L2222

< max{|z, — p|, W}.
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By induction on n, we obtain

Ilf(p) —pH}

zn — pll < max{[|z1 — pl|, W
for every n € N. Hence {z,} is bounded. So are {y,}, {f(zn)} and {W,z,}.
For each k € N, let uy be a unique element of C' such that

g = %f(uk) . %)Wuk. (3.1)

From Lemma 2.3, and Lemma 2.8, we obtain that
up —p e FW)=n2,F(T,) as k — oo.

For every n, k € N, we have
|Zn1 — Wugll = [|Bnf (2n) + (1 = Brn)yn — Wug|
< Ballf(@n) = Waug|| + (L = Bn)|yn — Wkl
< Bl f(zn) = Wugll + (1 = Bn)llanmn + (1 — an)Wyan, — Wug|
< Bullf(wn) — Waug|| + (1 = Bn) o ||zn — Wug|
+(1 = Bn) (1 — ) Wiy — Wy
< Ballf(@n) = Wugll + (1 = Bp)anl|zn — Wug|
+(1 = Bn) (1 = ap) [Wozn — Wikl + (1 = Bn) (1 — o) Wi, — W |
< Bullf(@n) = Wuk|| + ol = W[ + (1 — an)[|zn — |
+(1 = Bo)(1 — ap)||[Whug — Wug|

= anllzn = Wugl| + (1 = an)llzn — up|| + bn, (3.2)

where b, = B || f(2n)—Wug|[+(1—5,) (1—an) |Whur —Wug||. From lim,, o 8, =
0 and Lemma 2.7, we have lim,,_, b, = 0. From (3.2), we obtain
st — W2 < (anlltn — Wyl + (1 — an)zn — 1wl + ba)?
= (anllzn = Wugl| + (1 = an)l|zn — url)® + 2(anllz, — W]
+(1 = ag)lzn — ug])on + b7,
— 02— Wy |2+ (1 — )2 0 — g
+2(1 = an)an[lzn — Waugl[[|n — |
+0n (2(an |20 — Wugl| + (1 — an) |z — ugll) + bn)
< apllen = Wug|® + (1 = an)?|lzn — ul]® + (1 — an)on (|2 — Wugl?
@y — uk||2) + 7

= apl|zn — I/Vuk||2 + (1 —ap)lzn — uk||2 +r, (3.3)

where r, = b, (2(anl|zn — Wug|| + (1 — o) ||@n — ug]]) + bn) — 0 as n — oo.
For any Banach limit u, from (3.3), we obtain

finl|zn = Wur||* = pallnsr = Wugl? < pnllen — ugl®. (3.4)

From (3.1), we have

1 1

U — Tp = E(f(uk) - J?n) + (1 - %)(Wuk - J?n),
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that is ) )
(1- E)(xn = Wug) = (zn —up) + E(f(uk) — Tp).
It follows from Lemma 2.1] (ii), that
11 = 2@ = Wu) |I* = (0 — ur) + 5 (F(ur) — z)[>
> |lzn — ue® + §<f(uk) Ty, J(Tn — uk))
= [Jzn — uk|® + §<f(uk) —up = (@n — uk), j(@n — ur))
= |lzn — usl® + §<f(uk) — Uk, ] ( —ug)) — §<$n — g, j (T — uk))
= Hxn_“kHQ E<f(uk)_uka Ty —u)) — E”xn_uk”2
= (1= 2l — w2 ) — G — ) (3.5)
So by (3.4) and (3.5), we have
(1= —unl? 2 (1= ) o =Wl 2 (1= 2) e =gl ) =)
and hence

(f (ur) — ug, j(xn — ug))-

2
2 S
?Hxn ugl|* > "

This implies that

1

ﬂﬂn”xn - uk||2 > Nn(f(uk) - Uk7j($n - uk))

Since uy, — p € F(W) as k — oo, we get

pin(f(p) = p,j(xn —p)) <0 (3.6)
This completes the proof. O

Theorem 3.2. Let E be a strictly convex and reflexive Banach space with a uni-
formly Gateauz differentiable norm. Suppose C be a nonempty closed convex subset
of E. Let Ty, Ty, ... be nonexpansive mappings of C' into itself such that N2, F(T),)
is nonempty. Suppose that the following conditions are satisfied:

i) limy o0 B = 0,552 1 8, = 00 and X5 |Bny1 — Bnl < 00;

i) 322 1 |ant1 — an| < oo;

i4i) limy, 00 oy, = 0 o1 @, € [0,a), Ja € (0,1).
Then {xy} is defined by (1.5) converges strongly to a point in NS, F(T,).

Proof. By the proved of Lemma [3.1, we have {z,} is bounded. So are {y,},
{f(zn)} and {Wy,a,}. From (L.5), we have

[€nt1 = ynll = Bl f(@n) —ynll = 0 as n — oo (3.7)

Next, we show that
|Znt1 — Znll = 0 as n — oco. (3.8)



82 Thai J. Math. Vol 6 (2008)/ 1. Inchan

From {z,}, {yn}, {f(zn)} and {W,z,} are bounded, we let
M = sup{[lyn — f(@n)|| + [[Whs12n — 2o + [[Wnzn — Wiga@al[}-

Moreover, we note that
[Zn+2 = Tos1ll = 1Bns1 f(@nt1) + (1 = But1)¥Ynt1 — (Baf (@n) + (1 = Bn)yn)||

= [|Bnt1f(@n+1) + (1 = Brt1)¥n+1 — (1 = Bat1)¥n + (1 = Bat1)yn
_ﬁnf(xn) - (1 - ﬂn)yn - /BnJrlf(mn) + ﬁnJrlf(xn)H

= ||(1 - ﬁn+1)(yn+1 - yn) + (5n - Bn«kl)y’n + ﬁn+1(f(xn+1) - f(wn))
+(ﬁn+1 - ﬁn)f(xn)H

= ||(1 - 6n+1)(yn+1 - yn) + (ﬁn - Bn+1)(yn - f(xn»
+ﬁn+1 (f(xn+l) - f(xn»”

< (L=Bna)lyntr1 = ynll +18n = Brsalllyn — f (@) |+ Bryral| T —za|
(3.9)
for all n € N. Observe that
Y1 = Ynll = [lant12ng1 + (1 = ang1) Wh1Tn1 — (an2n + (1 — o) Wi, ) ||
- an+1xn+1+(1_an+1)Wn+1xn+l_(]-_an+1)Wn+1xn+(1_an+1)Wn+1mn
=Ty — (=) Whay — (1 —an ) Whi12n + (1 — ) Wo1Zn — @np1Zn
+an+1an
= ||(1 - an+1)(Wn+1xn+1 - Wn+1xn) + (an+1 - an)WnJrl(En
+(an - anJrl)(ann - WnJrlxn) + an+1($n+1 - :L'n) + (an+1 - an)mnH
= (1 = ant 1) Wat1%ni1 — Wap1ms) + (ng1 — an) Waig1z, — 25)
+(an - an+1)(ann - Wn+1$n) + anJrl(anrl - xn)”
< (1= ans ) [[Whi1Zng1 — Wopa1@n || + [ant1 — an|[[Wip12n — 24|
+|an - O‘n+1|||ann - WnJrlan + anJrlenJrl - an

< Nzny1—znll+an1—an [ IWar1%n =2 ||+ an —an 1 || Wnan =W 12, |
(3.10)
for all n € N. Substituting (3.10) in (3.9), we have
[#nt2 = Zngall = (1 = BusD)[[Znt1 — Tl + [ons1 — o [Wairan — 24|
Flom = 1 [[Wozn = Waaanl] + 180 = Brgalllyn — f )]l
+Bnr10|Tn1 — wall
= (1= Bn+)l[zn+1 — nll + (1 = Bot1) ot — an|[Wair2y — |
+(1 = Bpt1)lan — ans1l[[Wozn — Waa@all +[8n — Batalllyn — f (@) ]
+Bnr10]|Tns1 — wal|
< (1= Bar)Tns1 — ol + lant1 — an|[Wii12n — 24|
+lan = anp1|[[[Wozn = Wapa@al| + 18 = Brsalllyn — f (@)
+Bnr10)|Tns1 — wall
= (1= But1(1 = a))|znt1 — @nll + lant1 — an|[Wis12, — 24|
Hean = anp 1| [IWanen — Wig1za|| + B = Basalllyn — f(@0) ||
< (A= But1(1 — a))|znt1 — zall + 2|lant1 — an|M + |Bn — But1| M.
Put b, = 2|1 — an|M + |8y, — Bry1|M. From (i) and (ii), we have
Eoilbn] = 2552 (Jangr — an|M) + X752, [Bn — B | M < .

n=1
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Therefore, it follows from Lemma 2.2 that lim, o ||Zn41 — Zn|] = 0. Next, we
show that
limsup,, o (f(p) = p,j(zn —p)) <0,

where p € NS, F(T,,). Since hmn_,OO Bn =0, it follows from Lemma [3.1, we have
where p € NS, F(T,,). From lim, o ||Zn+1 — 25| = 0, thus

Jim [(F(p) = p, j(@ns1 =) = (F(P) =, j(2n — )| =0, (3.12)
where p € NS, F(T),). From (3.11), (3.14) and Lemma 2.5, we have

limsup(f(p) — p,j(zn —p)) <0, (3.13)

for p € NS F(T),). Finally, we show that x,, — p strongly and this concludes the
proof. Indeed using Lemma 2.1, we obtain
[@n41 = pH2 = [1Bnf(zn) + (1 = Bn)yn — pll2
= Hﬁn(f(xn) _p) + (1 - ﬁn)( )”2
< (l_ﬂn)2||yn_p”2+2ﬂn< ( ) ($n+1 p)>
< (1= 6n)?llzn — Pl + 26n(f (zn) — (p),J(fL’nH p))
+2ﬂn<f(p) - paj(anrl - p))
< (1_5n)2||xn_pH2+2ﬁna”xn_pH||$n+1_p||+25n<f(p)_p7j($n+1_p)>
< (1= 6n)?llzn = plI? + Bua(llzn = plI* + 201 = p[?)
+2B8,(f(P) = P, §(Tns1 — p))
S (1 - Zﬁn + /872L =+ ﬁna)Hxn - p”2 + ﬂna”zn-‘rl 7p||2
+2ﬂn<f(p) - paj(anrl - p)>
It follows that

(1= Bna)|lensr —pl* < (1= Ba(2— )+ B7) |20 —plI* + 26, (f(p) =, j (@01 —P)),

that is
1—Bn(2— 2 26n :
|1 —pl? < S22z, —p| 24 12— [l —pl P+ 22525 (F ()~ § (11— D)
1 ' (1 n ;
=M~ %5% pl? + 20 [ (£ (p) — p, j(@ns1 — P))
2(1 a)Ml]

for all n € N, where My > ||z, — p||*> > 0, n > 1. Now, we apply Lemma 2.2 and
use (3.13), we have lim, o [|[2, — p||* = 0. Consequently, we deduce that {z}
converges strongly to fixed point p € N2, F(T,,). This completes the proof. O

Theorem 3.3. Let E be a strictly convex and reflexive Banach space with a uni-
formly Gateauz differentiable norm. Suppose C be a nonempty closed convex subset
of E. Let Ty, Ts, ... be nonexpansive mappings of C into itself such that NS F(T},)
is nonempty and f € llg with o € (0,1). Suppose that the following condztzon are
satisfying

i) limy, 00 Bn = 0, and X224 5, = o0;

i) 0 < liminf,,— o, < limsup,,_, . a, < 1.
Then {zy} is defined by (1.5) converges strongly to a point in NS, F(T,).



84 Thai J. Math. Vol 6 (2008)/ 1. Inchan

Proof. By using the same arguments and techniques as those of Lemma [3.1, we
note that {z,} is bounded, and so are the {W,x,},{y,} and {f(x,)}. Setting
Y = (1 = Bn)an, Vn > 1, it follows from lim,, o, 8, = 0 and (ii) that

0 < liminf~, <limsup~y, < 1. (3.14)
n— 00 00
Define
Tnt1 = YnZn + (1 — v0)2n. (3.15)
We observe that
_ _ Tni2—Yn41Tnigl _ Tnil—YnZn
Pl T An = 1—7yn41 1—=yn
_ Bnt1f(@nt1)+(A=Bni1)Yns1=Ynt1%ng1 _ Bnf(@n)+(1=Bn)yn—TnTn
1—Yn+1 1=n
_ (ﬁn+1f(wn+1) _ ﬁnf(zn)) ~ (0=B)enznt (=) WnTn]—VnTn
1_'Yn+1 1—7yn 1—7yn
+(1*ﬁn+1)[an+1fﬂn+1+(1*0¢n+1)Wn+1fbn+1]*’Yn+11n+1
1=vn+1
_ (5n+1f(37n+1) _ Buf(zn) )— YnZn  (1=Bn)(A—an)Wnzy, 4+ Qn®n 4 Yn41Tnis
1—Yn41 1—vn 1—vp 1—7n 1—v 1—=vn41
+(1*[3n+1)(1*Oln+1)Wn+1$n+1 _ Yn+1Tnid
1_'Yn+1 1_'Yn+1
_ (ﬁn+lf(mn+l) _ Bnf(zn) )_ (A=8n)(A—apn)Wyzn + (A=Pnt1)(A—ant1)Wnit1Zni1
1=t 1=y 1=7n 1=Yn41
_ (ﬁn+1f(1‘n+1) _ Buf(zn) )7 A=y ) Wynzn + Woty  (1=8n)Wazy, + (A=yn+1)Wni1Znt1
1=vn41 1—yn 1—yn 1—vn 1—=vn 1=vn41
_ Whpiznga (I=Bnt1)Wnt1Tni1
1_'Yn+1 1_'Yn+1
_ (Bosrf(@ng1)  Bnf(za) _ BaWnon _ Brnt1tWni1Tni1
= 1=Ynt1 1= )JHWap1@n1=Wain)+ = I—vn41

Thus, we have

st — 2l € 2225 (1 @)l + [ Wasaznsa ) + 125
HIWhi1Tns1 — W
< 22 (| f@ni ) | I Wagazna )+ 222 (1 (@) [+ | Wazn )
HIWns1Znt1 — Wogrn|| + [[Wat1zn — Wz, |
< f’;ﬁ(”f(lfnﬂ)ﬂ+\|Wn+1$n+1H)+ Lo (1 f (@) |4+ W)
HTnt1 = zull + [Watrzn — Wazn ||

(S Gl + Wazal))

n

It follows that

[2n41 = 2nll = |2nt1 — 20l < f@ﬁ(ﬂf@nﬂ)ﬂ + Wat1zn41|)
Bn
+ (1f @) I+ Wz )+ [[Wh120n = Wiz (3.16)

1- Tn
From (1.4), since T; and U, ; are nonexpansive, we have
||Wn+1xn - ann” = ||)\1T1Un+1,2mn - )\lTlUn,2:En||
S A1 ||Un+1,2xn - Un,2$n||
= M ToUnt1,30 — AToU, 32,
< M ||Uni1,3%n — U 32n||
<.
S >\1)\2 e )\n”UnJrl,nJrlxn - n,n+1an

<M]]x (3.17)
i=1
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where M > 0 is constant such that [|[Up+1 n+12n — Unnt1@n| < M for all n > 0.
Substituting (3.17)) into (3.16)), we have

||Zn+1_zn||_||$n+1_xn” < &ﬁ(”f(xwrl)||+||Wn+137n+1||)+ 15371,“ (Hf(xn)”

HWaaal)) + MLz N,
which implies that (noting that (i) and 0 < A; <b < 1,Vi > 1)

limsup(|[zn+1 — 2all = [|Tnt+1 — 2al]) < 0.
n—oo

Hence by Lemma 2.6, we have
lim ||z, — 2,| = 0.
n—0oo
Consequently
lm ||zpe1 — Znll = (1 —9,) lim ||z, — 2] = 0.
n—oo n—oo
Argument of the proved in Theorem [3.2, we have

limsup(f(p) — p,j(zn —p)) <0,
n—oo
for p € NS F(T,). By using the same arguments and techniques as those The-
orem 3.2, we have {x,} converges strongly to a point p € NS, F(T,). This
completes the proof. O
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