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Abstract Let A be an algebra, X an A-bimodule and o : A — A a continuous homomorphism. In this
paper, we show a continuous linear one to one correspondence between Z; (A, F), the set of all module
valued o-derivations and LI (A, X), the set of all left o-intertwining mappings, where F = B(A4, X)
and that B(Ay,X) is a o(A)-bimodule. A similar fact is proved between ZJ (A, F), the set of all n-o-
cocycles, and LI}}(A, X), the set of all o-intertwining mappings in the last variables. Also there exists
a linear homeomorphism between 3L (A, F), the set of all continuous module valued o-derivations, and
B(A, X). Moreove, it is proved that the same relation satisfies between 3% (A, F) and B"(A, X).
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1. INTRODUCTION

Let A be an algebra. A linear operator d on A is said to be a deivation if it satisfies the
Libnitz Rule d(ab) = d(a)b+ad(b) for each a,b € A. Furthermore if ¢ is a homomorphism
on A, then do has the property that d(ab) = d(a)o(b) + o(a)d(b) for each a,b € A; a
linear mapping with such a property, is called a o-derivation.

Let A be a Banach algebra and X an A-bimodule. We say that a function S : A — X
is intertwining if A : LY(A, X) — L?(A, X) defined by

(Al(S)) (a,b) = aS(b) — S(ab) + S(a)b, Va,be A (1.1)

is continuous bilinear mapping. The function S is left intertwining if for each a € A,
the function ¢, : A — X defined by ¢,(b) = aS(b) — S(ab) is continuous. In the same
manner, S is called right intertwining if for each a € A, the function ¢, : A — X defined
by ¢a(b) = S(ba) — S(b)a is continuous; the set of all left-intertwining mappings (or right-
intertwining mappings) of A to X, denoted by LI(A,X) ( or RI(A,X)). At the same
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time, the set of all intertwining mappings of A to X is denoted by I(A, X). In view of
the uniform bounded theorem, S : A — X is intertwining if and only if, it is both left
intertwining and right intertwining.
Similar to the definition A', one can consider for each natural number n, the function
A" LA, X) — L"TH(A, X) defined by
(A™S) (a1, a2, ...an,any1) = (=1)°a1S(az,as,...ani1)
+ (—1)1S(a1a2,a3,...an+1)
+ (—1)25(a1,a2a3,a4,...an+1)
+ (=) S(ay, a0, a0
in where S € L"(A,X) and (a1, az,...an,ant1) € A"TL. For each nonnegative integer
n, we denote Kerl(A™) by Z™(A, X) and call each of its elements a n-cocycle; for more
about this fact, we refer the reader to [1, 2]. In [1], it was also proved that if S : A — X
is left intertwining, then there exists a module valued derivation D : A — B(A4,X) and
a continuous left A-module homomorphism U : B(A;,X) — X such that Uo D = S.
In this paper, prior to anything, the facts and the notations such as c-intertwining,

o-cocycle, ZL(A, F), LI, (A, X), Z(A, F) will be defined and after that we extend some
of theorems and results stated on the concepts intertwining and cocycle in [1, 2].

2. 0-INTERTWININGS AND 0-COCYCLES

Definition 2.1. Let A be a Banach algebra, X a Banach A-bimodule and ¢ : A — A
a continuouse homomorphism linear mapping. We say that a function S : A — X is a
o-intertwining mapping if A' : L1(A, X) — L?(A, X) defined by

(Al(S)) (a,0) = o(a)S(b) — S(ab) + S(a)o(b), Va,be A (2.1)

is continuous bilinear mapping.

Definition 2.2. Let A, X, o be as in Definition 2.1. We say that a function S : A — X
is a left o-intertwining mapping if for each a € A, the function ¢, : A — X defined by
va(b) = a(a)S(b) — S(ab) is continuous. In the same manner, S is a right o-intertwining
mapping if for each a € A, the function ¢, : A — X defined by ¢, (b) = S(ba)—S(b)o(a) is
continuous; we denote the set of all left o-intertwining mappings (or right o-intertwining
mappings) of A to X, by LI,(A,X) (or RI,(A,X)).

Remark 2.3. In view of the uniform bounded theorem, S : A — X is o-intertwining if
and only if, it is both left o-intertwining mapping and right o-intertwining; the set of all
o-intertwining mappings of A to X, denoted by I, (A, X).

Remark 2.4. Let A, X, o be as in Definition 2.1. Similar to the definition A!, for
each natural number n, we consider A" : L"(A,X) — L""1(A,X) defined for each
S € L"(A, X) and each (a1,az,...an, ani1) € AT by

((An)(s))(a17a27 RN an+1) = (—1)00'(111)S(a2, as, ...an+1)
(71)15((110,2,0,3,...(1”_._1)
(—1)2S(a1,a2a3,a4,...anﬂ)
oA (1) S(ay, ag, ..00)0 (A i)

+ 4+ +
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Also for n = 0, we define A : X — L1(A, X) by the rule
(A% (z))(a) = o(a)r — zo(a), Vre€ X and Vac A

One can easily prove that Al o AY = 0 and so Im(A°%) C Kerl(A'). Also, in general, it
can be proved that for each nonnegative integer n, A" o A"~1 = 0 and so Im(A""!) C
Kerl(A™). Thus the following complex is presentable:

0-%x A% piaa) AL L2, x) A5 13A, x)
A A prax) AL oA, a) A L

Definition 2.5. Let A , X, o be as in Definition 2.1 and € X. A linear mapping
d; : A — X is said to be an inner o-derivation if for each a € A, d,(a) = o(a)r —zo(a).
It can be easily prove that the function d, is a o-derivation.

Definition 2.6. Let A , X, o be as in Definition 2.1. For each nonnegative integer n,
we denote Kerl(A™) by Z(A, X) and call each of itself elements a n-o-cocycle. Also we
denote Im(A™) by N*+1(A, X) and call each of itself elements a n-o-coboundary. Clearly
ZN(A,X) CL™(AX) and NJ (A, X) C L™(AX).

Remark 2.7. In view of the fact stated recently, N(A, X) C Z(A, X).

Remark 2.8. Suppose T' € N1 (A, X) = Im(A°). It turn out that there exists z € X such
that 7' = (A%)(x). Then for each a € A we have T'(a) = ((A%)(x))(a) = o(a)z — zo(a);
i.e. T is an inner o-derivation. Also it is well known that if S € Z1(A, X) = Kerl(A')
then

o(a)S(b) — S(ab) + S(a)o(b) =0, Va,be A;

i.e. S is a o-drivation.

Definition 2.9. As it was mentioned above, N1(A, X) C Z1(A, X). We set
H(}—(.A,X) = N;(A7 X) - Z;(A7 X)

and define it the o-cohomology space of A with coefficients in X. In the same manner,
we define H? (A, X) = NI (A, X) — Z7 (A, X) and call it the n-o-cohomology space of A
with coefficients in X.

Remark 2.10. Let A, X, o be as in Definition 2.1. It is clear that the unitization of A,
ie. AL =C @ A, is a A-bimodule too. The vector space B(A,, X) with the definition

(0(a)f)(x) = o(a)f(z), (fola))(z)= flazx), Vae A, VfeB(AX) Veed
is a o(A)-bimodule.

Theorem 2.11. Let A, X,0 be as in Definition 2.1. Let S : A — X be a left o-
intertwining mapping. Then there exists a module valued o-derivation D : A — B(A4, X)
and a continuous left o(A)-module homomorphism U : B(A4, X) — X such that Uo D =
S.

Proof. As it was mentioned already, we consider B( Ay, X) as a o(A)-bimodule by
(0(a)f)(x) = o(a)f(z), (fola))(z)= flax), Vae A, VfeB(A &) Veed.
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We define U : B(A,,X) — X by
U(T)=T(1), VT € B(A,,X)
and D: A— B(A,,X) by
D(a)(B,b) = BS(a) — o(a)S(b) + S(ab).
On the one hand,
D(a1a2)(8,0) = BS(araz) + S(ajazb) — o(ayaz)S(b).

On the other hand

(D(a1)o(a2))(B,b)

D(a1)((0,a2)(8,b))
D(a1)((0, Bag + azb)(B,b))
= BS(a1a2) + S(arasdb) — Bo(ar)S(az) — o(ay)S(agd)

and

(0(a1)D(a2))(8,0) = o(a1)(D(az2)(8,0))
= o(a1)(85(az) + S(agh) — 0(a2)S(b))
= Bo(a1)S(az) + 0(a1)S(azb) — o(a1)o(az)S(b).

Thus we have
D(aia2) = D(ai)o(az) + o(a1)D(asz).
To prove S = U o D, we arrive at
(UoD)(a) = U(D(a)) = (D(a))(1) = D(a)(1,0)
= 15(a) + S(a,0) — o(a)S(0) = S(a).
It is necessary to mention that clearly D(a) € B(AL, X). m
Theorem 2.12. Let D : A — B(A4,X) be a module valued o-derivation. The mapping
S=UoD:A— B(A,X)— X is left o-intertwining.

Proof. To prove, suppose a € A is arbitrary. We define ¢, : A — X by
©va(b) = o(a)S(b) — S(adb), Vbe A.

Thus we get
pa(b) = o(a)(UoD)(b)— (UoD)(ab)
= o(a)(D(®)(1)) — (D(ab)(1))
= 0(a)(D(b)(1)) = (o(a)D(b)(1) + D(a)a(b))(1)
= 0(a)D(®)(1) - o(a)D(b)(1) — D(a)(b) = —D(a)(b).
It is clear that D(a)(b) € B (.A+ X); hence ¢, : A — X is continuous and consequently

UoD: A— B(A;,X) — X is left o-intertwining. ]
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Corollary 2.13. By considering F' = B(A, X), the function
¢: Zo(A,F) = LI, (A X)
¢(D)=UoD, ¥V DeZLAF)

18 an onto linear mapping.

Theorem 2.14. ¢ is continuous.

Proof.
loll = sup [[¢(D)]|
[1D]|<1
= sup |[Uo D
[1D]|<1
and
lUeDJ = sup [[(UeD)(a)l
[lall<1
= sup [[(D(a))(1)]]
[lal|<1
< |[D(a)]| < [|D]|-
Then ||¢|| <1;i.e. ¢ is continuous. L]

Theorem 2.15. ¢ is one-to-one.

Proof. We claim that the o-derivation D is unique for each left o-intertwining S. It turn
out that

AD(a)(1) + (D(ab)(1)) — a(a)(D(b)(1))

D(a)(1) + (o(a)D(b)
D(a)a(b))(1) — o(a)(D(b)(1))
BD(a)(1) + D(a)b

D(a)(8,0).

Thus if ¢(D1) = ¢(Ds), then D;(a)(1) = Da(a)(1), for each a € A and hence D; = Ds. m

+

Remark 2.16. If in Remark 2.4, we replace the spaces L™ (A, X) by B"(A, X), then we
will denote Z7(A, X) and N2 (A, X) by 37(A, X) and N2 (A, X), respectively and call
each of theirs elemants the continuous n-o-cocycle and the continuous n-o-coboundary,
respectively; in this case,

37-)411(“4")() = mi’(Av‘X) - 3(17(“47 X)
is called the continuous o-cohomology of A with coefficients in X. In the same manner,
HG(AX) =NMG(A,X) — 37(A, X)

is called the continuous n-o-cohomology of A with coefficients in X.

Theorem 2.17. The mapping
¢:3L(A,F) — B(AX)
¢(D)=UoD, V D e3LAF)

s a linear homeomorphism.
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Proof. Suppose D € 3L (A, F). Then

sup ||(U o D)(a)|| < [|D]]
llall<1

and hence S =U o D € B(A, X). Now assume that T € B(A, X). Since for each a € A,
the mapping ¢, : A — X defined by

Pa(b) = 0(a)T(b) = T(ab), Vbe A,
is continuous, then T' € LI (A, X); in fact, B(A,X) = LI,(A,X). Thus there exists
D € ZL(A, F) such that ¢(D) =T. Since

1Dl = sup [|D(a)|
lal <1

and

ID(a)ll ~sup [[D(a)(B,0)ll
[1(8,b)]1<1

and

D(a)(B,b) = pS(a) = (a)S(b) + S(ab);

then D € 31(A,F). Thus ¢ is bounded, one-to-one and onto and since 3L (A, F) is a
Banach space, from the open mapping theorem, ¢ is homeomorphism. [

Corollary 2.18. Let A , X, o be as in Definition 2.1. Let all of module valued o-
derivation from A to B(Ay,X) be continuous. Then every left o-intertwining mapping
18 continuous.

Remark 2.19. Similar to left o-intertwinings, the concept of the right o-intertwinings
is presentable. Moreove that, all of theorems and corollary 2.18 until 2.17 hold for right
o-intertwinings too; the only pointable fact is that, for this case, we define the function
D:A— B(A+,X) by

D(a)(8,b) = pS(a) + S(ba) — S(b)o(a)

and consider B(A4, X) as a o(A)-bimodule by

(0()f)(@) = fza), (fo(a)(@) = f@)o(a), VaeA, VfeBApX), Vaedl.

Remark 2.20. The facts such as left intertwinings and right intertwinings stated by now,
can be extended as the following.

Definition 2.21. The mapping S € L™(A, X) is said to be o-intertwining in the last
variable if for each a1, as, as, ...a, € A, the linear mapping

p: A= X

p(a) = (6"(9)(a1,as2,as, ...an,a), Yae A

is continuous.
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Theorem 2.22. Let S : A" — X be a o-intertwining mapping in the last variable.
There exists a continuous left o(A)-module homomorphism U : B(AL, X) — X and a
n-o-cocycle D : A" — B(Ay, X) such that Uo D = S.

Proof. Tt need be noted that we consider B(A4, X) as a o(A)-bimodule by
(c(a)f)(x)=0(a)f(z), (fo(a))(x)= f(ax), Vaec A, VfeB(A X), Vredl.

Suppose U : B(A4,X) — X is the same one that mentioned earlier. We consider the
mapping
D: A" - B(A4+, X)

defined by

D(al,a2,a3a“'an)(5?b) = ﬂS(alaa27a3a'“an)
+ S(ay,as9,as,...a,)o(b)
+ (=1D)"A™(S)S(a1,a2,as,...an,b).

Since S is o-intertwining in the last variable, one can conclude that D(a) € B(A4, X).

Clearly U o D = S; because

(U o D)(ay,as,as,...a,) = (D(a1,as,as,...ap

)
)

)

1
1,0)

)
)

= 1S(a1,a2,as,...an)

(D(al,aQ,ag,, N7

S(a1,a9,as,...a,)0
(—=1)"A™(ay,az, a3, ...an, 0)

S(al,ag,ag, an)

- -

Now it should be showed that A™(D) = 0. It turn out that

(A™(D))(a1, a2, as,...an,a) = o(a1)D(asz,as,...an,a)
D(ajas,as, ...an, a)

+ D(ay,aqas,...an,a)

+ (=1)"D(aq,a2,as,...,ana)
+ (=1)""'D(ay,az,as, ...,a,)o(a);

on the one hand

o(a1)D(ag,as, ...an,a)(B,b) o

(a1)BS(az,as,...,an,a)
(a1)S(az,as, ...,an,a)o(b)

1
(=1)"o(a1)A™(S)(az,as, ...an, a,b)

+ +
Q

and
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7D(a1a27a37"'an,a)(ﬂvb) = 7/85(a1a27a37-'~an3a)
— S(aiaz,as,...,an,a)c(b)

+ (71)”+1A"(S)(a1a2,a3, ceellp, a, D)
and so on, until that
(=1)"D(ay,az,as, ...,ana)(8,b) = (=1)"BS(a1,as2,as,...,a,a)
+ (-1)"S(a1,as,as,...,ana)o(b)
+ (—D)"(=1D)"A™(S)(a1a2,as,...ana,b)

and

D)"Y D(a1, az, as, ..., an)o(a)) (5, b)
D)"Y D(ay1, az, as, ..., an)o(a))(0, Ba + ab)
Jo(a)
)

1 n+1ﬁs ai,az,as, ...,

(-1)

(-1)

(-1) ( an)o(a
+ (=185 (a1, az, a3, ..., an)o(a)o(b)
+  (=1D)*""A™(S)(ay, az, a3, ...a,, ab)
+ (=) T1BA™(S) (a1, a2, a3, ...ap, a).

Adding the first parts of the relations stated above, we get

BA™(S) (a1, az,as, ...an, a) (2.2)

where (2.2) is deleted with the last part of the last relation. Adding the second parts, we
get

A"™(S)(a1,a2,a3, ...an,a)o(b) (2.3)
Adding the third parts and (2.3), we get
A" (A" (ay, ag, a3, ...an, b)) (2.4)

whose produce is equal to 0; in fact A™(D) = 0. n

Theorem 2.23. Let D € Z*(A,F). There exists a o-intertwining maping in the last
variable S € L™(A, X) such that S =U o D.

Proof. Define S = U o D. We should show that for each aj,as,as,...a,, € A, the linear
mapping

p: A= X
‘P(a) = (571(5)(0,170,270,37 ...an,a), Va € A
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is continuous. Since

(5”(5)(&1, az,as, ..

Gy @)

+ o+ o+

+

o(a1)S(az,as,...,an, a)

S(a1a2; as, ...,

S(ay,asas, ...

Qp, Q)

7an7a)

(=1)"S(a1,az,as, ...,aza)

(_1)n+1s(a'l7a’27 Az, ...,

o—(al)(D(ag, a3y ey Ay a)(l))

(D(a1a2, a3y ...y

(D(al, agQA3, ...,

an,a)) (1)
a,)) (1)

an)o(a)

(=" (D(al, a2, a3, ..y ana)(l)

(—1)"(D(a1, as, a3, ..., az)(0, a)

(—1)+ (D(al, a3, a3, ... an)) (1)o(a),

clearly ¢ is continuous. Then S is o-intertwining in the last variable.

Corollary 2.24. By considering F = B( A,

X), the function

¢ ZP(AF) — LIJ (A X)

¢(D) =

s an onto, continuous and linear mapping.

Theorem 2.25.

¢ is one-to-one.

UoD, VDeZAF)

Proof. We claim that D is unique for each o-intertwining in the last variable S. It turn

out that

ﬁD(al,ag,ag,

an)(1)

+
+
+

+

(D(al,(lg,ag,

a)(1))o(@)

(—1)"((—1)"D(a1, as, as, ..., a)(0, a)

(—1)"[D(a1, a2, 05, ., a)| (o (@)

D(ay,a29,as, ...
D(ay,az,as, ...

D(a17a27a‘37 ..

an)(3,0)
an)(0, a)

-an)(B,a)
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Thus if ¢(D1) = ¢(D3), then Dy (a)(1) = Da(a)(1) for each a € A and hence Dy = Ds. m

Theorem 2.26. The mapping
¢: 35(A,F) = By (A X)
¢(D)=UoD, VD e3ATF)

18 a linear homeomorphism.

Proof. f D € 37(A, F), then ¢(D) = U o D is continuous. Now if T' € B"(A, X), then
(0™ (T)(a1,az,as,...an,a) = o(a1)T(az,as,...,an,a)
— T(araz,as,...,an,a)
T(a1,azas, ..., an, a)
w(=1)"T(ay,az9,as,...,ana)

(=1)" "' T(ay,az,as, ...,a,)o(a)

+ + +

is continuous. So T" € LI}'(A, X). Then there exists D € Z(A, F) such that ¢(D) =T.
Since T is continuous, then so is D. Then D € 3%(A, F). Since 37(A,F) is Banach
space, in view of the open mapping theorem, ¢ is homeomorphism. [

Definition 2.27. The mapping S € L™(A, X) is said to be o-intertwining in the first
variable if for each a1, as,as, ...a, € A, the linear mapping

p: A= X
p(a) = (6"(9)(a, a1, a2, as, ...a,), Yae€ A

is continuous.

Remark 2.28. Similar to o-intertwining in the last variables, one can define a analo-
gous statement called o-intertwining in the first variable. Moreover, all of theorems and
corollary 2.22 until 2.26 hold too; the only pointable fact is that, for this case, we define
the function
D: A" — B(AL,X)
by
D(ay,a9,as,...a,)(B,b) = pS(a1,as2,as,...a,)

+ o(b)S(a1,as,as,...an)

+ (=D)"A™(S)(b,a1,az,a3,...an).
and consider B(A4,X) as a o(A)-bimodule by

(c(a)f)(z) = f(za), (fo(a))(z)= f(z)o(a), VYa€ A, VfeB(A;,X), VrelX.
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