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1. INTRODUCTION

The concept of fuzzy sets was initiated by L. A. Zadeh [1] in 1965. The fuzzy set theory
is a useful tool to describe situations in which the data are imprecise or vague. Fuzzy
sets handle such situation by attributing a degree to which a certain object belongs to a
set. Since then it has become a vigorous area of research in engineering, medical science,
social science and graph theory etc. Several researchers have done extensive works in the
field of fuzzy subgroup of a group. In 1971, Rosenfeld [2] introduced the concept of fuzzy
subgroup of a group. P. Bhattacharya [3] introduced fuzzy left and right coset of a fuzzy
subgroup. W. B. Vasantha Kandasamy [4] discussed the concepts of fuzzy middle coset
of fuzzy subgroup. The aim of this paper is to obtain some theorems on left, right and
middle cosets of a fuzzy subgroup of any group.

2. PRILIMINARY CONCEPTS

In this section, we site the fundamental definitions that will be used in the sequel.
Definition 2.1. [I, 5] Let X be any non empty set. A fuzzy subset p of X is just a
function p: X — [0,1].

Definition 2.2. [I] Let A, u be two fuzzy subsets of X. Then A = p if and only if
Az) = p(x), for all x € X.
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Definition 2.3. [5] A fuzzy subset p of a group G is called a fuzzy subgroup of G if

(1) p(ry) > min(u(z), u(y))
(ii) p(x=1) > p(z), for all z,y € G.

Definition 2.4. [6] A fuzzy subgroup u of a group G is called normal fuzzy subgroup if
and only if for all z,y € G, u(zy) = p(yx).

Definition 2.5. [5, 7, 8] Let u be a fuzzy subgroup of a group G and a,b € G. Then
(i) The left coset aju of p is defined by (au)(x) = p(a=tx), for all x € G.
(1) The right coset pa of p is defined by (ua)(z) = u(za=?t), for all x € G.
(74) The middle coset aub of u is defined by (aub)(x) = u(a=taxb™1), for all z € G.

Definition 2.6. [9] Let u and A be fuzzy subgroups of G. Then they are conjugate if for
some a € G, we have pu(a~'za) = A\(z), for all z € G.

Proposition 2.7. [5] A fuzzy subset p of a group G is a fuzzy subgroup of G if and only
if for all x,y € G we have p(xy=1) > min(u(x), u(y)).

In the following theorem, a necessary condition for middle coset of a group to be fuzzy
subgroup is given.

Theorem 2.8. [9] Every middle coset aub of a fuzzy subgroup p of a group G is a fuzzy
subgroup if p is fuzzy conjugate to some fuzzy subgroup \ of G.

Here we recall two lemmas which will be required in the sequel (see [5]).
Lemma 2.9. If p is a fuzzy subgroup of a group G and e being identity in G, then
p(z) < ple), for all z € G.

Lemma 2.10. If p is a fuzzy subgroup of a group G, then u(z) = u(x=1), for all z € G.

3. MAIN RESULTS
In this section, some theorems related to fuzzy cosets of a given group are established.

Theorem 3.1. Let pu be a fuzzy subgroup of a group G, then ey = pu = pe, where e being
identity in G.

Proof. Let pu be a fuzzy subgroup of a group G and e being identity in G. Then ey and
e are respectively left and right cosets of u in G.
For all z € G, we have

(ep)(z) = ple'a)
— ) = plwet) = (ue)(@).
From the equality of fuzzy subsets, ey = u = pe. [

Theorem 3.2. Let p be a fuzzy subgroup of a group G and a € G. Then u(a) = p(e) if
and only if ap = p = pa, where e being identity in G.
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Proof. Let a € G with u(a) = p(e).
For all z € G, we have

(ap)(z) = p(a'z)
> min(u(a), 1(2))
—  min((e), u(x))
= u(z),by Lemma 2.9. (3.1)
Again, for all x € G,
p(x) = plaa™'z)
> min(u(a), p(a” "))
— min(u(e), p(a~1a))

= p(a™'z),by Lemma 2.9.
= (ap)(z). (3.2)
From (3.1) and (3.2), we conclude that for all z € G, (ap)(z) = p(z). This implies that

ap = p.
Similarly, we can prove that p = pa.
Conversely, let ap = ¢ = pa. Then

p(a) = (pa)(a) = plaa™") = ple).

Theorem 3.3. Let u be a fuzzy subgroup of an abelian group G, then every left coset of
W is a right coset of u in G, i.e., au = pa, for all a € G.

Proof. Let p be a fuzzy subgroup of an abelian group G and a € G be any element. Then
ap and pa are respectively left and right cosets of p in G.
Now, for all x € G, we have

(ap)(z) = pla™'z)
= plza™)
= (pa)(z).
From the equality of fuzzy subsets, we have au = pa, for all a € G. [

Theorem 3.4. Let pu be a normal fuzzy subgroup of a group G, then every left coset of u
s a right coset of u in G, i.e., ap = pa, for all a € G.

Proof. The proof is straight forward. The proof of the Theorem 3.3 can be followed. m

Theorem 3.5. Let A and p be two fuzzy subgroups of a group G and a € G. Then
(1) aN = ap if and only if A = p.
(i) Aa = pa if and only if A = p.

Proof. Proof of first part (i):
Let aX = ap, where a € G and let e being identity in G.
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From the definition of left coset, we have for all z € G,
Az) = Aex)
Ma tazx)
= (a)\)(ax)
= (ap)(ax)
— plaaz) = plex) = pla).

The equality of fuzzy subsets implies that A = pu.
Conversely, suppose that A = u. Let a € G.
Now, for all x € G,

(aN)(z) = Ma'z)

= pla ')

= (ap)(a)-

Therefore a\ = apu.
By the similar arguments, we can prove the second part (ii). [

The following corollary is the direct consequence of the Theorem 3.3 and the Theorem
3.5.

Corollary 3.6. Let A and p be two fuzzy subgroups of an abelian group G and a € G.
Then aX = pa if and only if A = u.

Theorem 3.7. Let u be a fuzzy subgroup of a group G and a € G. If u(z) = pla='xa),
for all x € G, then ap = pa.

Proof. Let u be a fuzzy subgroup of a group G. Let a € G and e being identity in G.
Let pu(z) = pla=tza), for all z € G.
From the definition of right coset, we have for all x € G,

(na)(z) = plwa™)
— (e (zaV)a)
= pla'za"ta)
— (a~'ze)
= pla'a)
— (an)(@)
Hence ap = pa. [

The necessary condition for a middle coset aub to be a fuzzy subgroup is given in the
Theorem 2.8. In view of the Theorem 3.1, we can conclude from the Theorem 2.8 that
the left and right fuzzy cosets are also fuzzy subgroups with the same condition.

Theorem 3.8. Let p be a fuzzy subgroup of a group G and a,b,c,d € G. Then
(1) a(bp) = (ab)u, if bu is a fuzzy subgroup of G.
(#1) (pa)b = u(ab), if pa is a fuzzy subgroup of G.
(#i1) (ab)u(cd) = a(buc)d, if buc is a fuzzy subgroup of G.



Some Results on Fuzzy Cosets of Fuzzy Subgroups of a Group 33

Proof. Proof of (i): Now, for all z € G, we have

[a(b))(x) = (bp)(a'2)
= ub (o '2))
= pbta tr)
= u((ab)" )
= [(ab)p] ().

The equality of fuzzy subsets implies a(bu) = (ab)p.
The proof of (i) is same as the proof of (7).
Proof of (iii): For all z € G, we have

[(ab)u(cd)](x) = pl(ab)”
(b~
(b~

\/

ta(ed) ™
atzd e
Ha tad™)e™)
(bpac) (™ L)
[a(bpc)d)(z).

I
=

Therefore (ab)pu(cd) = a(buc)d. L]
Remark 3.9. In the Theorem 3.8, the symbols (ab)u, p(ab) and (ab)u(cd) represent the
fuzzy cosets, not the functional values of p.
Theorem 3.10. Let A and p be two fuzzy subgroups of a group G and a,b € G. Then
(i) aX = bu if and only if X = a~tbpu.
(ii) Aa = pb if and only if X = pba~?
Proof. Proof of (i): Let A and u be two fuzzy subgroups of a group G. Let a,b € G and

e being identity in G. Suppose that a\ = bu.
Now, for all z € GG, we have

(@ op)(@) = p((a™'b) w)

This implies that A = a~'bu.
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Conversely, suppose that A = a~'bp.

(aX)(x)

This implies that aA = bu.

The proof of (i7) is same as the proof of (7).

Then, for all x € GG, we have
Ma ')

(a™'bu)(a""x)
p((a=18) " (a1 2)

pb taa " )

p(b~ ex)

p(b~ ")

(bys) ().

Theorem 3.11. Let A and p be two fuzzy subgroups of a group G and a,b € G. Then

(i) aX = ub if and only if X\ = a~*

ub.

(1) aX = pb if and only if p = aXb™ 1.

Proof. Proof of (i): Let A and u be

two fuzzy subgroups of a group G. Let a,b € G and

e being identity in G. Suppose that a\ = ub.

Now, for all z € G, we have

(a™" pb) ()

Therefore A\ = a~'ub.

Conversely, let A = a~'ub. Then, for all z € G, we have

(a)(z)

This implies that aA = ub.

Similar arguments proves the second one.

Ma™tz)

(™ ub)(a™ ")
p((ah) Mo e )
plaa™tzb™h)
pleaxb™)

p(xb™t)

(1b) ().

Theorem 3.12. Let p be a fuzzy subgroup of a group G and a,b,c,d € G. Then

apb = cud if and only if b pa=t = d pet

1
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Proof. Let aub = cud. Using the Lemma 2.10, we have, for all z € G

(0" tpa ) (x) = p(bra)
= p((bza)™)
= etz
= (apb)(z™")
= (cud)(z™")
= p(ctz7tdY

[T

=2 =

S F

&3
L

This implies that b~ pua™! = d~'uc™ 1.

Conversely, suppose that b= 'pua™" = d~'uc™!. Then by the Lemma 2.10, we have, for all
reG

(apb)(z) = p

||
=ERSE
5L
=

= O
s |
~ =

®

L

S~—

I
=
=

S

L

o

~
i

= p(ctazd™)
(cpud) ()

Therefore aub = cud. This completes the theorem. [
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