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1. INTRODUCTION

Banach contraction principle has been extended and generalized by many researchers
by using different forms of contractive conditions in various spaces (see [1-(] and the
references therein) . Some of such generalizations are obtained by contraction conditions
containing rational expressions. In this direction, in 1973, Geraghty [7] introduced a
contraction in which the contraction constant was replaced by a function having some
specific properties. Since then, several papers dealt with fixed point theory for rational
Geraghty contractive mappings (see, e.g., [8—13]).

Czerwik in [14] introduced the concept of a b-metric space. Since then many math-
ematicians done several work on involving fixed point for single-valued and multivalued
operators in b-metric spaces (see [141-21] and the references therein).

Definition 1.1 ([14]). Let X be a nonempty set and s > 1 be a given real number. A
mapping d: X x X — RT is said to be a b-metric if for all z,y,z € X the following
conditions are satisfied:

(bMy) d(z,y) =0 if and only if z = y;

(bM2) d(l’, y) = d(y> :L‘);

(bMs) d(z,z) < sld(x,y) + d(y, z)].
In this case, the pair (X, d) is called a b-metric space (with constant s).
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Definition 1.2 ([22]). Let (X, d) be a b-metric space. Then a sequence {z,}32 ; in X is
called:

(A) convergent if and only if there exists x € X such that d(z,,x) — 0 as n — oco.
In this case, we write lim,, ooy = .
(B) Cauchy if and only if d(x,, z,,) — 0 as m,n — .

Remark 1.3 ([22]). Notice that in a b-metric space (X, d) the following assertions hold:
(A) a convergent sequence has a unique limit;
(B) each convergent sequence is Cauchy;
(C) in general, a b-metric is not continuous;
(D) in general, a b-metric does not induce a topology on X.

Definition 1.4 ([22]). The b-metric space (X, d) is complete if every Cauchy sequence
in X converges in X.

The aim of this paper is to present some fixed point theorems for mappings in com-
plete b-metric spaces satisfying several versions of rational Geraghty-type contractive
conditions. Our results extend some existing results in the literature. An example is
presented to showing the usefulness of these results and they are indeed more general
than some known ones.

2. MAIN RESULTS

Definition 2.1. Let (X, d) be a b-metric space with constant s > 1. A mapping 7' : X —
X is said to be Suzuki-rational Geraghty contraction if there exist § € (s,00), k € (0, 00)
and the function ¢ : [0,00) — [0, §) such that for all z,y € X with z #y

52w, T2) < d(z,y) = (T, Tg) < (M () Ma (2, ),

z,Tz)d(y, d(x,Tz)d(y,
where, M7 (z,y) = max {d(m Y), H(laxT{k)dgz 5);;})7 mafx{f d)(T(z ;z;}}

Theorem 2.2. Let (X, d) be a complete b-metric space with constant s > 1 and T : X —
X be a Suzuki-rational Geraghty contraction. Then T has a unique fized point x* € X
and for every x € X the sequence {T™x}>2, converges to x*.

Proof. Chose z € X. Set
w1 =Tz, xo =Tz =T%x, -+ 2 =T2n_1 =T"z, YneN. (2.1)

If there exists n € N such that d(x,, Tx,) = 0, the proof is complete. So we assume that
for every n € N, 0 < d(xy,, Tx,,). Therefore

Q—d(zn,Txn) < d(zp,Tz,), VneN (2.2)
s

So from assumption of theorem, for any n € N we have
d(Tp, Tpt1) = d(Txn—1,Txy) < (M1 (Tn—1,20)) Mr(Tn—1, )

1
< SMr (a1, 20), (23)
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where,

d(@n_1,Txn_1)d(zn,Tzy)
M ( ) = w1 %n), "N i, 2
T(Tn—-1,Tn) = INax d(@n—1,TTn_1)d(xn,TTn)
max{k,d(Tzn—1,Txyn)}

A(Zn—1,%n)d(Tn,Tny1)
< max{ d(l‘nfl,l'n)a d(Zn—_1,2n) ) }

A(Tn—1,%0n)d(Tn,Tni1)
d(Tn,Tni1)

= max {d(zn—1,%n), d(Tn, Tnt1)} (2.4)

If there exists n € N such that max {d(x,—1, %), d(Tn, Tnt1)} = d(zpn, Tne1) then from
(2.3) and (2.4), we get

AT, Tpt1)-

S

d(Xp, Tpt1) <
Since % < 1, we get a contradiction. Therefore
max {d(Tn_1,%n),d(Tn, Tni1)} = d(@n_1,2,), Vn € N.
Thus, from (2.3) and (2.4), we have

1
d(xp, Tpt1) < gd(xn,l,xn), Vn € N. (2.5)

Therefore {d(z,, n4+1)}52, is a nonnegative decreasing sequence of real numbers, so

lim d(xp,Tpy1) =7 > 0.

n—oo
We prove v = 0. Suppose on contrary that v > 0. Then, letting n — oo, from (2.5) we
have v < %'y < 7. It is a contradiction. Therefore, we have

lim d(zy,,Tz,) = lim d(zn,zny1) = 0. (2.6)
n—oo

n—oo

Now, we claim that, {x,}>2 ; is a Cauchy sequence. Arguing by contradiction, we assume
that there exist € > 0, the sequences {p(n)}52; and {¢(n)}>2; of natural numbers such
that

p(n) > q(n) >n, d(Tpm), Tem)) > € d(Tpm)—1,Tqm)) <€ VneN. (2.7)
From the triangle inequality, for all n € N, we have the following two inequalities:

€ < d(@p(n), Tg(n)) < S[A@p(n)s Tg(ny+1) + d(Zgm) 41, Tg(m))]-
and

€ < d(@p(n), Tg(n)) < S[d(Tp(n)s Tp(n)—1) + A(Tp(n)—15 Tq(m))]-
It follows from (2.6) that

< < liminf d(zp(n), Tgm)+1) and g < liminf d(zpn)—1, Tq(n))- (2.8)

S n—00 n—00
From (2.6) and (2.8), there exists n; € N such that
1
2s
Again, From (2.8), there exists ng € N such that

€
d(xp(")’T‘rp(")) < ; < d(xp(n)vxq(n)—i-l)a Yn > ny.

€
g < d(xp(n)—la xq(n))» Vn > ny.
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So from assumption of theorem, for all n > ng = max{nj, na} we have

A(@p(n)> Tg(n)+1) = AT Tpn)—1, TTg(n)) < G(MT(Tp(n)—15 Tq(n))) M1 (T p(n)—1, Tg(n))

MT(xp(n)—laxq(n))' (29)

¥
1
< =
)

Observe that

d(Zp(n)—1, Ze(n));
A@p(n) =1, TZp(n) —1) A Zg(n), TTe(n))
M (2p(n)—1, Tq(n)) = Mmax max (b d(@p o 1,Tq))]
d(p(n)—1,T%p(n)—1) AT (), TTq(n))
max{k1d(Tmp(n) —1 aqu(n))}

d(xp(n)fla xq(n))a

Azp(n)—1:%p(n) ) Tg(n) s Tq(n)+1)

< max A(Tp(n)—1,Tq(n)) ’
A(Zp(n)—1:Tp(n)) A Tg(n) Tq(n)+1)
d(Tp(n) Tq(n)+1)
67
S
<max < 2d(Tpm)—1, Tpn))A(Tq(n) Tam)+1)s ¢ - (2.10)

2d(zp(n)—1, Tp(n) )A(ZTg(n)> Tq(n)+1

From (2.9) and (2.10) for all n > ng, we have

{ €, gd(xp(n)—lvxp(n))d(xq(n)axq(n)—&-l)a }

d(Zpin), Ta(n < —max K
(1 Tatay+1) 2d(Tp(ny—15 Tp(n) )A(Tq(n)s Tg(ny11)

)

Letting n — oo in the inequality above and using (2.6) we obtain

, (2.11)

SR

lim sup d(@p(n), Tq(n)+1) <

n—oo

Thus from (2.8) and (2.11), we get £ < £, a contradiction since § > s. Hence {z,};2, is
a Cauchy sequence in X. So by completeness of (X, d), {z,}52, converges to some point
z* in X. Therefore,

lim d(x,,z*) = 0. (2.12)

n—oo
Now, we will show that for every n € N,

1 1
?d(xn,Txn) < d(zp,z") or z—d(Txn,Tan) <d(Tzp,z*), VYneN. (2.13)
s s

Arguing by contradiction, we assume that there exist m € N such that
1 * 1 2 *
Q—d(acm,Txm) > d(xm, z*) and Q—d(Tacm,T ) = d(Txpm, "), (2.14)
s s

From (2.5), we have

A(Txpm, T?2) < d(Tp, Txp) (2.15)
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It follows from (2.14) and (2.15) that

d(@m, Txy) < sd(Tpm,xz*) + sd(z*, Tx,y,)

1 1
< §d(xm,Txm) + §d(T$m;T2xm>

A

1 1
§d(xm,Txm) + id(xm,Txm)
Ay T

This is a contradiction. Hence (2.13) holds. So from (2.13) and assumption of theorem,
for every n € N, either

ATz, Tx") < o(Mp(zp, 2*)Mrp(z,, ")
o A@n, Txy)d(z*, Tx*) d(zy, Te,)d(z*, Tz*)
fmax {d(xmx ) max{k,d(z,,2*)} max{k,d(Tz,, Tr*)}

mny n *7 * mns n *7T *
max{d(xn,m*), d(zy,, Tz Ld(x Tz )’ d(z,, Tz Ld(;v x )}

<

IN
S| = ] =

or
d(Tan, Tx*) < o(Mp(Txy, z*))Mp(Txy, ™)

«\ ATz, T?x,)d(z*, Tz*)
imax{ d(Txn’I )’ max{k,d(Tx,,z*)} }

IN

d(Txy ,Tan)d(ac* ,Tx™)
max{k,d(T?z,,,Tz*)}

IN
SR

d(z Tx d(z*,Tx*
d(33n+1,1'*), (@t nZl) )7
max d(xni1,TTni1)d(x”, Ta™)
k

holds. In the first case from (2.6) and (2.12), we conclude that

lim d(Tx,,Tx*) =0. (2.16)

n—oo
Since
d(z*, Tx™) < sld(x*, Txy) + d(Txp, Tx™))
= sd(z*, xpy1) + sd(Txy, Ta").

It follows from (2.6) and (2.16) that d(z*,Tx*) = 0, therefore * = Tx*. In the second
case from (2.6) and (2.12), we conclude that

lim d(T?z,,Tz*) = 0. (2.17)

n—00
Since
d(z*, Tx*) < s[d(z*, T?x,) + d(T?z,, Tx*)]
= sd(z*, Tpy2) + sd(TQ:En, Tz*)
< s2d(x*, 1) + $2d(@ng1s Togo) + sd(T?2,, Tx*)

It follows from (2.6), (2.12) and (2.17) that d(z*, Tx*) = 0, therefore 2* = Tz*. Now, we
show that T" has a unique fixed point. For this, we assume that y* is another fixed point
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of T in X such that d(z*,y*) > 0. Therefore ;d(z*,Tz*) < d(z*,y*), so from assumption
of theorem

d(z*,y*) = d(Tz*, Ty")
(Mr(z*,y")) Mr(z*, y*)
v d(@* Ta®)d(y*, Ty*) d(z*, Tz*)d(y*, Ty")
mas a7, O et e
1
<d(z",y"),

IN

IN

¢
1
]

which is a contradiction. Hence, we conclude that z* is a unique fixed point of 7. [

Corollary 2.3. Let (X,d) be a complete b-metric space with constant s > 1 and T be
a self mapping on X. Suppose that there exist 0 € (s,00), k € (0,00) and the function
¢ :[0,00) = [0, %) such that for all z,y € X withx #y

od(r, ) < d(z,y) = d(T, Ty)) < (M () M(z,).

where, M (x,y) = max {d(z,y), d(ml’g_;_?(i(f’y’)Ty), df_;_g?%i(7yjl§)y) } Then T has a unique fized

point ©* € X and for every x € X the sequence {T"x}52, converges to x*.

Proof. Since M(x,y) < Mrp(z,y), so from Theorem 2.2 the proof is complete. m

Definition 2.4. Let (X, d) be a b-metric space with constant s > 1. A mapping T :
X — X is said to be a generalized rational Geraghty contraction of type A if there exist
§ € (s,00), k € (0,00) and the function ¢ : [0,00) — [0, }) such that

@(MA,T(I7y))MA7T(x5y)7 if max{d(vay)vj(

Tx,y
d(Tz, Ty) s{ 0, if max{d(z,Ty),d(Tz,y)} =0,

where,

max{k,s[d(xz,Tx)+d(y,T ’
Mar(z,y) = max{ d(z,Tz)d(z,Ty)id(J,T(y)d(ﬁ}mSy wl}

d(x, y), d(z,Tz)d(z,Ty)+d(y, Ty)d(y,Tx) }
max{d(z,Ty),d(Tz,y)}

Theorem 2.5. Let (X, d) be a complete b-metric space with constant s > 1 and T : X —
X be a generalized rational Geraghty contraction of type A. Then T has a unique fized
point x* € X and for every x € X the sequence {T™x}S , converges to x*.

Proof. Let g = x € X. Put @41 = T, = T" g for all n € Ng = NU {0}. If, there
exists n € N such that x,, = z,_1, then z,,_; is a fixed point of T. This completes the
proof. Therefore, we suppose z,, # z,_1 for all n € N. We shall divide the proof into two
cases.

Cases 1. Assume that

max{d(zm, TTn), d(TTm,xn)} #0, ¥m € N,Vn € Ny. (2.19)
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Then from (2.18), we have

d(Tzp—1,Txy)

S QP(MA,T(l‘nflz xn))MA,T<xnfla xn)
1 d(@n—1,TTn—1)d(Tn—1,T20)+d(Tn,TTn)d(Tn, TTn—1) }

d(xru Tn+1 )

< = d(x"_l’ 'r”)’ max{k,s|d(zp_1,TTn_1)+d(xn,Txn)]}
5 max d@n_1,TTn_1)d(@n_1,Txn)+d(@n,Ten)d(@n,TTn_1)
max{d(zn—1,Txyn),d(TTn—1,2n)}

d(xn—la xn)a
Ad(Zn—1,Tn)d(Tn—1,Znt1)+d(Tn,Tnt1)d(Tn,Tn)
= g max max k‘,s[d(.’l;n,1,(L‘n)-i-d(wn,wn+1)]} ’
A(Tn—1,Tn)d(Tn—1,Znt1)+d(Tn,Tnt1)d(Tn,Tn)
max{d(Tn—1,Tn+1),d(Tn,Tn)}

d(xn—1,2n). (2.20)

<

| =

Since § > s > 1, from the inequality (2.20), we have
A(Xn, Tpt1) < d(Xp—1,2,), ¥n eN. (2.21)
As in the proof of Theorem 2.2, we can prove that

lim d(x,,Tx,) = lim d(z,,2n41) = 0. (2.22)

n—oo n—oo
Now, we claim that, {x,}>2, is a Cauchy sequence. Arguing by contradiction, we
assume that there exist € > 0, the sequences {p(n)}52; and {g(n)}>2; of natural numbers
such that
p(n) > q(n) >n, d(@pm), Tem)) > € d(Tpmy—1,Tqm)) <€ VneN. (2.23)
From the triangle inequality, for all n € N, we have the following inequality:

€ < d(@p(n), Tgn)) < S[A(@p(n), Tg(ny+1) + AZg(n) 115 Tgn))]-

It follows from (2.22) that

< liminf d(zp(n), Tg(n)+1)- (2.24)

n—oo

®» | m

So, there exists ny € N such that

max{d(Zp(n), Tq(n)), AT Tp(n), Tg(m))} 2 ATp(n), Tg(m)) 2 § vn 2 m
So from assumption of theorem, for all n > ny we have
A(Zp(n); To(n)+1) = ATTpn) 1, TTq(m)) (2.25)
< @(Ma,1(Tp(n) 15 Zq(n))) Ma,T(Tp(n) 15 Zg(n))
< %MA,T(xp(n)—laxq(n))~ (2.26)
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Observe that
Ma,r(Zp(n)—1, Tq(n))

d(Tp(n)-1, Tg(n));
A(Zp(n)—1,TTp(n)—1)ATp(n)—1,TTq(n))+ AT g(n), TTq(n)) AT g(n), TTp(n)—1)
= max max{k,s[d(Zpn)—1,TTpn)—1)+d(Tq(n),TTqn))]} ’
A(@p(n) =1, TTp(n) 1) U @p(n) ~1,TTq(n) )+ (Zg(n) , TTq(1) ) A Zg (), TTp() —1)
max{d(zp(n)—-1,Tq(n)), AT Tp(n)—1,Tq(n)) }

d(xp(n)—lamq(n))a
d(zpn)—1,TTpn)— 1)d(1’p(n) 1,TZq(n)) + A(g(n) s TTq(n)) AT g(n), TTp(n)—1)

< max k
d(zp(n) lvTTp(n) l)d(rp(n) 17T$q(7L)) d(zq(n)7T:Eq(n))d(zq(n)szp(n)fl)
d(zp(n) lszq(n)) d(TmP(n)*hIQ("))

d(@p(n)-1, To(n)),
— d(zp(n)fl1mp(n))d(zp(n)—17rq(n)+1) d(mq(n)7zq(n)+1)d(xq(n)>xp(n))
max +
k

k
d(@p(n)—15 Tp(n)) + AT g(n), Tq(n)+1)

AT p(n) 15 Tg(m));
AT p(n)—1:%p(n))8[d(Tp(n) —1,Tq(n)) T AT g(n)sTq(n)+1)]

< k
= max +d(mq(n)7‘/rq(n)+1)s[d(zq(n}vzp(n)—l)er(mp(n)fl1zq(n))]
k
d(xp(n)flv xp(n)) + d<xq(n)7 xq(n)Jrl)
67
A(Tp(n)—1,Tp(n))8[e+d(Tq(n)Tq(n)+1)]
< max

k
A(Tg(n)sTq(n)+1)8[e+A(Zpn)—1:Tp(n))]
+ k

d(xp(n)fla 'rp(n)) + d(xq(n)a xq(n)+1)

Letting n — oo in the inequality above and using (2.22) we obtain

lim sup d(xp(n), Tq(n)4+1) < 5 (2.27)

n—oo

Thus from (2.24) and (2.27), we get € < §, a contradiction since 6 > s. Hence {z,,}52; is
a Cauchy sequence in X. So by completeness of (X,d), {z,}52, converges to some point
z* in X. Therefore

lim d(x,,z*) = 0. (2.28)

n—oo

Now, we will show that z* = T'z*. Arguing by contradiction, we assume that d(z*, Tz*) >
0. From the triangle inequality, we have

d(z*, Tx*) < sld(z*, xp,) + d(xy,, Tz")).
It follows from (2.22) that
%d(m*, Tz*) < linrr_1>i£f d(xn, Tx™). (2.29)
So, there exists ny € N such that
max{d(zn, Tz"),d(Txp,z*)} > d(TTp,xz*) > éd(ﬂi*,Tl‘*), Yn > ns.

So from assumption of theorem, for all n > no we have
d(zps1,Tx™) = d(Txy,, Tz") < p(Ma (20, ) Mar(zn, %)

1
< SMA,T(xmx*)' (2.30)
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Observe that

d(@n,z),
max{k,s[d(zy, Tmn)+d (x>, Txz*)]}
MAyT(mn’ = max Az, Txy)d(zy, Tz )+d(z* , Tax*)d(x* , Txy)

* d(zn,Txn)d(zy, Tx*)+d(x* , Tax*)d(z* , Tzy,) }
)

max{d(z,,Tz*), (Tl’n z*)}

{ d xru d(xyn,Txy)s[d(zn, 2" )+d(z* T )]+d(z*,Tz*)d(m*,Txn)7 }
2

’ max{k,s|d(zy,Tx,)+d(x*,Tax*)
d(xy,Txyp)s[d(zn,z”)+d(z” , Tz™)] + d(z*,Tx™)d(z" , Tx,)
d(zp,Tx*) d(Txpn,z*)

(@, ), danTen)sldy,a") +d(e” To )| vd(a" To")d(a” Tan)
ny L a max{k s[d(zn,TCEn)+d(z Tx*)}

d(xpn,Txn)s[d(zn,x™)+d(z” ,Tz")] + d(z* Tac )d(]ac Txy,)
d(xyn,Tz*) d(Txp,x*)

It follows from (2.22), (2.28), (2.30) and and Squeezing Theorem that

lim d(z,,Tz*) =0. (2.31)

n—oo
Since
d(x*, Tx™) < s[d(z*,zp) + d(zy, Tz™)].

It follows from (2.28) and (2.31) that d(z*,Tx*) = 0. Now, we show that T has a
unique fixed point. For this, we assume that y* is another fixed point of T" in X such
that d(z*,y*) > 0. Therefore max{d(z*,Ty*),d(Tx*,y*)} = d(z*,y*) > 0, so from
assumption of theorem

d(z”,y") = d(Ta", Ty") < p(Mar(z™,y"))Maz(z™,y")

w %\ d@™,Ta")d(z" Ty )+d(y*, Ty )d(y",Tz")
max{ d(@®,y), max{k,s[d(z* Tz*)+d(y*,Ty*)|} ) }

IN
S| = S| =

d(z*, Tz*)d(z* , Ty")+d(y*, Ty*)d(y*,Tx")
max{d(z*,Ty*),d(Tz,y*)}

d(z*,y*) < d(z",y"),

which is a contradiction. Hence, we conclude that x* is a unique fixed point of T
Cases 2. Assume that there exist m € N and n € Nj such that

max{d(zm, Txpn), d(TZm,xs)} = 0. (2.32)

By condition (2.18), it follows that d(Ty,, Tx,) = 0 and hence z,, = Ty, = Ty = Tp.
This completes the proof of the existence of a fixed point of 7. The uniqueness follows
as in Case 1. [

Corollary 2.6. Let (X,d) be a complete b-metric space and T be a self mapping on X.
Suppose that there exist § € (s,00), k € (0,00) and the function ¢ : [0,00) — [0, %) such
that

QO(MT(mv y))MT(x, y)v lf d({E, Ty) + d(T{E, y) 7& 0,
d(Te,Ty) < { 0, if d(z,Ty)+d(Tx,y) =0,

where,

’ k~+sd(x,Tx)+sd(y,
My (z,y) = max{ d(a;,Tw)d(LTy)Id(gE,T:Z)C%(Z,T(xy) )
d(z,Ty)+d(Tz,y)

d(z,y), d(0:7Tf':)d(fﬂ7Ty)+d(y»Ty)d(y»Tﬂﬁ)7 }

Then T has a unique fized point z* € X and for every x € X the sequence {T"x}5°
converges to x*.
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Proof. Since d(x,Ty) + d(Tz,y) > 0 implies that max{d(z,Ty),d(Tz,y)} > 0 and
d(x,Ty) + d(Tx,y) = 0 implies that max{d(x, Ty),d(Tx,y)} = 0, moreover Mr(x,y) <
Ma,r(z,y), so from Theorem 2.5 the proof is complete. [

Definition 2.7. Let (X, d) be a b-metric space with constant s > 1. A mapping T :
X — X is said to be a generalized rational Geraghty contraction of type B if there exist
§ € (s,00) and the function ¢ : [0,00) — [0, }) such that
o(Mpr(z,y))Mpr(x,y), if Mi(z,y)#0and My(z,y) # 0,
07 Zf Ml(I7y):OO7’ MQ(Iay):O7

(2.33)

d(Tx,Ty) < {

where,
M (z,y) = max{d(z,y),d(z,Ty),d(Tz,y)}, Ma(z,y) = max{d(z, Tz)+d(y, Ty),d(Tz,y)},

and

d(x,Tz)d(x, T d(x,Ty)d(x,
MB,T(‘T>y) = max{ d(l‘,y), ( M125E$y) y)’ (stj()z,(y)y) } ’

Theorem 2.8. Let (X, d) be a complete b-metric space with constant s > 1 and T : X —
X be a generalized rational Geraghty contraction of type B. Then T has a unique fized
point x* € X and for every x € X the sequence {T™x}S2 , converges to x*.

Proof. Let g = x € X. Put o471 = Tx, = T" g for all n € Ny = NU {0}. If, there
exists n € N such that z,, = z,,_1, then z,,_1 is a fixed point of T. This completes the
proof. Therefore, we suppose z.,, # x,_1 for all n € N. We shall divide the proof into two
cases.

Cases 1. Assume that for all m € N and n € Ny

My (xm,zn) #0, and Ms(xm,x,) # 0. (2.34)
Then from (2.33), we have
d(:l?n, xn+1) = d(Txn—lv Txn)
< o(Mpr(Tn—1,70))Mp 1(Tn_1,Tn)
d(@n_1,Txn_1)d(@n,TTn)
< 1 max { d(xnfla xn)v max{d(mn_l,xn)l,d(zn_l,Txn),d(Tzn_l’xn)]}7 }

5 d(@n—1,Txn)d(Tn_1,Tn
smax{d(xpn—1,TTn—1)+d(zn,Txn),d(TTn_1,Tn)}

d(Tn—1,%0)d(Tn,Tnit1)

_ 1 max { d(xnfly xn)v max{d(zn—1,2n),d(Tn—1,Tn+1),d(Tn,xn)]}’ }

d(l'nflywn+1)d(-'l;n717ln
smax{d(xn—1,2n)+d(@n,Tnt1),d(@n,Tn)}
d(xn—lvzn)d(xnyxn+l)
S lmax d(xnflyxn)v d(Cbn—l,En) 9
)
1

S[d(I7171 7J'n)+d(-1/ﬂ sLn+1 )]d(lnfl 7-'1/'71,)
sld(zn—1,2n)+d(Tn,Tn41)]

= gmax{ d(xpn—1,2n),d(Tn, Tnt1) } (2.35)

If d(xp, Tpy1) > d(@p—1,2,) , then
max{ d(Xpn—1,2n),d(Tn, Tni1) } = d(Tpn, Tni1),
so (2.35) becomes

d(xna-rn—i-l) S d(xnaxn-i-l)a

S
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which is a contradiction ( since é > s > 1). Thus, we conclude that
max{ d(Tpn—1,Tp),d(Tn, Tni1) } =d(Tpn—1,Tn). (2.36)

Tt follows from (2.35) and (2.36) that

1
d(Tpn, Tnt1) < Sd(xn_l,xn) <d(zp-1,2,), VneN. (2.37)
As in the proof of Theorem 2.2, we can prove that

lim d(zy,,Tz,) = lim d(zn,zny1) = 0. (2.38)

n—oo n—oo

Now, we claim that, {x,}>2 ; is a Cauchy sequence. Arguing by contradiction, we assume
that there exist € > 0, the sequences {p(n)}52; and {¢(n)}>2; of natural numbers such
that

p(n) > q(n) >n, d(Tpm), Tem)) =€ A(Tpm)—1,Tqm)) <€ VneN. (2.39)
From the triangle inequality, for all n € N, we have the following two inequalities:

€ < d(Tp(n), Tq(n)) < 8d(Zp(n) Tgm)+1) + d(@g(n)+1, Ta(m)]:
and

€ < d(@p(n), Tq(n) < Sd(Zpn), Tpeny+1) + ATpn)+1, Tgm))]-

It follows from (2.38) that

€ .. € ..
B < hnrr_1>1£f d(Zp(n), Tq(n)+1) and 5 < 11n1r_1>1or<1>f d(Zp(n)+15 Tq(n))- (2.40)

So, there exists ny € N such that for all n > n;

d(@p(ny, TTq(n)) > g, and d(Txpp), Ten)) > g (2.41)
So for all n > ny, we have
M (Zp(n)s Zg(n)) = max{d(zp(n), Tg(n))> A(Tpn) TTe(n)), ATTp(n), Tqn))} = §
and
Ma (), @q(m)) = max{d(@p(uy, Tap(m) + Agimys Tgm)s Aoy Ty} = 5
It follows from assumption of theorem that, for all n > nq,
d(Tp(ny, Tn)+1) = AT Tpn)—1, TT(n)) (2.42)
< @(Mp,1(Tp(n) -1, Tq(n))) MB,1(Tp(n)-1, Tq(n))
< %MB,T(mp(n)—la Tg(n))- (2.43)
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Observe that, from (2.41), we have

d(Zp(n)—1, Za(n));
d(@pn) -1, TTp(n) 1) AT g(n) , TTq(n))
Mp,1(Zp(n)-1, Tq(n)) = max max{d(zp(n)~1,2¢(n)):d(Zp(n) 1, TTq(n));d(TTp(n) —1,Tq(n))}’
Tp(n) =1, T Zg(0) ) U@ p(n) —1,Tq(n)
smax{d(zp(n)—1,T%p(n)—1)+d(Zq(n), TTq(n))d(TTp(n)—1,Tg(n))}

d(xp(n)fla mq(n));
ATp(n)~1:Tp(n))H(Zg(n) 1 Tq(n)+1)
= mnax max{d(Tp(n)—1:Tq(n))sATp(n)—1:Tq(n)+1):Zp(n) Tqn)) }’
Tp(n)—1:Tg(n)+1)Tp(n)—1:Tq(n)
smax{d(Tp(n)—1,Zp(n)) TATq(n) Tq(n)+1)A(Tp(n) Tqn)) }

A(2p(n)~1; Tq(n));
d(Zp(n) = 1:Tp(n))A(Zg(n) Tg(n)+1)
< max d(@p(n)+Te(n)) ’
d(mp(”n,)—l 1zq(n)+l) Tp(n)—1 7wq(n))
5d(Tp(n)+Tq(n))

So, from (2.39), we get

67
ATp(n)~1:Tp(n) ) A (Zg () s »Lq(n>+1)

MB)T(xp(n),l,xq(n)) < max
A ()~ 1T q(m)41)€
S€

67
A(Tp(n)—1,Tp(n)) AT g(n) »Tq(n
< max (Zp(n)—15%p( ))6 (2 g(n)sTq( )+1)’
8[d(Tp(n)—1,%¢(n))FA(Tg(n) Tg(n)+1)]€
S€E
67
< max A&p(n)—1,Tp(n) ) AT g(n), xq(nm)

S[€+d(%(n) Tq(n)+1)]€
S€E

Letting n — oo in the inequality above and using (2.38) and (2.48) we obtain

€
lim sup d(zp(n), Tg(n)+1) < 5 (2.44)

n—oo
Thus from (2.40) and (2.44), we get € < £, a contradiction since 6 > s. Hence {z,,}52; is

a Cauchy sequence in X. So by completeness of (X,d), {z,}52, converges to some point
2z* in X. Therefore

lim d(x,,z*) = 0. (2.45)

n—roo

Now, we will show that z* = T'z*. Arguing by contradiction, we assume that d(z*, Tz*) >
0. From the triangle inequality, we have

d(z*, Tx*) < sld(z*, zp,) + d(zp, Tz"))].

It follows from (2.38) that
1
—d(z*,Tz*) < liminf d(z,, Tz"). (2.46)
S n—o00

So, there exists no € N such that

1
d(xy, Tx*) > =d(z*,Tz*), ¥n > ns. (2.47)
s
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So for all n > ngy, we have
My (2, ") = max{d(zp, 2"),d(zn, Tx"),d(TTy, x*)} > éd(z*,Ta:*),
and
Ms(xp, %) = max{d(zn, Tz) + d(z*, Tx"),d(Txn, ")} > d(z*,Tz*) >0
So from assumption of theorem, for all n > no we have
d(zps1,T2") = d(Tx,, Tx") < o(Mp,r(xn, ")) Mp (2, ")
% (T, x"). (2.48)

Observe that from (2.47), for all n > ny we have

d(l’n .I‘*) d(zy,Txy)d(z”, Tz™)
Mp 1 (2, ") = max e e ey )
smax{d(zyn,Txyn)+d(z*,Te*),d(Tzy,z*)}

= max d(xyn,Tz”)d(z,,2

d( nsbn l)d( T )
d(l’n, z )7 max{d(zﬂfn )xd(Jrzn T%*) dgc(rn+1 x*)}? }
smax{d(zn,ni1)+d(x*,Txc*),d(xn41,2*)}

d . * d(a:n,a:nJrl)d(a;*,Ta:*)
< max{ (x y T )7 d(meI)) ,

d(zy,Tx™)d(zn,z"
sld(xn,@nt1)+d(z*,Ta*))

#) gd@n,@na1)d(@ Ta®)y sld(@n.c®)+d(@" Ta")]d(@, 2"
A(n,2%), s LT T Sy (e T ) )

d(x*,Tx*)

It follows from (2.38), (2.45), (2.48) and Squeezing Theorem that

limsup d(z,, Tx*) = 0. (2.49)

n—oo

It follows from (2.46) and (2.49) that d(z*, Tx*) = 0. Now, we show that 7" has a unique
fixed point. For this, we assume that y* is another fixed point of T in X such that
d(xz*,y*) > 0. Therefore

max{d(z*,y*),d(z", Ty"),d(Tz*,y*)} > d(z",y*) >0
and
max{d(z*,Tz) +d(y*, Ty*),d(Tz*,y*)} > d(Tx*,y*) > 0,
so from assumption of theorem

d(z”,y") = d(Ta", Ty") < p(Mpr(z",y")) Mg r(z",y")

* d(z”, Tz")d(y",Ty")
1 { A" Y"); s,y 7). Ty a5 ) }

IA

5 ax d(z* Ty")d(z"y")
smax{d(z*,Tx*)+d(y*,Ty*),d(Txz*,y*)}

|

\
X

8

yr) <d(z,y"),
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which is a contradiction. Hence, we conclude that z* is a unique fixed point of 7.
Cases 2. Assume that there exist m € N and n € Ng such that

max{d(Tm, Tpn), d(Tm, Txy), d(TTm,xn)} =0

or

max {s[d(zm, Txm) + d(xn, Txy)], d(TTpm, x,)} = 0. (2.50)
By condition (2.33), it follows that d(Ty,, Tx,) = 0 and hence z,, = Ty, = T = Tp.

This completes the proof of the existence of a fixed point of 7. The uniqueness follows
as in Case 1. [

Corollary 2.9. Let (X,d) be a complete b-metric space and T be a self mapping on X.
Suppose that there exist § € (s,00) and the function ¢ : [0,00) — [0, §) such that

©(Nr(x,y))Nr(2,y), if Ni(z,y)# 0and Na(x,y) # 0,
iz y) < { UNTCINre. 3 i) 20 Relen 2
where,
Ni(z,y) = d(z,y) + d(z, Ty) + d(Tz,y), Nao(z,y) = sd(z,Tz)+ sd(y, Ty) +d(Tz,y),
and

Np(z,y) = max{ d(z,y), d(z,Tz)d(z, 7]“\3[;1)(—|-d(§;,Ty)d(y Tgc) (z,Tz)d(z,T]\@f,z)ac)lS,Ty)d(y,Tz) } .

Then T has a unique fized point ©* € X and for every x € X the sequence {T™x}>2
converges to x*.

Proof. Since Ny (z,y) # 0 and Na(z,y) # 0 implies that M;(x,y) # 0 and Ma(z,y) # 0
and Nr(z,y) < Mp(z,y), so from Theorem 2.8 the proof is complete. [

Example 2.10. Let X = {0,1,4} and define a metric d on X by d(z,y) = (z — y)°.
16 17

Then, (X,d) is a complete b-metric space with s = 5. Let k € [1,00), 0 = 7§ and
¢:[0,00) — [0, %) be defined by ¢(t) = 12(12)". Let T: X — X be defined by
T0=T1=1, T4=0.
First observe that
%d(m,Tx) <dz,y) e [z=0y=1)V(x=0,y=4)V(z=1,y=4)].

Now we consider the following cases:
Casel. Let x =0,y = 1, then d(70,71) = d(1,1) = 0 and

B d(0,1)d(1,1)  d(0,1)d(1,1) | _
Mz (0,1) = max {d(o’ Y el (0, 1)} maxt{k, d(1, 1)}} =1
Case2. Let x =0,y = 4, then d(70,74) = d(1,0) = 1 and
_ d(0,1)d(4,0)  d(0,1)d(4,0) | _
Mz (0,4) = max{d(0’4) max(k, d(0,4)}" max{k:,d(l,o)}} = 16.
Case3. Let x =1 Ay =4, then d(T'1,T4) = d(1,0) =1 and
B d(1,1)d(4,0)  d(1,1)d(4,0) | _
Mr(1,4) = max{d(1’4) max{k,d(1,4)}’ max{k,d(l,())}} =9
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In all cases, we have d(Tz,Ty) < o(Mr(x,y))Mr(x,y) . This proves that T satisfies in
all assumptions of Theorem 2.2 and thus it has a unique fixed point, which is z* = 1.

Example 2.11. Let X = {0,1,4} and define a metric d on X by

0, ifr=y
d(z,y) = ’
(.9) { lz—y|t ifa £y
Then, (X,d) is a complete b-metric space with s = 1—72 Let k € (0,1), 6 = % and

¢: [0,00) = [0, §) be defined by ¢(t) = 11(2)~". Let T: X — X be defined by
TO=T4=0, T1=4.
First observe that
max{d(z,Ty),d(Tx,y)} #0 < [(t=0,y=1)V(z =0,y =4) V (x = 1,y = 4)].

Now we consider the following cases:
Casel. Let x =0,y = 1, then

d(T0,T1) = d(0,4) = ~

and

* max{k, Z[d(0,0)+d(1,4)]}’
d(0,0)d(0,4)+d(1,4)d(1,0)
max{d(0,4),d(0,1)}

d(0, 1), L00IO.4+d(1.4)d(1,0)
Mar(0,1) = max 1

Case2. Let x = 0,y = 4, then
d(T0,T4) =d(0,0) =0

and

e

[
d(4,0)d(4,0)
max{d(0,0),d(0,4)}

d(0,4), 4(0.0)d(0.0)-+d(4.0)d(4.0)
M4 ,1(0,4) = max { a(0, g;’j‘i’g{’g)j dglo 0)+d(4,0)]} } —

Case3. Let © =1 Ay =4, then
d(T1,T4) =d(4,0) = -

and

> max{k,%2[d(1,0)+d(4,0)]}’
Mar(1,4) = max { s el B0 -3 0)) "
max{d(1,0),d(4,4)}

d(1,4) d(1,4)d(1,0)+d(4,0)d(4,0) }_ 17

In all cases, we have d(Tz, Ty) < o(Mr(z,y))Mr(z,y) . This proves that T satisfies
in all assumptions of Theorem 2.5 and thus it has a unique fixed point, which is z* = 0.
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