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Abstract An extension of a conjecture of Nikolov and Rafailov [N. Nikolov, R. Rafailov, On extremums
of sums of powered distances to a finite set of points, Geom. Dedicata 167(1) (2013) 69—-89] by considering
the following potential function defined on R?:

=S (e—a?+h)?,  h>0,

for s = 2 — 2N is given. We obtain a characterization of sets of N distinct points {z1,z2,...,zn} such
that fa_on is constant on some circle in R2. Using this characterization, we prove some special cases of
this new conjecture. The other problems considered in this paper are polarization optimality problems.
We find all maximal and minimal polarization constants and configurations of two concentric circles in
R2 using the above potential function for certain values of s.
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1. INTRODUCTION

Riesz potential functions play important role in the subject of discrete energy problems
and point configurations (see the recent book by Borodachov, Hardin, and Saff [1], and
papers [2-5]). In this paper, we investigate some analytic properties of the generalized
Riesz potential functions on R? stated below. Moreover, using these analytic properties
of these potential functions, we further solve some polarization optimality (Chebyshev)
problems which were initiated by Fekete, Pélya, and Szegé [0, 7]. For a fixed multiset
of N points wy := {x1,72,..., 25} C R? a given constant s € R, and a given constant
h > 0, we define the potential function U*"(;;wy) : R? — [0, 00] as the following:

U (x5 wn) Z |l‘—l‘j|2+h)78/2, (1.1)

j=1

Published by The Mathematical Association of Thailand.
Copyright © 2020 by TJM. All rights reserved.



1842 Thai J. Math. Vol. 18 (2020) /N. Bosuwan

where 2 € R? and | - | is the 2-dimensional Euclidean norm in R2. In this paper, we
call U*"(-,wy) a Riesz (s, h)-potential function of wy. The geometric interpretation of
the function U*"(-;wy) is as follows. Let us consider two parallel planes in R?: one is
R? x {0} and the other is R? x {v/h}. Basically, the potential function U*"(z,wy) is the
Riesz s-potential function in the 3-dimensional Euclidean space R? of wf C R? x {0}
at o' € R? x {V/h}, where the projection from R? x {0} to R? of wj is wy and the
projection from R? x {v/hA} to R? of 2’ is x. Moreover, if h = 0, then U*"(-;wy) is the
Riesz s-potential function in the 2-dimensional Euclidean space R? of wy. We refer the
reader to [2, 8-10] for more information on Riesz s-potential functions in a d-dimensional
Euclidean space R<.

Now, let wy be a fixed set of distinct equally spaced points on a circle T C R?, T be
a circle concentric to T, and h > 0 be fixed. In [11, Theorem 1], Nikolov and Rafailov
showed that fs(z) := U®"(x;wy) is constant as a function of z on T if and only if
s=0,-2,—-4,...,4—2N, or 2 — 2N. Furthermore, for s € R\ {0,—2,—4,...,2 — 2N},
they located extremum points of U*"(-;wx) on T in [11, Theorem 1].

In the same paper, they also proved the following inverse type result (see [11, Theorem
2]) of what proceeds.

Theorem A. Given a set of N distinct points wy = {x1,72,...,2x} C R? and a circle
I' C R? such that for each s = -2, —4,...,2 — 2N,

U0 (z;wp) Z\x—xﬂ s
is independent of the position of x € T'. Then7 wy forms a set of distinct equally spaced
points on a circle concentric to I'.

Moreover, they proposed the following conjecture (see [11, Conjecture 1]):

Conjecture B. Given a set of N distinct points wy = {x1,22,...,2x} C R? and a
circle I' € R? such that

U272N0 IL’ WN Z ‘x j|2N72

is constant as a function of z on I". Then, wy forms a set of distinct equally spaced points
on a circle concentric to I'.

Translating and scaling the circle I' in the above conjecture, it is easy to check that
Conjecture B is equivalent to the following conjecture.

Conjecture C. Given a set of N distinct points wy = {x1,72,...,2x5} C R? such that
U272N0wa Z‘l‘_%FN 2

is constant as a function of x on the unit c1rcle. Then, wy forms a set of distinct equally
spaced points on a circle centered at 0.

In order to simplify further considerations, we shall study Conjecture C. This conjecture
for the case when N = 2 is trivial. The proof of this conjecture when N = 3 is in [l 1,
Proposition 2]. The one for the case when z7,xs,...2zy have the same norm is in [12,
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Proposition 1]. In the same paper, the authors also proved this conjecture for the case
when N is prime and 1,9, ...,z y have an equal angle distribution and rational norms
(see [12, Proposition 2]).

In this paper, we extend Theorem A to more general potential functions defined in
(1.1). Moreover, the extension of Conjecture C is proposed (see Conjecture 2.2 in Section
2). A characterization of sets of N distinct points wy that U2~2N:"(. wy) is constant on
some circle in R? is given. Using this characterization, we prove some special cases of this
new extended conjecture.

The next problems considered in this paper are polarization optimality problems cor-
responding to the potential functions defined in (1.1). Let wy = {x1,...,2n} denote a
configuration of N (not necessarily distinct) points in R2. Denote by

Sk :={z € R*: |z| = R}

the circle centered at 0 of radius R in R2. When R = 1, we simply use the notation S'.
Given s e R;h > 0, R > 0, and r > 0, we define polarization constants

M]‘:;h(Si;S}%) = max min U*"(y;wy), MR;h(S}«;S}%) =N, (1.2)
wNCS}, yES}%
#wN:N

m}g\}h(Si;S}%) = min max U*"(y;wy), m?\}h(S}.;S}%) =N, (1.3)
wNCSi yES}%
Hwn=N
where #wpy stands for the cardinality of the multiset wy. We will call wy a mazimal
(minimal) N -point Riesz (s, h)-polarization configuration of (St;SL) if wx attains the
maximum in (1.2) (minimum in (1.3)). We give a brief history of such polarization
optimality problems below.

The idea of two-plate polarization constants was introduced by Farkas and Révész [13]
in general sense. However, almost all previous results on polarization optimality problems
related to Riesz potentials [2, 8-10, 14, 15] were considered for the case when R=1r =1
and h = 0. The maximality of NV distinct equally spaced points on the unit circle for
the maximal Riesz (s, 0)-polarization problem of (S';S') in (1.2) when s > 0 was proved
by Hardin, Kendall, and Saff [10] (see also [9] and [14] for the history of this problem).
In [10], they also showed the minimality of N distinct equally spaced points on the unit
circle for the minimal Riesz (s, 0)-polarization problem of (S*;S') in (1.3) for —1 < s < 0.
Recently, a characterization of all maximal and minimal N-point Riesz (s, 0)-polarization
configurations of (S};Sk) when s = —2,—4,...,2 — 2N was given in [12, Theorem 2].
One of the aims of this paper is to provide a characterization analogous to Theorem 2 in
[12] for the case when h > 0.

We would like call the reader’s attention to papers [2, 3—10] that contain asymptotic
results of polarization constants and configurations of subsets of R¢ as N — oo when
s> 0and h =0.

An outline of this paper is as follows. In Section 2, we state the extension of Theorem A
to more general potential functions in (1.1) and give an extension of Conjecture C. Some
special cases of this new conjecture are considered. In Section 3, we state our results
on polarization optimality problems. Section 4 and Section 5 are devoted to the proofs
of all results in Section 2 and Section 3, respectively. Finally, we perform our auxiliary
computations in Section 6.
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2. CONSTANT RIESZ (s, h)-POTENTIAL FUNCTIONS
The first theorem is a generalization of Theorem A.

Theorem 2.1. Let h > 0. Given a set of N distinct points wy := {x1,22,...,on5} C R?
such that for each s = —2,—4,...,2 — 2N,

al 2

Uetasion) = 3 ()

j=1
is independent of the position of x € S*. Then, wy forms a set of distinct equally spaced
points on a circle centered at 0. Moreover, if |x1| = |x2| = ... = |xn| = r, then for each
p=1,2,....,N—1,
p

§:<> 2r%(r+1+h+y/r—1 +hxv+1ﬁ+h0p

q=0

Ufzp’h (z;wn)

for all z € S*.
This theorem brings us to the following conjecture which generalizes Conjecture C.

Conjecture 2.2. Let h > 0. Given a set of N distinct points wy = {x1,79,..., 25} C R?
such that

N
U2—2Nh x UJN Z ‘m_$3|2+h)N71
j=1
is constant as a function of x on St. Then, {z1, z2, ..., 2y} forms a set of distinct equally
spaced points on a circle centered at 0.

A characterization of sets of N distinct points wy such that U2~2V:h(.

on St is the following:

,wn ) is constant
Theorem 2.3. Let h > 0 and wy = {x1,22,...,2N5} C R2? be a set of N distinct points.

Then, the function

N
02 ) = 3 (= g2+ 1)
J=1

is constant on S' if and only if

N
> Bk =0, k=1,...,N —1, (2.1)

where

zk = (r¥ cos(kt), r¥sin(kt))
if x = (rcos(t),rsin(t)) € R? and

N—k—1

=5 [0 e

q=0

N—-2qg—k—1
x (|xj|2+1+h+\/((|xj - 1)2+h)((|xj|+1)2+h)> ] (2.2)
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As a consequence of this characterization, we obtain the following corollary.

Corollary 2.4. Let h > 0 and let wy := {x1,22,...,2xn} be a set of N distinct points
in R2, which belong to a circle St C R2. Assume that

N
U272N7h(x;wN) _ Z(kﬂ o xj|2 + h)Nfl
j=1
is constant on St. Then, {x1,22,...,xN} forms a set of distinct equally spaced points on

SL.
Applying Theorem 2.3 and Corollary 2.4, we prove Conjecture 2.2 when N = 3.

Corollary 2.5. Let h > 0 and {z1,z2,23} C R? be a set of 3 distinct points. If the
function U=*" (2, {21, 29, 13}) is constant on S*, then {x1, w2, 23} forms a set of distinct
equally spaced points on a circle centered at 0.

3. POLARIZATION OPTIMALITY OROBLEMS

A complete characterization of all maximal and minimal N-point Riesz (s, h)-polarization
configurations of (S} S}g) when s = —2,—4,...,2—2N and h > 0 is the following:

Theorem 3.1. Let N e N,pe {1,2,...,N-1}, R> 0,7 >0, h > 0, and {z1,x2,..., N}
C SL. The following statements are equivalent:

(a) {x1,2a,...,2N} is a mazimal N-point Riesz (—2p, h)-polarization configura-
tion of (SL:Sh)
(b) {x1,22,..., 2N} is a minimal N-point Riesz (—2p, h)-polarization configura-
tion of (S};Sk);
(c) Ejvzl x; = Z;vzl = = Z;yzl zf = 0, where ok = (¥ cos(kt), r¥sin(kt))
if x = (rcos(t),rsin(t)) € R2.
Furthermore,

MM (SL; Sk) = my™ " (Sk; Sk)

- zp:@Q(er)?f (P+ R+ h e - RE+ NG+ RER) . (D)

4. PROOF OF SECTION 2

The Euclidean space R? and the complex space C have the same dimension and the
same norm. However, the complex space C has a richer algebraic structure, for example,
C is a field. Therefore, when we prove all results in Sections 2 and 3, any element x € R?
will be replaced by « € C, the 2-dimensional Euclidean norm |- is replaced by the modulus
in C, and the notation xy is adopted from the multiplication in C and the notation z/y
is adopted from the division in C. We recall that the usual dot product in C is defined
by

(a1 + G,Qi) . (bl + bQZ) = a1b; + asbs.
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Lemma 4.1. Let N e N, pe {1,2,...,N—1}, and h > 0. If z; := |z;| cost; +i|z;| sint;

forallj =1,2,...,N, then for all y := cost +isint € S',

N

>y — 2+ h)P = +§:§:E@C% (kt; — kt),
j=1 k=1j=1

N N (p)

> (|l — @, + h) = Ef 7
j=1 k=1 j=1

where

(4.1)

(4.2)

;ii(> Blel) ('leQHJrh*\/(le—1)2+h)(|:cj|+1)2+h))p_2q

j=1qg=0
(4.3)
and for allk=1,2,...,pand j =1,2,..., N,
p—k
D[ (P (P
P . ( ( O [)20+K
J op—1 — 1 \¢ k+q (2]a;])
a=
p—k—2q

X (|xj|2+1+h+ \/((|mj—1)2+h)((|xj|+1)2+h)> ] (4.4)
Proof of Lemma 4.1. Let y := cost +isint and x; := |x;|cost; + i|z;|sint; for all j =

1,2,..., N. A simple calculation shows that
fi@®) = (ly — 2> + h)P = (|l2j1* + 1+ h — 2]z;] cos(t — t;))".
We know that
A= {1,cos(t —t;),...,cos(p(t —t;))}

forms an orthogonal set with respect to the inner product
27

(frg):= [ [ft)g(t)dt
0
Moreover,
f; € span{1,cos(t — t;),cos*(t — t;),...,cos”(t — t;)}
= span{1,cos(t —t;),...,cos(p(t —¢t;))}.
Therefore,
P
t) = Z E,(Cp]) cos(kt; — kt).
k=0
This implies that
N

Jj=1 Jj=1 k=1j=1

N
Z(W*%‘F*h)p = ij( = By +ZZE,?’J)COS (kt; — kt),
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where E Z =1 Lo j) By the orthogonality of the set A and the calculation in Lemma

6.2 (see Appendlx) we have

N
1
B =Y <f§7T )

Jj=1

_ ;ZN:ZP: ( ) (2]a;1)? (|gcj|2 1+ b (s = 12 + B (g + 172 +h))p_2q

j=14¢=0

E](CPJ) (fj,cos ]:r(t - _ 2p lk pzij [( ) ( )(2|xj|)2fJ+k

p—k—2q
(Il 1 0 (] = 17 WG+ 1240 ]

for all k € {0,1,...,p} and j € {1,..., N}. Moreover, it is clear that the equations (4.1)
and (4.2). ]

and

Proof of Theorem 2.1. Suppose that there exist constants Cp, p = 1,2,...,N — 1, such
that

U=k (z0y) = C), z €S, p=12,...,N—1,

where wy = {z1,22,...,on}. If . = cost +isint and z; := |x;| cost; + i|z;|sint;, then
by (4.1), for each p=1,2,..., N — 1, we have for all ¢ € [0, 27],

c,=EP + ZZ { o cos(kt ;) cos(kt) + E;(Cp) sin(kt; )Sln(kt)]

k=1j=1
and
P
0= )+ Z ZE,(CPJ) cos(kt;) | cos(kt) + ZE/E:p) sin(kt;) | sin(kt)
k=1 j=1 j=1

Since {1, cos(t), sin(¢), cos ( t),sin(2t), ..., cos(pt),sin(pt)} is linearly independent over R,
forallp=1,2,...,N —1,

Cp = E(()p)’ (45)
N N
Z Ez(fj? cos(kt;) =0 and Z E;p]) sin(kt;) = 0. (4.6)
Jj=1 j=1

Using (4.4), we can compute

g0 = U @
Combining (4.6) and (4.7), we have for all p=1,2,...,N — 1,
N 1)p
Z Sp—1 (2|z;])P(cos(pt;) + isin(pt;)) ”QZx

j=1
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which implies that E;\Ll xé.’ =0forallp=1,2,...,N — 1. Using Newton’s identities, we
have

ep(r1,22,...,2N8) =0, p=12....,N—1.
Then,

N
Hx—xj =N —|— NHQ?J

Hence, |z1]| = |22 = ... = |xN| = r for some r > 0 and {x1,x2,...,2N} forms a set of
distinct equally spaced points on S!. In turn, the equality (4.5) implies that for all x € St
and forallp=1,2,...,N — 1,

UM (zwy) = C, = Eép)

2p
= \4

P 2
_N (p> (2r)% (r2 +1+h+/(r =12+ h)((r+1)2 + h))p
0
Proof of Theorem 2.5. Set

xj = [aj| cos(ty) + ilx;] sin(t;)

forall j =1,2,...,N.
(=) By our assumption, we assume that f(y) := Zjvzlﬂy — 2%+ h)N~1 is constant
on St say f(y) = C on St. Set y = cost +isint € St. By (4.1), for all ¢t € [0, 27],

N
C=f)=> (y—azl>+n""
j=1
N-1 N
) 4 Z [ i cos (kt;) cos(kt) + E,g{\;fl) sin(kt;) sin(kt)}
k=1 j=1

N-1
= E(()N_l)—i—z ZE cos (kt;) | cos(kt) + ZE sm (kt;) | sin(kt)
k=1

(4.8)

Because {1, cos(t), sin(t), cos(2t), sin(2t), . .., cos((N — 1)t),sin((N — 1)t)} is linearly inde-
pendent over R,

c-Ee" V=0

and forall k=1,2,...,N — 1,

ZE -1 cos(kt;) =0 and ZE sin(ktj) =0. (4.9)

Jj=1
Then, for al k=1,2,...,.N —1,
N N (N-1)
N-—1 .. k,j
0=">" B (cos(kt;) +isin(kt;)) = > |:Cj~\’f k. (4.10)

j=1 j=1
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Using the calculation in (4.4), it is not difficult to check that the equations (4.10) imply
the equations (2.1).
(<) Assume that the equations (2.1) hold true. Then,
N (N-1)
E;

S Bak=0,  k=1,...N-1
— |zt
j=1
From (4.10), we have (4.9). Combining the relations (4.9) and the identity (4.8), we have
for all y € S,

N
Sy — o+ n)N = BN,
=1

j
which implies that U272N"(.;wy) is constant on S'. This completes the proof. n

Proof of Corollary 2./. Assume that {z1,2s,...,2x} C SL. It is easy to check that the
constants By ; # 0 do not depend on j. Therefore, by the system of equations (2.1),

ZN zF¥ =0forall k=1,2,...,N — 1. Using Newton’s identities, we have

j=1%;
ex(z1,z2,...,2n) =0, k=1,2,...,N —1.

Then,

N N

H(:U — ;) =2z + (-1)¥ H ;.

J=1 Jj=1
Hence, |z1| = |z2| = ... = |zny| = r and {z1,29,...,2x} forms a set of distinct equally
spaced points on S!. n

Proof of Corollary 2.5. Using Theorem 2.3, we have
¥+ +ai=0, (4.11)

E(\xl\)xl—|—E(|x2|)x2—|—E(|x3|)x3 =0, (412)

where

(:ﬂ Fl+h+ (@ -12+ W)z + 12 +h)>2 + da?
(x2 Flt+h+(@=D2+h)((z +1)° +h)) '

Without loss of generality, we can assume that |z1| > |2z2| > |23|. Moreover, it is easy to
check that F(z) is a positive increasing function on [0, o). Therefore, E(|z1]) > E(|x2|) >
E(|zs]) > 0. From (4.12), we have

E(|lzs])zs = —E(|lz1])z1 — E(|z2])T2

E(x) :=

and
E(lzs)Ts = —E(|a1 )71 — E(|22])72,
which imply that
|23 E(|w3])? = a1 E(|21])? +|wo* E(Jw2))* + B (|21 ]) E(|22]) (2172 +2277). (4.13)
Note that since |z1| > |z2| > |z3| and 21, 22, x5 are distinct,

21T3 + 227 € (—00,0). (4.14)
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From (4.11), we have
x% = fx% — :L'g and EQ = -T2 — T22,
which imply that
23|t = |op|* + 2|t + 23722 + 22772 = |oq |t + 2|t — 2|21 |22)? 4 (2172 + 2277)%
Therefore,
(@173 + 2277)% = |as|* — (|21 ]* — [2a])%.
By (4.14),

(2173 + 2271) = —/[as[ = (|21 — [a2[)?

From (4.13), we obtain
w3 |*B(|25))? + E|21 ) E(|z2) V23]t = (J21? = |222)2 = |01 P B(|21])? + [ B(|z2])*.

Since

E(je1))E(|lx2)V]zst = (Je12 = |22[?)? < |a1 P E(|4])?

and
232 E(|z3])? < |2 B(|a2])?,
Vizst = (Ja1 2 = [2[2)? = |21],
which implies |1 | = |z2| = |z3|. Applying Corollary 2.4, {1, x2, z3} forms a set of distinct
equally spaced points on a circle cantered at 0. ]

5. PROOF OF SECTION 3

Recall that for the proofs in this section, we also consider our problems in the complex
plane (see our discussion at the beginning of Section 4).

Lemma 5.1. Let N € N, p € {1,2,...,N -1}, R > 0, r > 0, and h > 0. Then,
any configuration of N distinct equally spaced points on SL is both mazimal and minimal
N-point Riesz (—2p, h)-polarization configuration of (Sk;Sk).

Proof of Lemma 5.1. Let wy := {z1,...,zny} be a configuration of N distinct equally
spaced points on S, p € {1,2,..., N — 1} be fixed, and h > 0 be fixed. By [! |, Theorem
1], we know that f(z) := Zjvzl(kr — zj|? + h)P is constant as a function of x on Sk, say
f(z) = C for all x € Sk.

Let {y1,...,yn} be any N-point configuration on S}. Clearly, y;/r,z;/r € S for all
7 =1,2,...,N. Then,

2 p
+ h>

_ B
yi/r

R

xi/r
]/ Yi —
xj/r

yz‘/r
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Therefore, there exist jo, j € {1,2,..., N} such that

N 2 2 p
Yyi———| +h| >C and +h| <C.
(e ) (e
Then, we have
N N
2 P 2 P
max i — x| +h) > C =max r; —x|*+h
zeSh P (Iy | ) zeSh e (l | )
and
N
min (|yz—m|2+h) <C= mlnz |m,—x|2—|—h)
v€8g i=1 Sk i=1
which imply
N
max » (Jz; —z[* + h)’ = _2p’ (SL;Sk)
zeSh
i=1
and
N
min Y (jz; —z? + 1)’ = S h(sk sk,
zeSh P
respectively. Therefore, wy is both maximal and minimal N-point Riesz (—2p, h)-polariza-
tion configuration of (S}; S}). "

Proof of Theorem 3.1. Because the proof of (a) < (c) is similar to the proof of (b) < (c),
we will show only (b) < (c¢) and skip the proof of (a) < (c¢). Moreover, without loss of
generality, we can assume that R = 1.

Let N ¢ N, p e {1,2,...,N =1}, r > 0, and h > 0 be fixed. Notice that for

all configurations {z1,zs,...,2x} C S}, the constants Eép) and E,(fj) in (4.3) and (4.4)

depend only on k. For convenience, for all configurations {1, zs,...,2x} C SI, we set
EY)
E::E((Jp) and Ey = :];j, k=1,2,...,p.
First of all, we show that
myP" (S st = E. (5.1)
Let why := {},25,...,2'y} be a configuration of distinct equally spaced points on S;.

Using (4.2), we have for all y € S,

N

p N p N
Sy —afP+hp =B+ 3 S Byb - @) = B+ Y Byt S (@))F) =

j=1 k=1j=1 k=1 j=1

where the last equality follows from the fact that Z (2 ) =0forallk=1,2,...,N—1.
By Lemma 5.1, since w/y is a minimal N-point RlebZ (— 2p7 h)-polarization Conﬁguration
of (SL;St),

my T (8758") = max U™ (yiwly) = B (5.3)

as we wanted.
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Now, we prove (c)=(b). Assume that wy = {z1,22,...,2x} C SL and ZJ (i =0

for all k =1,2,...,p. Applying the same argument as in (5.2), we have for all y € S!,
P N
UM ywn) = E+ Y En(y* > ab) =
k=1 j=1

which implies that wy is a minimal N-point Riesz (—2p, h)-polarization configuration of
(S7:8Y).
Next, we show (b)=-(c). Assume that wy := {z1,%2,...,2n} is & minimal N-point
Riesz (—2p, h)-polarization configuration of (S}t;S!). Then, for all y € S*,
N
U= (yswn) = Y (ly — 25 +h)P < my" (5581 = B
j=1
Set y = cos(t) + isin(t) € S' and z; = rcos(t;) + irsin(t;) € S} for all j = 1,2,..., N.
Hence, by (4.1), for all ¢ € [0, 27],

B2 U ) B4 3

N g, N g,
Z F cos(kt;) | cos(kt) + Z T sin(kt;) sin(k:t)] .

Jj=1 Jj=1

Then, for all ¢ € [0, 27],

P N E
k .
Z[ Z cos(kt;) | cos(kt) + Z . sin(kt;) sm(kt)].

j=1 j=1
It is not difficult to check that for all ¢ € [0, 27],

N

il Z cos(kt;) | cos(kt) + Z % sin(kt;) sin(k:t)] =

j=1

Because {cos(t), sin(t), cos(2t), sin(2t), ..., cos(pt), sin(pt)} is linearly independent over R,
forall k=1,2,...,p,

N
E E
r’f cos(kt;) g r’f sin(kt;)

1 j=1
Since for all k =1,2,...,p, Ey # 0 (see the formula in (4.4)),

N N
Zcos(ktj) = Zsin(ktj) =0, k=1,2,...,p,
j=1 j=1

which imply that ZJ 1 x] =0forall k=1,2,...,p. Moreover, from (4.3), we have
MR (ShSY) = myP (S sh)

Mz

<.
Il

N0\ o 9 /s p=2j
=FE= 2—1)2 (j) (2r)% (r +1+h+ \/((7'—1)2+h)(r+1)2+h))
7=0
To compute M]\_,Qp’h(Si; Sk) = _2p’ (SE;Sk) in (9), we can use a similar argument as

in the proof of Lemma 4.1 by replacmg y = Rcost+iRsint and f;(t) == (ly—=z;|*+h)P =
(R? + R*> 4+ h — 2R;Rcos(t — t;))P. Applying the calculations as in Lemma 6.2, it is not
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difficult to check that if wy is a configuration of N distinct equally spaced points on SZ,
then for all y € Sk,
U= (y;wn)

52%() 2rR2](7“ +R*+h++/((r—R +h)(r+R)2+h))p

J=

6. APPENDIX
We collect our computations of all integrals in this section.

Lemma 6.1. Letpe N, k€ {0,1,...,p}, and z € C. Then,
2
22 4+1—2zcos cos(kt 27r ( > ( > Z2P—k=2q 6.1
| (6)" cos(it) Z o (61)

Proof of Lemma 6.1. Let p € N and k € {1,...,p}. First, we prove the equality (6.1) for
z € R. Let z € R. Then, for ¢ = e¥,

2 2m
/ (22 +1 — 2z cos(t))? cos(kt)dt = / (22 41— 2(e” + e ))PeMat
0 0

= [Tt etpeta= [ - opt-10r¢uc
o (- () )

where the first equality follows from the fact that the last expression is a real number.
Notice that the left-hand side and the right-hand side of the equation (6.1) are polynomials
as functions of z. Then, both functions are analytic on C and we have the equation (6.1)
for all z € C. n

Lemma 6.2. Letp e N and k € {0,1,...,p}. Fora,beC,

[ ) ooy

q=0 k+

(6.2)

where the square root function in (6.2) can be selected to be both branches of the complex
square root function.

Proof of Lemma 6.2. Clearly, if b = 0, then the equation in (6.2) is 0 = 0. Assume that
b e C\ {0} and a € C. To reduce the equation (6.2) to the equation (6.1), we consider

(Aa — Abcos(t))?,
where A is chosen to satisfy the equations

2z = bA and 2241 =a,
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for some z € C. From above equations,

a++va? — b2 2a + 2va? — b2
— and \ = —

Moreover, A # 0 because if A = 0, then z = 0 which implies that b = 0. Therefore, by
Lemma 6.1,

z =

2m 2
/ (a — bcos(t))P cos(kt)dt = % (Aa — Abcos(t))? cos(kt)dt
0 0
2
(22 4+ 1 — 2z cos(t))P cos(kt)dt

1
AP Jo
—k
_ (_1)k7rp p p 2q+k a2\
72”‘1;}(1 i)t (at Va2 =12) .
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