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1. INTRODUCTION

Schwarz method in general case can be used to solve the different some boundary value
problems in domains resolving from two or more overlapping subdomains (see [1-5]). Tt
was discovered by Hermann Amandus Schwartz in 1890.

The solution to the qualitative problem can be approximated by an infinite sequence
of functions that result from solving a series of evolutionary boundary value problems in
each subdomain. An extensive analysis of Schwartz’s alternative method for nonlinear
boundary value problems has been studied extensively over the past three decades (see
[6-9]). In addition, for stationary, the a priory estimate case is given in several works, see
for instance [2] which we give the weak formulation of the classical Schwarz method. In
[9], we studied the geometry convergence are given. Also, in [7], Convergence of circular
geometric has been done. These results can be found in recent books on field analysis
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methods [10, 11]. Recently, in [12, 13] Schwarz method for highly heterogeneous media
has been improved and studied.

Very few works have been studied on standardized standard error analysis of over-
lapping mismatched network methods of fixed problems in many works for example in
[l1-14]. The main purpose of this paper, we’ll proceed as follows [12]. Precisely, We
improve an approach that combines the result of the geometric convergence produced by
[4, 8, 15] and the lemma which consists of estimating the standard error between con-
tinuous and discrete Schwarz iterations. Then the optimal order of their convergence
was proven using Galerkin’s standard method and error estimation on the unified rule of
linear elliptic equations [2].

Very recent, in [16], the authors presented the criterion-maximum error analysis for
a class of nonlinear elliptic problems in the context of overlapping mismatched networks
and studied optimal error estimation on a uniform base between discrete Schwarz se-
quences and the exact solution of partial differential equations, and in [17]. The au-
thors extracted post-error estimates for a generalized nested domain analysis method
with Direchlet boundary conditions on interfaces for Laplace boundary value problems,
and showed that continuous-state error estimation is based on differences in traces of
subband solutions on interfaces using the finite element method.

In this work, we are going to prove a posteriori error estimates for the following para-
bolic equation: find u € L? (0,T; Hj (€2)) N C? (0,7, H~* (Q)) solution of

%—Au—i—aou:f, in X,

uw=0inT'/Ty,

ou . -
8777 = in Iy,

u(.,0) = up, in €,

where ¥ is a set in R% x R defined as ¥ = Q x [0, T] with T' < 400, where ) is a smooth
bounded domain of R? with boundary T.
The function o € L™ (§2) is assumed to be non-negative verifies

ap < B, B>0. (1.2)
f is a regular function satisfies
ferl?(0,7,L*())nC' (0,7, H 1 (Q)).
The symbol (.,.),, stands for the inner product in L? ().
The outline of the paper is as follows: In Section 2, we introduce some necessary
notations, then we prove a weak formulation of the presented problem. In Section 3, a

posteriori error estimate is proposed for the convergence of the discretized solution using
theta time scheme combined with Galerkin method on subdomains.
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2. THE CONTINUOUS PROBLEM

The problem (1.1) can be reformulated into the following continuous parabolic varia-
tional equation: find u € L? (0, T, Hj (€2)) solution of

ou

(at,v) +a(u,v) = (f,v) + (¢, 0)p, »

w=0in T/T,

where a (.,.) is the bilinear form defined as:

u,v € Hy (Q) : a(u,u) = (Vu, Vu) — (agu, u)
and

ap € L*(0,T,L> ()N C ° (0,7, H " (Q))

is sufficiently smooth functions and satisfy the following condition: ag(t,x) > 8 > 0,
is a constant.

Let (.,.)q be the scalar product in L () and (.,.), be the scalar product in L* (T),
where I'( is the part of the boundary defined as:

FO:{IEGQ:FsuChthatV§ >0, :17+§¢Q}.

In [9], we have treated the overlapping domain decomposition method combined with a
finite element approximation for elliptic equation related for Laplace operator A, where a
Sobolev norm analysis of an overlapping Schwarz method on nonmatching grids has been
used, where we proved that the discretization on every subdomain converges in Soblev
norm. Furthermore, a result of asymptotic behavior in uniform norm has been given.

In this paper, we extend the last work for parabolic equation with mixed boundary
conditions where we prove an a posteriori error estimates for the generalized overlapping
domain decomposition method with mixed boundary conditions on the boundaries for the
discrete solutions on subdomains using theta time scheme combined with a finite element
spatial approximation, similar to that in [16], which investigated full elliptic operator with
Dirichlet boundary condition.

The outline of the paper is as follows: In section 2, we introduce some necessary
notations, definitions and fundamental published propositions in the proposed problem
then we give the variational formulation of our model. In section 3 and 4, a posteriori
error estimate for both continuous and discrete cases are proposed for the convergence of
the discrete solution using theta time scheme combined with a finite element method on
subdomains.

3. THE DISCRETE PARABOLIC EQUATION

3.1. THE SPACE DISCRETIZATION

Let © be decomposed into triangles and 7,denotes the set of those elements, where
h > 0 is the mesh size. We assume that the family 73 is regular and quasi-uniform. We
consider the usual basis of affine functions ¢; i = {1,...,m (h)} defined by ¢; (M;) = d;;
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where Mj is a vertex of the considered triangulation. We introduce the following discrete
spaces V}, of finite element

ve (L2 (0.7, Hy () N C (0,7, Hj (2)))

Vhe such that vy |k= P1, k € 7, o
vp, (., 0) = vpo (initial data) in €, 6—; = in T'g, vy, = 0 in T\ Dy,
(3.1)
where P; Lagrangian polynomial of degree less than or equal to 1.
We consider 75, be the usual interpolation operator defined by r,v = mz(?)v (M;) p; (x).
The discrete maximum principle assumption (dmp) [15]: We assuzr;é the matrices

whose coefficients a (¢;, ¢;j)are M — matrix. For convenience in all the sequels, Cwill be
a generic constant independent on h.

It can be approximated the problem (1.1) by a weakly coupled system of the following
parabolic equation v € H! (Q)

<?;:,U>Q+a (u,v) = (f,v)g + (¢, ’U)FO . (3.2)

We discretize in space, i.e., we approach the space {-Iéby a space discretization of
finite dimensional V;, C (L? (0, T, H} (€2)) N C (0, T, Hg (€2))) , we get the following semi-
discrete system of parabolic equation

(8(;;,%> +a (un, vn) = (f;vh — un)g + (@, vn)p, - (3.3)
Q

3.2. THE TIME DISCRETIZATION

Now we apply the f-scheme in the semi-discrete approximation (3.3). Thus we have,
forany 6 € [0,1] and k =1, ...,p

(uf - u’Z—l, Uh)Q + (At)a (ui’k, vh)

_ i, 0,k 4,0k i,0,k 0,k

= (A1) {(f L Up — Uy )Q + (cp L Up — U] )FJ , (3.4)
where

uZ’k =0uf + (1 —0)u}™"

FOR=0f+(1-0) (3.5)
and

p F= 00"+ (1-0) " (3.6)
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k—1

By multiplying and dividing by € and by adding (uh

OAL’ JUR — uh )to both parties of the

inequalities (3.4), we get

0.k " ", SOk
_ 0.k h
<0At >Q+a (uh ’”h) - (f t oA ’U”>Q

+ ((pe’k,vh)ro , Vi€ V. (3.7)

Then, the problem (3.7) can be reformulated into the following coercive discrete system
of elliptic quasi-variational inequalities

b (s en) = (7 O 4 ™ o) (), v RV (39)

where

b (ui’e’k, vh) =pu (ui;g’k,vh)ﬂ +a (uﬁl’e’k,vh) , v € Vi,
1 D
H=%at =~ o1

3.3. THE SPACE CONTINUOUS FOR THE GENERALIZED SCHWARZ METHOD

We split the domain €2 into two overlapping subdomains 2y and s such that
2 NQe =09, 00,NN, =T, s#¢and s,t =1,2. We need the spaces

V= HY Q)N HY Q) = {ve H'(Q) : van.nan =0}
and
W, = HOU*(F)bd(FS) ={ur,, veV;, andv=0o0n IN\I';},
which is a subspace of HY" (Ebd(,) = {¢ € L*(Ty) i =r, forp eV, s= 1,2} ,
with its norm [|pl|,, = inf ||11||1 Q-
s veVsv=¢ on I'g ’

We define the continuous counterparts of the continuous Schwarz sequences defined in
(3.9), respectively by ulf’mﬂ € H(Q), m=0,1,2,....i =1,..., M solution of

0.k,m+1
c(u1 mH ) =

0,k—1,m+1
(F9 (ul + ) ’U)Ql + ((p,v)ro

3.10
u?’herl = 0, on an NoQ = an - Iy, ( )
a 0,k,m+1 8 0,k,m

U18771 + 1U§’k’m+l 1:9 m + aluf’k’m on I'y

where 7, is the exterior normal to Qsand «; is a real parameter, s = 1, 2.

In the next section, our main interest is to obtain an a posteriori error estimate, we
need for stopping the iterative process as soon as the required global precision is reached.
Namely, by applying Green formula in Laplace operator with the new boundary conditions
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of generalized Schwarz alternating method, we get

p aue,k,m+1
<7A ulf’erl,vl) = (Vul’k’erl,V (vl)) - =,
521 Q1
oQ,—-T

om
+ au?,k,m—‘rl o
8771 ’
Ty

m aue,k,m+1
= (Vui)’k’ H,V(’ul)) E s S
Ql 877]_ r
1

thus we can deduce

0 0 aue,k},m+1
<7Au1’k’m+1, Ul) = <Vu1"k’m+1, Vvl) - = U1
o o om
o0 —-I'y

N 6u?,k,m+1 o
8’)71 ’
T

= (Vuptmt v
Q

k) 0,k,m+1
Ug 0,k,m 0,k,m+1
— | —F— t a1 uy — QiU , U1
Iy

1

o

= (Vuf’k’m“,Vvl) + (aluf’k’mﬂ,vl)
Ql F1

0,k,m+1 0,k,m+1
= (Vul mt ,Vv1)9 + (alul mt ,vl>
1

0,k 1
au2, ,m+ 0.km
— | —F— t a1y, , U1 )
I'y

I

om
thus the problem (3.10) equivalent to; find u?’k’mﬂ € V1 such that

0,k 0,k 0,k—
C(’Uq’ ,77I+17,U1) + (alul, ’m’vl)r = (Fg(ula 1”"‘“),”1)9 + (L)O,’U)FO
1

1

auo,k,ﬂ’%‘rl 0
K,
+ | —2—— 4+ aquy ™" v NV ey
I

om
(3.11)
and we have uy®"™ ! €V,
C(ug,k,m+1’v2)+ (a2ug,k,m+1’v2)r = (F(ug,k—l,m+1)’v2)ﬂ + (¢, v)p,
2 2

8u0,k,7n+1 .
+ (18 +ault My | L (3.12)
2 .
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4. A POSTERIORI ERROR ESTIMATE IN CONTINUOUS CASE

We define these auxiliary problems by of (3.10) with another problem in a nonover-
lapping way over ). These auxiliary problems are needed for analysis and not for the
computation section.

To define these auxiliary problems we need to split the domain  into two sets of
disjoint subdomains : (€1,3) and (9, €4) such that

Q=0UQ3, withQ1NQ3=a Q=0 UQy,and QN =2

Let (u¥™ ub™) be the solution of problem (3.10), we define the couple (uf™, uf™)
over (94, Qg) to be the solution of the following nonoverlapping problems

uk,m+1 _ ukrfl,erl
1 1 _AﬁMMHW%WMH:FG@%AMH>mm’
At

uFmE 0 on 00, NN, k=1,...,n

0,k,m+1 0,k,m+1
3“1 i,0,k,m 3“2 0,k,m
+ auy = ——— F+ ajuy , on I'y
Om om
(4.1)
and
uk,m+1 _ ukrfl,erl
3 At3 _A ug,k,m+1 T a;gug,k,mﬂ Jal ( 0,k—1, m+1> in Q,
k 1
u§ P =0, on 803N AN,
0,k 1 0,k 1
3U3’ ,m—+ 0k 8U Jk,m+ 0k
T—Fagu:\)” onl'y = T—!—a su; 0, on I'y.
13 3
(4.2)

It can be taken €0 = ¢§Fm 1y fRmHL o) D | the difference between the overlapping
and the nonoverlapping solutions ug’k’mH and ug’k’mH of the problem (3.10) and (resp.,

(4.1) and (4.2)) in 3. Because both overlapping and the nonoverlapping problems con-

verge see [10] that is, ug™™ ™ and uf®™ ! tend to u™ (resp. u™), then €™ should
tend to naught when m tends to infinity in V5.
By taking
I:;:,m +a ugkm7 Ak,m _ +a3u§km,
677 3773
b — 28 gt 4 +aqe;™™, (4.3)
6771 37]1
A’?m + a3u1 m

8773
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Using Green formula, (4.1) and (4.2) can be reformulated to the following system of

elliptic variational equations

C(u?’k’m+1’1}1) + (Oqu? kmﬂ/’l)r — (FO(uf,k—l,m-‘rl),Qﬂ)Q + ((,O,U)FO
1

1

and

6’k1 91 9 0,k— k]
o(u m+1’v3)Jr (a3u3 k mH’Ug)r - (Fe(ug'k 1 m+1)’1}3)Q + (@, v)r,
1

3
(Akm 9km+1) Vose Vs
On the other hand by takin
Y g
0,k,m
Oey’
Hlf’m _ +a €«fkm7
om
we get
0,k,m 0,k,m 0,k,m
au ok, (™ — ok
AG,k,m _ + alug,k,m + ( 2 3 ) + 061( 0,k;m ug,k,m)
Som om
6,k,m k,m
3U 0,k,m Oe; k,m
+ ajug’ + + a6y
8771 8771
= 3771 +aquy™" 467
Using (4.6) we have
k 3u’e’k’m 0.k, k
, 1 _ , 1
ARmAL — o +aqug "+ 0] mt
Ayt 0.k, k,m+1
aue k‘ m
_ a3ug,k,m . asu?,k,m +a uG,k,m ellc,m+1
a773
= (a1 + ag)ug ohesm A]f’m + Hlf’m"_l
and the last equation in (4.8), we have
k 3U9 o 0.k,
A ,,m+1 il SO 3U m
1 a m 1
- aluf km _Z72 ug o m—l—aguf’km—&—a;;u?’k’m

377

0,k
— (a +a3)u17 ,m Alg’m_’_ag,erl'

(4.7)
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Lemma 4.1. Let uf = uk , el kmtl = o kmtl gk gng phmtl = Akm+l _ Ak Then
for s,t =1,3,s #t, we have

i0,k,m~+1 0,k,m+1 0,k,m+1 k,m+1
cs (el , U5 — €5 )+ (ased Vs — € s

- (nf’m,vs — ei’k’m“) s € Vs (4.10)
and S
(), = (e el ™ o)y = (™) (0 w) e e Vi
(4.11)
Proof. The proof is very similar to that in [9]. m

Lemma 4.2. By letting C be a generic constant which has different values at different
places, we get for s,t =1,3,s #1

(nf’m_l - ase’?mvw)rl <C He?mHl,Qs Hw”W1 (4.12)
and
(asws + ghmtt e’;’m“)Fl <C Hef’mHHLQS lwllyy, - (4.13)

where C' is a constant independent of h and k.

Proof. The proof is very similar to that in [9]. [

Proposition 4.3. [9] For the sequences (u?’k’mﬂ, Ug7k7m+1)m€U*(F)2115 solutions of (4.1)

and (4.2) we have the following a posteriori error estimation

1 0 1
s <ol
1

k 0,k,m+1 k
1,9 3,03

where C is a constant independent of h and k.

Proposition 4.4. For the sequences (
tlar following a posteriori error estimation

ug7k’m+1, UZ’k’mH)meU*(F)zu& We get the the sim-

0,k,m-+1 0,0,k 0,k,m+1 0.k
Hu2 Y H " —u

k 1 1
n H o SCHug’ m+ —ui”“’”” H .
Wa

(4.14)

2,0, H4,Q4

where C' is a constant independent of h and k.

Proof. The proof is very similar to proof of Proposition 4.3 which proved in our published
paper on [9]. L]

Theorem 4.5. [J] Let u%* = ug’f, s =1,2. For the sequences

(uf’k’mﬂ,ug’k’m+1)m€U*(F)2115 solutions of problems (3.11) and (3.12), one have the

following result

6,k,m 0.k
Ug — Ug

0,k,m+1 0.k
Hu1 — U

|

Hl,Ql Hz,m

1 . 1
<C (Hu§7k7m+ B ug,k,mH n Huf,k,m g Rt H
Wi

km+1
+e™,, )
Wi Wa

Wa

where C' is a constant independent of h and k.
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5. A POSTERIORI ERROR ESTIMATE: DISCRETE CASE

Let ©Q be decomposed into triangles and 7pdenote the set of all those elements h > 0 is
the mesh size. We assume that the family 7, is regular and quasi-uniform. We consider
the usual basis of affine functions ¢ s = {1,...,m (h)} defined by ¢; (M;) = 0;;, where
M; is a vertex of the considered triangulation.

In the first step, we approach the space H} by a suitable discretization space of finite
dimensional V" C H}. In a second step, we discretize the problem with respect to time
using the semi-implicit scheme. Therefore, we search a sequence of elements ui’n cvh
which approaches up, (tn,.), t, = nAt, k= 1,...,n, with initial data u} = ugp,.

Let uZ’ka € V" be the solution of the discrete problem associated with (3.10),

6,k,m+1 0,k,m+1
Us =Upq, -

We construct the sequences (u §m+1)meU “(F)2115, U O’Z’mﬂ € VI, (s = 1,2) solutions
of discrete problems associated with (4.4).

We define the discrete space K}, is a suitable set given by

up € (L2 (0,7, Hg (2)) N C (0, T, H§ (Q)))

Kh - Buh
up =01in T, 8—z<pinfo, up, =0 in T\T'y,
n
m(h)
where 7y, is the usual interpolation operator defined by rpv = > v (M;) ¢; (z).
i=1

In similar manner to that of the previous section, we introduce two auxiliary problems,

we define for (€21, Q3)the following full-discrete problems: find u‘9 kmtl o g n solution of
C(“i) ZmH O1,n) + (a1 hufz +1,7~)1,h>r ,
1

= (F(’(ufzzfl’mﬂ);ﬁl’h)ﬂ + (¢, v)p,
! (5.1)

yOokm+1 .
Uy’ ml — 0, on 991 NN, U1,n € Ky,
u0 k,m—+1 au,e,k,m
2,h
6 + alug ]Z ml 87 + alug’i’m, onI'y — Ty,
m m ’
by taking the trial function ¥ , = LOkmEL iy (5.1 t
y taking the trial function 01, = vi,n —uy’y in (5.1), we ge

0,k,m+1 0,k,m+1 _ 6,k—1,m+1
cluyy, ™ vn) + (al hyp, Ul,h)F = (F(U1 h )a'Ul,h)Q + (¢, v1,0)p,
1 1

)

0,k,m-+1
uljh’"” =0, on 0 NN, vy € Ky,
0,k,m+1 9, k m
au1,h 0,k,m+1 dusy 0,k,m T
TJFQ u]h —T+Q1U27h ,onlty —1yp.
1 1

(5.2)

Similarly, we get

,0,k,m+1 ,0,k,m+1 9/ 0,k—1,m+1
c(u; Us p, s ULR) + (a?) hU3 }y le,h)F = (F (ug' )avl,h)Q + (e, U1,h)p0
1 3

ug ™ =0, on 903N 09,

0,k,m+1 6,k,m
8u3 h 0.km+1 _ Ouy’ 0,k,m
2 b agug ™ = —— +azuf™, on Ty — T
on3 s
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For (2,4), are similar in (5.2) and (5.3).

Theorem 5.1. [12] The solution of the system of parabolic equations (5.2) and (5.3) is
the maximum element the set of discrete subsolutions.

We can obtain the discrete counterparts of Propositions 4.3 and 4.4 by doing almost
the same analysis as in section above (i.e., passing from continuous spaces to discrete
subspaces and from continuous sequences to discrete ones). Therefore,

0,k,m-+1 0.k 0,k,m-+1 0,k 0,k,m+1 0,k,m
’ul,h — Uy h‘ +H“3,h —Ug h‘ < CH“l,h —Uzp H
1793
and
1 0 1 1 :
yOkmrL 0k I 9 km+ _u0k < ||ufrmtt _ y 0kem . (5.5)
2,h 2,h 4,h 2,h 4,h
1,0 1,04 Wa

Similar to that in the proof of Theorem 4.5 we get the following discrete estimates

YOm0k ‘ i Huo,k,m W k”
1,h Lhlly o, 2,h Ug h 1.0
0,k,m+1 0.k 0.k 0.k k+1 k+1
STt WS T IS v RS vad T2
’ ’ Wi Wa

ka-‘rl

Next we will obtain an error estimate between the approximated solution u, and

the semi discrete solution in time wu®?%*.

denote by

We introduce some necessary notatlons. We

en={Fe€T:Tem,and E ¢ 00}
and for every T € 7, and E € ¢, we define as
r={T" €n:T'NT # o},
and
wg={T"€m:T'NE # a}.

The right hand side f is not necessarily continuous function across two neighboring
elements of 7, having Fas a common side, [f] denotes the jump of f across E and ng
the normal vector of E.

We have the following theorem which gives an a posteriori error estimate for the discrete
GODDM.

6. AN ASYMPTOTIC BEHAVIOR FOR THE PROBLEM

Theorem 6.1. Let u?* = u%* |q_ where u is the solution of problem (1.1), the sequences
( 0,k,m+1  6,k,m

uy’y s Uy p are solutions of the discrete problems (4.4) and (4.5). Then

)mEU*(F)2115
there exists a constant C independent of h such that

9,k,m+1 0.,k ,0,k,m 0.,k 2 : § :
1,04 ’ 1,092

1=1T€ETy
where

0,k,* 2,0,k,x—1

— _ 0,k ,*
e, = U’h,s uht

+ ‘ € h

HW;L,S Wh,s
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and

F(uph™) +upi

A “fz’; "t (1 + Aaho) uhesk

Ut () 8U0k*
+> hy l s 1

Eecep
where C' is a constant independent of h and k and the symbol * is corresponds to m + 1
when s =1 and to m when s = 2.

ne = hr

0,7

)

0,E

Proof. The proof is based on the technique of the residual a posteriori estimation see [16]
and Theorem 5.1. We give the main steps by the triangle inequality we have

1,9, +ZHU’” s H 1,0, (6.1)

s

0,k
ulk gk

h,s

0k 0k
Us™ — uh s

1,0,

The second term on the right hand side of (6.1) is bounded by

2
St <5

s=1i=1
To bound the first term on the right hand side of (6.1) we use the residual equation and
apply the technique of the residual a posteriori error estimation [16], to get for v, € V"

0.k 0,k
c(u?k U’h s) US) ( ok uh 51 Us Uh,s)

Fa(@k 1) le 0.k
S Z f uh s + uh s o MA uh,s (Us _ vh,s) dS
TcQ,T (1+ paky) uf,

0k

8 hs ( )d
Vs — Vp,s) AS
ECQ.E 8775 "

ou ‘Zk
- 2 s = s d /
2o, (0o ds
+ > f (Fe( ) F? (uh s)) (vs — vps)do
ECQ.T

2
> e(ul —up® vy)

s=1
2 PO (u ) 4 uph ™ ps
<> 0.k ' llvs — Uh,S”o,T
S=1TCO, — (1 + pagy) uy;
0,k e,k
2 3uhvs
222 5 [vs — vn,sllo g + Z Z lvs = vnsllo
s=1 ECQ, e |lo g Z llo,E
’ 6,k
2 0,k _ ,0k
43 5 cflutt =t - Ioe = onslloz
s=1TCQ 5 o,
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Using the following fact

|

0,k 0.k T
c(ug® — w5 vs +chy)

0.k

0.k
Ug™ — h,s

< sup

LQs  viek llvs + Chz”mi

3

we get

2 2
S a0, + chiT) < 3 ( 5 ni’T> S ol . (63
s=1

s=1 \TCQg s=1

Finally, by combining 5.5, 6.1 and 6.2 the required result follows. L]

6.1. A F1XED POINT MAPPING ASSOCIATED WITH DISCRETE PROBLEM
We define the following mapping
Tp: Vi— Hj (%)

(6.4)
Wi—s TW;= £ = 8, (F (w)),

where £ is the solution of the following problem
bl( }]:7m+13 Ui) + (ai,hfi’m—i_lvvi,h)FA = (F(U)),'Uh,)Qi )

}I:"m+1 =0, on 99; N O, (6.5)

k,m-+1 k,m
o8y’ koma1 O k
h + Q5 h7m+ = L + Oéié-h’m, on Fq/

on on

6.2. AN ITERATIVE DISCRETE ALGORITHM

Choosing u% = upo the solution of the following discrete equation

b (U%,avh) =(%uwn), vn € Vi, (6.6)

where ¢° is a regular function.

Now we give the following discrete algorithm

kym+1__ k—1,m+1 _ .
u;’y = Thuy k=1,...n,i=1,...,4,

where uf is the solution of the problem (6.5).

Proposition 6.2. Let £F be a solution of the problem (6.5) with the right hand side F* (w;)
k,m+1 ck,m+1

and the boundary condition %7 + ,If’mH, gﬁthe solution for F and %7 +
U] U]
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Q; f’mﬂ, The mapping Ty is a contraction in Vi, with the rate of contraction

A
B+
Therefore, Ty, admits a unique fized point which coincides with the solution of the problem
(6.5).

Proof. We note that
Wl ey = 11 -

Setting

¢ = m 1 (ws) — F (i)l -
Then, for fk ™ 4 is solution of
b(&™ + 6, (0n + ) = (F(w) + ag, (vn +¢)).
,lfmﬂ =0, on 09Q; NN,

agk el k m+1 agz,m k.m
S Om T aidy on Tk on

From assumption (1.2), we have

Flw) < F(w)+|F(w)—F ()],

< F(w)

G P ) — F ()

< F(w)+ ad.
It is very clear that if F(w) = F () then & > ™+ Thus
k,m ckom
R <G 4 g,
But the role of w; and w; are symmetrical, thus we have the similar prof

km+1 <§km+1+¢,

yields
. 1 -
1T (w) =T (@)]l, < EESY | F'(w;) — F (w4)]]4
1. PN
= 6+>\||f + Mw; — f* = M|,
A ~
< m“wi—winr
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Proposition 6.3. Under the previous hypotheses and motations, we have the following
estimate of convergent

1 n
n,m+1 oco,m—+1 oco,m—+1

> % < |- ) _
’ “h Yih H1 (1 + 30 (At)) Huh Uho 1

oco,m+1

L k=0,...,n, (6.7)

is an asymptotic continuous solution. and up, solution of (6.5).

Proof. We have

up® = Thup®,

where u

1,m+1 oo,m+1H _HT 0m+1 _ oo,m+1H o 1 ’ 40 oo,m+1H
U —u = U —Thu — | 4, —u
H h h 1 R "h L\ 1+ 86(Ar) ) IITh T 1
and for n + 1, we have

1 )

n+1 m+1 n,m+1 oco,m+1 n,m+1 7,00

U ’ = ||Thuy — Thu, H <[ —— ‘u.’ —uy H
’ h H H hoh 1= \1+p0(A ) T h ]y

then

|

Now we evaluate the variation in H}-norm between u (T,z), the discrete solution
calculated at the moment 7' = nAt and u™, the asymptotic continuous solution (1.1).

+1 +1
" “(X;IH (1+ﬂ0 At) Hoom  Uhol] -

Theorem 6.4. Under the previous hypotheses, notations, results, we have

k, 1 k,m k,m— n+1,
ok =iy, o =i, e
-], <
! +’en+1m IH N 1 !
2R Wa 1+ B0 (At)
(6.8)
and
n,m o0 1 "
’U,h7 +1*’LL Hl SC |:h2 |10gh|+ <1—|—69(At)> :| (69)

Proof. Tt can be easily proved this theorem by using the results of Theorem 6.1 and
Proposition 6.3. ]

7. CONCLUSION

In this paper, A posteriori error estimates for the generalized overlapping domain
decomposition method with mixed boundary boundary conditions on the interfaces for
parabolic equation with second order boundary value problems are studied using theta
time scheme combined with a Galerkin approximation. Furthermore, a result of an as-
ymptotic behavior using Hi-norm is presented using Benssoussan-Lions’ Algorithm. In
future, . The geometrical convergence of both the continuous and discrete corresponding
Schwarz algorithms error estimate for linear elliptic PDEs will be established and the
results of some numerical experiments will be presented to support the theory.
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