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1. INTRODUCTION

In 1949, S. Bochner [1] introduced a new tensor as an analogue of the Weyl conformal
curvature tensor in a complex local coordinate system in an m complex dimensional
Kaehlerian manifold M with Riemannian metric g as follows:

1 ~ e .
m{g(iﬁ 2)Q(X) - 3(QX,2)Y +3(QY, Z2)X

~9(X, 2)QY +§(JY, 2)QJX — G(QJIX, Z)JY +G(QJY, Z)JX
—g(JX, Z)@JY —29(JX,QY)JZ —2(JX,Y)QJZ}

B(X,Y)Z = R(X,Y)Z-—

+ (mﬂ)( ){E(Y» )X —§(X,2)Y +§(JY, Z)JX

—3(JX, Z)JY 2§(JX,Y)JZ}, (1.1)

where J is the almost complex structure, R is the Riemannian curvature tensor, T is the
scalar curvature, @@ denotes the Ricci operator defined by

9(QX,Y) = Ric(X,Y), (1.2)
for any XY, Z, W € I(T M ). Later, many mathematicians have obtained some neces-

sary and sufficient conditions for exploring the geometric meaning of vanishing Bochner
curvature tensor in some different spaces. For example, in [2], S. Tachibana studied and
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obtained an interesting expression for the Bochner curvature tensor in Kaehler manifold.
In [3], M. Sitaramayya and in [4], H. Mori obtained a generalized Bochner curvature tensor
as a component in its curvature tensor on Kaehlerian vector spaces. In [5], F. Tricerri and
L. Vanhecke generalized this notion, that is, they defined the generalized Bochner cur-
vature tensor as a component of the element of spaces of arbitrary generalized curvature
tensors on Hermitian vector space. In [6], L. Vanhecke proved that the Ricci operator
is complex linear for an almost Hermitian manifold with vanishing Bochner curvature
tensor if and only if the manifold is a para-Kahlerian manifold. In [7], L. Vanhecke and
K. Yano showed that the Ricci operator is complex linear if and only if the Riemannian
curvature tensor satisfies the following relation:

JRX.VZ,W) = GRIX,JV)Z, W)+ §R(JX,Y)IZ,W)
+3(R(JX,Y)Z, JW) (1.3)

for all tangent vectors X,Y, Z, W of the manifold. In [8], D. E. Blair stated that every
totally geodesic anti-invariant submanifold of a Kaehler manifold of complex dimension
> 3 with vanishing Bochner curvature tensor is conformally flat. In [9], H. M. Abood
studied the geometric meaning of vanishing the generalized Bochner curvature tensor in
nearly Kaehler manifold. In [10], Y. Euh, J.H. Park, K. Sekigawa investigated the local
structures of nearly Kaehler manifolds with vanishing Bochner curvature tensor. Bochner
Kaehler manifolds were also discussed in [11-21] etc.

Furthermore, B.-Y. Chen and F. Dillen [22] established new simple geometric charac-
terizations of Bochner-Kaehler and Einstein-Kaehler spaces of complex space forms. They
stated that the manifold M is an m-complex dimensional Bochner Kaehler manifold if
and only if the following statements satisfy for every orthonormal basis {X,Y} of any
totally real plane section: B

(1) the totally real bisectional curvature H(X,Y) depends on the totally real plane
section I = Span{X, Y’} and not on the choice of orthonormal basis X,Y;

(2) H( )+ H(Y') depends only on the totally real plain section IT = Span{X, Y} and
not on the choice of orthonormal basis XY

(3) the sectional curvatures satisfy K (X,Y) = K(X,JY);

(4) H(X)+ H(Y) = 8K (X,Y);

(5) HX)+ H(Y) =4H(X,Y);

(6) R(X,JY,JY,Y) = R(X,JX,JX,Y).

The main purpose of the present paper is to continue this work.

2. RIEMANNIAN INVARIANTS AND SUBMANIFOLDS

In this section, we recall a number of Riemannian invariants which are the intrin-
sic characteristics of a Riemannian manifold and affect the behavior of the Riemannian
manifold.

Let M be an m-dimensional Riemannian manifold equipped with a Riemannian metric
g and inner product of the metric g is denoted by {, ) Let {ei, ..., emn} be an orthonormal
basis for T}, M. The sectional curvature, denoted K”, of the plane section spanned by e;
and e; at p € M is given by

K;; = Ky (e5,e5) = R(ei,ej,¢e5,€) = R (ej,¢€:,€i,€5) (2.1)
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where R is the Riemannian curvature tensor.

The Ricci tensor Ric is defined by

Ric (X,Y) = R(e;, X.Y.e)) (2.2)

for any X,Y € TPM.
For a fixed i € {1,...,m}, we have

m m
Ric (e, ;) = E R (ej,€5,€5,€5) = g R(ei ej,ej,€;)
Jj=1
m
= E R (es,€5,€5,€;) = E KZ].
J#i J#i

Let u be a unit vector in TPM. We choose an orthonormal basis {eq, ..., €, } of T,,M such
that e; = u. The Ricci curvature Ric (u) of u is defined by

/R%(u)=f~(12+f?13+~-~+l~(1m221~{1j. (2.3)

The scalar curvature T at p is defined by

7(p) = Zf(z‘j- (2.4)

i<y
The Chen invariant which is certainly an intrinsic character of a (sub)manifold [23] is
given by
S37(p) = 7(p) — (inf K)(p), (2.5)
where

(inf K)(p) = inf{ K (IT) | IT is a plane section C T,M}.
We note that new optimal inequalities involving the Chen invariant have been recently

proved in [24-38] etc.

Let L* be a k-plane section of TpM and u be a unit vector in L*¥. We choose an
orthonormal basis {ey, ..., ex } of L¥ such that e; = u. The Ricci curvature Ricy» of L* at
u is defined by

ﬁ\iELk(’LL):IA{-12+I?13+"‘+I?1k. (26)
Here, Ricyx (u) is called a k-Ricci curvature [39]). Thus for each fixed e;, i € {1,...,k} we
get
Rchk €;) ZK” (2.7)
J#i

The scalar curvature 7 (L’“) of the k-plane section L* is given by

> Ky (2.8)

1<i<j<k



1756 Thai J. Math. Vol. 18 (2020) /E. Kili¢ and M. Giilbahar

We note that
1 n

ko k
Z Z =N " Ricx(e;). (2.9)
i=1 j#i

i=1

l\DM—t
]

Let M be an n-dimensional submanifold in a manifold M equipped with a Riemannian
metric g. The Gauss and Weingarten formulas are given by

VxY =VxY +0(X,Y)
and
VxN = —-AxyX + V%N

for all X,Y € TM and N € T+ M, where V, V and Vf are the Riemannian, the induced
Riemannian and the induced normal connections in M, M and the normal bundle T+ M

of M, respectively, and o is the second fundamental form related to the shape operator
A by

g(o(X,Y),N)=g(AxX)Y).
The equation of Gauss is given by
R(X,Y,Z,W) = R(X,Y,ZW)—-g(o(X,W),o(Y,Z))
+9(0(X,2),0(Y,W)) (2.10)

for all X,Y,Z, W € TM, where R and R are the curvature tensors of M and M , respec-
tively.

For any orthonormal basis {e1, ..., e, } of the tangent space T, M, the mean curvature
vector hi(p) is given by

li: (ei,€:) . (2.11)

3

The submanifold M is called totally geodesic in M if ¢ = 0 and it is called minimal if
h=0 Ifo(X,)Y)=g(X,Y)hforall X,Y € TM, then the submanifold M is called
totally umbilical [10].

3. BocHNER KAEHLER MANIFOLDS

Let M be an almost Hermitian manifold with complex structure J and Riemannian
metric g. If the almost complex structure J satisfies

(VxJ)Y + (VyJ)X =0 (3.1)

for any vector fields X and Y on T™ , then the manifold is called a nearly Kaehlerian
manifold, if

VxJ =0 (3.2)

for all X vectors on TM, then the manifold is called a Kachlerian manifold [11].
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Let M be an m complex dimensional Kaehlerian manifold. Then the Bochner curvature
tensor, defined in [2], is given by

B(X,Y,Z,W) = R(X,Y,Z,W)— (X, W)LY, Z)+ (Y,W)L(X, Z)
(Y, Z)L(X, W) + (X, Z)L(Y, W) — (JX,W)M(Y, Z)
HJIY, WYM(X,Z) = (JY, Z)M(X, W) + (JX, Z)M(Y,W)

+2(JZ,W)M(X,Y) + 2(JX,Y)M(Z,W), (3.3)

where
LY. 2) = 5ot Rl 2) = g s Y. 2), (3.4
L(Y,Z)=L(Z,Y), L(JY,JZ)=L(Y,Z), L(JY,Z)=—L(Y,JZ), (3.5)
M(Y,Z) = -L(Y,JZ) = ~L(JZ,Y) (3.6)

for any XY, Z, W € TM. The manifold M is called a Bochner Kachler manifold if the
tensor B vanishes identically.

Let IT = Span{X,Y}, X,Y € T,,M, be a 2-dimensional plane section on TPM. The
plane IT is called anti-holomorphic if

g X,)Y)=9g(JX,Y)=0, (3.7

in other words, JII C II+, where II+ is complementary space of II in TM. Furthermore,
the plane II is called holomorphic if JII C II. In this case, the holomorphic sectional
curvature is given by

H(Il) = H(X) = R(X,JX,JX, X), (3.8)
where II = Span{ X, JX}, X is a unit vector on II.

If IT and II" are two holomorphic plane sections in TpM , then the holomorphic bisec-
tional curvature H(IL, IT') is defined by

HALIY) = H(X,Y) = R(X,JX,JY,Y), (3.9)
where X is a unit vector on IT and Y is a unit vector on IT' [412].

On the other hand, if ILLII', then H (X,Y) is called totally real bisectional curvature
and

H(X,Y)=K(X,Y)+ K(X,JY) (3.10)
for a totally real plane spanned by any vector pair {X,Y} [22].

We now recall the following important facts.

Theorem 3.1. [22] Let M be a complex dimensional Kaehlerian manifold of complex
dimension m > 1. Then M is Bochner-Kaehler manifold if and only if every totally real

bisectional curvature ﬁ(X,Y) depends only on the totally real plane section spanned by
XY but it does not depend on the choice of orthonormal basis X, Y.
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Theorem 3.2. [12] Let M be a Kaehler manifold of complex dimension m > 1. Then M
is a Bochner-Kaehler manifold if and only if there is a Hermitian quadratic form Q on
M such that the holomorphzc sectional curvature H( ) of the holomorphic plane spanned
by X and JX satisfies H(X ) =Q(X,X) for any unit tangent vector X. Furthermore, if
such @ exists, then

= 27 ~

e T Dm T2 (40

Q=

Let M be an m complex dimensional Bochner Kaehler Ar}lanifold and
{e1,...,en,Je1,...,Je,} be an orthonormal basis of T,M at p € M. Then the scalar
curvature 7(p) is given by

7(p) = Zﬁ(ei) +2 Z}NI(ei, ej)- (3.12)

If L is a complex subspace of real dimension r» > 2 in TpM , the r-scalar curvature 7(L)
of L is defined as

ZH e; +22H €ire;). (3.13)

1<J
From (3.3), (3.5), (3.6), (3.9) and (3.10), we get the following lemma:

Lemma 3.3. Let M be an m complex dimensional Bochner Kaehler manifold. Then

H(X) = 2(X,X)L(X,X), (3.14)
H(X,Y) = 2((V,Y)M(X,JX)— (X, X)M(JY,Y))
= 2((V,Y)L(X. X) + (X, X)L(Y,Y)), (3.15)

for a totally real plane spanned by any vector pair {X,Y}.

Taking into consider (3.4) equation and Lemma 3.3, we get the following proposition:

Proposition 3.4. Let M be anm complex dimensional Bochner Kaehler manifold. Then
we have

H(X) = (771712)}%()() " 2(m jl()p()m T2y (3.16)

1 7(p)
(m+2) 2(m+1)(m+ 2)

for a totally real plane spanned by any vector pair {X,Y}.

H(X,Y) = [Ric(X) + Ric(Y)] — (3.17)

4. SUBMANIFOLDS OF A BOCHNER KAEHLER MANIFOLD

Let M be an n-dimensional submanifold of an almost Hermitian manifold (]/\\4/ 1 9).
For any X € T, M, we decompose JX into tangential and normal parts given by

JX = PX + FX, PX € T,M, FX € T, M; (4.1)
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thus PX is the tangential part of JX while F'X is the normal part of JX. The squared
norm of P at p € M is defined to be

n

1P| = > (Peie;)?, (4.2)

i,j=1
where {e1,...,e,} is any orthonormal basis of the tangent space T, M.

In an almost Hermitian manifold, its almost complex structure J transforms a vector
into a vector perpendicular to it. According to the behavior of the tangent bundle of a
submanifold under the action of the almost complex structure J of the ambient manifold,
there are two well-known classes of submanifolds, namely, invariant submanifolds and
anti-invariant submanifolds. .

Let M be a submanifold of an almost Hermitian manifold (M, J,§). The tangent space
of the submanifold remains invariant under the action of the almost complex structure J
where as in the second case it is mapped into the normal space. Thus, M is invariant if
F =0, and it is anti-invariant if P =0 [11].

In 1978, A. Bejancu [43] generalized the concept of invariant and anti-invariant sub-
manifolds in to a CR-submanifold as follows.

A submanifold M of an almost Hermitian manifold is called a CR-submanifold if the
tangent bundle TM of M can be decomposed as the direct sum of a holomorphic (invari-
ant) distribution and a totally real (anti-invariant) distribution, that is,

TM =D & D+,

where J(D) = D and J(D+) C TM*. In fact, we have D = ker (F) and D+ = ker (P).
Invariant and anti-invariant submanifolds are C'R-submanifolds with D = {0} and D+ =
{0}, respectively.

Let M be an n-dimensional CR-submanifold of an m complex dimensional Bochner
Kaehler manifold and {e1,...,es,es11,...,€,} be an orthonormal basis of T,M such
that the invariant distribution of T}, M is spanned by the vectors ey, ..., e, and the anti-
invariant distribution of T, M is spanned by the vectors es11,...,e,. Let us define

n

I 1
hp(p) = 5 Za(ei,ei) and hpi(p) = — Z o(ej,ej). (4.3)
i=1 j=s+1

The submanifold M is called D-minimal if hp = 0, called D+-minimal if hp. = 0 for all
point of M [16].

Theorem 4.1. Let (M, g) be an n-dimensional invariant submanifold of an m complex
dimensional Bochner Kaehler manifold (M,q). For all mutually orthogonal unit vectors
X, Y €e TM, we have

37(p)

KxY) = (mi— 2) Ric(JX,Y) - Tt Dty NI
+9(0(X, X),0(Y,Y)) + % (ﬁ(x) + fI(Y)) : (4.4)

where o is the second fundamental form is given in the Gauss and Weingarten formulas.
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Proof. Let {e1,...,em,Je1,..., ey} be an orthonormal basis of TpM. By doing straight-
forward computation in (3.3), we get

K(ei, ej) = L(ei, €i) + L(Ej, ej) + 6<J€7;, 6j>L(J€7;, Ej). (45)
If we put (3.14) in (4.5), we have

~ 1/~ -
K(eie)) = 5 (He) + Hey)) +6(Jei e L(Jeire;), (4.6)
for i # j € {1,...,m}. Using (2.10), (3.4) and (4.6) equalities, we get
3 o 37(p) ~
K(ei7ej) = mRZC(J@i,Gj) - 2(m+ 1)(m+2) +g(0’(61',61‘)70'(€j,6j))
—llo(es, e5)II*. (4.7)
Finally, putting e; = X and e; =Y, we have (4.4). n
We recall now the following theorem of B.-Y. Chen in [14] for future uses.

Theorem 4.2. Let M be an n-dimensional (n > 3) submanifold in a real space form R(c)
of constant sectional curvature c. Then, for each point p € M we have

n%(n —2)
BRI

The equality in (4.8) holds at p € M if and only if there exist an orthonormal basis
{er,....en} of T,M and an orthonormal basis {€ni1,...,em} of T;"M such that (a)
IT = Span {ey, ea} and (b) the forms of shape operators A.,, r =n+1,...,m, become

B + 5(n+ 1)~ 2 (18)

a 0 0
A= 00b 0 |, u=a+b, (4.9)
0 0 plpo
¢ dp 0
A, = do —¢ 0 , re{n+2,...,m}. (4.10)
0 0 Op_2

Next, we give a generalization of Theorem 4.2 in terms of the Chen’s invariant in
submanifolds of any Riemannian manifold. We note that the following theorem is a
special case of Theorem 3.1 in [15] of B.-Y. Chen:

Theorem 4.3. Let M be an n-dimensional (n > 3) submanifold in an m-dimensional

Riemannian manifold M. Then, for each point p € M and each plane section I1 C T,,M,
we have

n%(n —2)

0(2) < ———2

(2) < 2(n—1)

The equality in (4.11) holds at p € M if and only if there exist an orthonormal basis

{e1,...,en} of T,M and an orthonormal basis {en+1,...,em} of T;-M such that the
forms of shape operators A.., r =n+1,...,m, become as (4.9) and (4.10).

IA(@)|1* + 7 (T,M) — K (L) (4.11)

Using Theorem 4.1 and Theorem 4.3, we have the following theorem:
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Theorem 4.4. Let (M,g) be an invariant submanifold of a Bochner Kaehler manifold
(M,q) and II = Span{ei, e2} is a 2-dimensional plane section T,M. Then we have

3 = 37(p) n%(n —2) 9
T0) < gy RN Y) ety T ey 1)
b Frup) = K + 4 W) + 5 (Fer) + Hlea)) (112)

where

”h|1‘[(p)H2 _ E(U(GM 61)4,0(62, 62)) .

The equality in (4.12) holds at p € M if and only if the shape operators take the following
forms:

(4.13)

a 0 0
Aoty 0 b 0 , k=a+b, (4.14)
0 0 ‘LLIn_Q
Cr 0 0
A, = 0 —¢ 0 , re{n+2,...,m}. (4.15)
0 0 Op2

Now we state the following definition:

Definition 4.5. Let (M, g) be an invariant submanifold of a Bochner Kaehler manifold

(M, g). We call the manifold M as a Bochner-Chen ideal invariant submanifold if the
shape operators take the form as (4.14) and (4.15).

Let (M, g) be a Bochner-Chen ideal invariant submanifold of a Bochner Kaehler man-
ifold (M,qg) and II = Span{es,ea}. Then, from (4.14) and (4.15), we get

m

K(e1,e2) = K(e1,e2) +ab— Y ()2, (4.16)
r=n+2

K(ey,e;) = K(er,e;) + ap, (4.17)

K(ez,¢;) = K(ea, ¢5) + by, (4.18)

K(ei,ej) = K (e, e;) + 12, (4.19)

Ric(e1) = Ricr,ar(e1) +ab— D () + (n — 2)ap?, (4.20)
r=n+2

Ric(ez) = Ricr,ar(e2) +ab— Y ()2 + (n — 2)by?, (4.21)
r=n—+2

Ric(e;) = Ricr, a(e:) + (n — 2)p2, (4.22)

where 4,7 > 2 and ﬁichp um is n-plane Ricci curvature given in (2.7).

Taking trace in (4.5), we have the following lemma:
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Lemma 4.6. Let (M, g) be an n-dimensional submanifold of a Bochner Kaehler manifold
(M,q) and {e1, ..., e} be an orthonormal basis of T,M. Then we have

n

EZT:TPM(@]') = trace(L|p) + (n — 2)L(ej, e;) + 62(Jei, ej)L(e;, e;). (4.23)

i=1
Taking into consideration (4.20), (4.21) equalities and Lemma 4.6, we get the following
theorem:

Theorem 4.7. Let (M, g) be an n-dimensional Bochner-Chen ideal invariant submanifold

of Bochner Kaehler manifold (1\7, 9). If the submanifold (M, g) is Finstein, then there
exist a plane section spanned by unit vectors X,Y such that

L(X,X) - L(Y,Y) =b* — a?, (4.24)

where a,b given in (4.14).

Proof. Let II = Span{ey, e2} and the submanifold (M, g) be Einstein. Then

Ricr, a(e1) — Ricr,a(ea) = (n — 2)(b% — a?). (4.25)

Furthermore, from Lemma 4.6, we have
Ricr, ar(e1) — Ricr,a(e2) = (n — 2) (L(er,e1) — Liea, e2)) . (4.26)
Puting e; = X and e; =Y, we obtain (4.24). L]

Lemma 4.8. Let (M,g) be an n-dimensional anti-invariant submanifold of a Bochner
Kaehler manifold (M,q). Then we have

H(X,Y) = 2K(X,Y) (4.27)

where X,Y are vector fields on M such that Span{X,Y} is an anti-holomorphic plane
section.

Theorem 4.9. Let (M, g) be an n-dimensional anti-invariant submanifold of a Bochner

Kaehler manifold (M,@ Then, for each point p € M and each plane section 11 =
Span {e1, ea}, we have

n%(n —2)
7(p) — K(II) < m

The equality in (4.28) holds at p € M if and only if there exist an orthonormal basis
{e1,...,en} of T,M and an orthonormal basis {e,+1,...,em} of T;-M such that the

IR+ 7 (M) ~ S (er,e3). (428)

forms of shape operators Ae,, r =n+1,...,m, become
a 0 0
Acpy=1 0 b 0 , (4.29)
0 0 ((l —|— b) In,Q
¢ d, 0
Ac, = | dv —cr 0 , re{n+2...,m}. (4.30)
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Definition 4.10. Let (M, g) be an anti invariant submanifold of a Bochner Kaehler

manifold (M ,g). We call the submanifold (M, g) as a Bochner-Chen ideal anti invariant
submanifold if the shape operators take the form as (4.29) and (4.30).

Let M be an n-dimensional CR-submanifold of an m-dimensional Bochner Kaehler
manifold and {e1,...,es,€541,...,€,} be an orthonormal basis of T,M such that the
invariant distribution of 7, M is spanned by the vectors eq,..., e, and the anti-invariant
distribution of T, M is spanned by the vectors est1,...,e,. Let P, : TM — D;, i € {1,2}
be be orthogonal projections. For any mutually orthogonal unit vector fields X,Y € T M,
it can be written that

X =P X+PX, and Y = PY + P,Y. (4.31)
Then we have
R(X,Y,Y,X) = R(P.X+P,X,PY + P,Y,P\Y + P,Y,P,X + P,X)
= E(PlX P\Y,P\Y,P,X)+ R(P,X,P,Y,PY, P X)
+R(P.X,PY,P,Y,P,X) + E(Plx, PY, PY, P,X)
+R(P\X,PY,P,Y,P,X) + R(P,X, P,Y, P,Y, P X)
+R(P,X, PY, Y, P,X) + R(P, X, P,Y, P,Y, P,X)
+R(P,X,PY,P,Y,P,X) + R(P,X, P,Y, P,Y, P,X)
+R(P,X,PY,P,Y, P X) + R(P,X, PY, P,Y, P,X)
+R(P,X, P,Y,PY,P,X) + R(P,X, P,Y, P,Y, P,X)
+R(P, X, PY, P,Y, P X) + R(P: )

/\/\/\/\/—\/\

PX, PY, Y, P, X
From (3.3), we obtain the followings:

R(P\X,PY,P,Y,P,X) = (P,X,PX)L(PY,P\Y)+ (PY,P,Y)L(P,X,P,X)
+6(JP, X, PY)L(P, X, P\Y),

R(P\X,PY,P,Y,PiX) = (PLX, PLX)L(P,Y,P,Y) + 3(JP,X, PY)L(JP, X, P,Y),
R(P\X,PY,PY,P,X) = (JPL X, P,Y)L(JP, X, P,Y),
R(P\X,PY,PY,P,X) = (P\Y,P,Y)L(P.X, P,X) + 3(JP,X, P,Y)L(JP,X, P\Y),
R(P\X,PY,P,Y, P X) = (PX, PLX)L(P,Y, P,Y) + (P,Y, P,Y)L(P X, P,X),
R(P\X,PY,P,Y,P,X) =2(JP X, P,Y)L(JP, X, P,Y),
R(PLX,PY,P,Y, P,X) = (P,Y, P,Y)L(P. X, P,X),
R(P,X,PY,PY,P,X) = (P,X, P,X)L(P,Y, P\Y) + (P\Y, P,Y)L(P,X, P,X),
R(P,X,PY,P,Y,P,X) = (P, X, P,X)L(P,Y, P,Y),

R(P, X, PY, P,Y, P, X) = (P, X, P,X)L(P,Y, PyY) + (P,Y, P,Y)L(P, X, P, X).
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V2

Let us choose PLX = Le,, PY = %65, X = %67, PY = %ew for any
a,fe{l,...,s} and y,w € {s+1,...,n}. Then we have

- 1
RX,Y,Y,X) = J[L(ea,ea) + Lles, ep)Lley, ey) + Llew, €w)
+2L(eq, ey) +2L(eg, e,,)] + 6(Jeq, eg) (L(Jeq, ep)

+L(Jeq,en) + L(Jey, e,) + L(Jey, e3)) . (4.32)

Using the equation of Gauss, (3.4) and (4.32), we state the following lemma:

Lemma 4.11. Let M be an n-dimensional CR-submanifold of an m complex dimensional
Bochner Kaehler manifold. For any mutually orthogonal unit vectors X,Y € T,M and
I = Span{X,Y}, we have

1 = = = =
R T [ch(aX) + Rie(PyX) + Ric(PLY) + Ric(PoY)
_3
(m+2)
(E%(Jplx, P\Y) + Ric(JP, X, PY) + Ric(JP, X, PY)

9Ric(P, X, P,X) + 2Ric(P,Y, PQY)] + (JP,X,PY)

FRic(JP: X, PgY)) - Wﬁi%' (4.33)

From Lemma 4.11, we get the following theorems:

Theorem 4.12. Let M be an n-dimensional CR-submanifold of an m complex dimen-
sional Bochner Kaehler manifold.

1) If II = Span{X,Y} is a plane section in I'(D), then

ii) If I1 = Span{X,Y} is a plane section in I'(DL), then
~ _ 1 — = 7(p)
K(II) = CED) |:RZC<X) + Ric(Y) — St 1) (m T 2)} . (4.35)

Theorem 4.13. Let M be an n-dimensional CR-submanifold of an m complex dimen-
sional Bochner Kaehler manifold. Then, for each point p € M and each plane section
IT =Span {X,Y} of TM, we have

n%(n —2)

P+ (1+ g ) T

,ﬁ [EZZ(HX) + Ric(P,X) + Ric(PY) + Ric(P,Y)

+ 2Ric(PL X, P,X) + 2Ric(P,Y, PQY)} - (JPX,PY)

(m+2)
(E’E(Jplx, PY) + Ric(JP, X, P,Y) + Ric(JP. X, P,Y)

+Ric(J P X, PQY)) . (4.36)
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The equality in (4.36) holds at p € M if and only if the forms of shape operators A.,,
r=n+1,...,m, become as (4.9) and (4.10).
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