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Abstract In this paper, we solve the quadratic p-functional inequalities

1@+ )+ 1@ =)~ 2@ = 20 < o (47 (ZF2) + 7 @ =)~ 210 = 200 )
where p is a fixed number with |p| < 1, and
a7 (552) + £ @ = 90 = 210 20| < Wt 4 90+ 5= ) = 210) = 20D,

2
where p is a fixed number with |p| < % Using the fixed point method, we prove the Hyers-Ulam stability

of the above quadratic p-functional inequalities in complex Banach spaces.

MSC: 39B62; 47TH10; 39B52

Keywords: Hyers-Ulam stability; quadratic p-functional inequality; fixed point; Banach space

Submission date: 24.05.2018 / Acceptance date: 16.10.2020

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [1]
concerning the stability of group homomorphisms. Hyers [2] gave a first affirmative partial
answer to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by
Aoki [3] for additive mappings and by Rassias [1] for linear mappings by considering an
unbounded Cauchy difference. A generalization of the Rassias theorem was obtained by
Gavruta [5] by replacing the unbounded Cauchy difference by a general control function
in the spirit of Rassias’ approach.

The functional equation f(z +y) + f(z —y) = 2f(z) + 2f(y) is called the quadratic
functional equation. In particular, every solution of the quadratic functional equation is
said to be a quadratic mapping. The stability of quadratic functional equation was proved
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by Skof [6] for mappings f : E; — Es, where E; is a normed space and Fs is a Banach
space. Cholewa [7] noticed that the theorem of Skof is still true if the relevant domain
FE is replaced by an Abelian group.

The functional equation 4f (‘”TJ”’) + (x—y) = 2f(x) + 2f(y) is called a Jensen type
quadratic equation. Park [3, 9] defined additive p-functional inequalities and proved the
Hyers-Ulam stability of the additive p-functional inequalities in Banach spaces and non-
Archimedean Banach spaces. The stability problems of various functional equations have
been extensively investigated by a number of authors (see [10-16]).

We recall a fundamental result in fixed point theory.

Theorem 1.1 ([17, 18]). Let (X,d) be a complete generalized metric space and let J :
X — X be a strictly contractive mapping with Lipschitz constant o < 1. Then for each
given element x € X, either
d(J"z, J" M r) =
for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J"lz) < 0, Vn > no;
(2) the sequence {J™x} converges to a fized point y* of J;
(3) y* is the unique fizved point of J in the set Y = {y € X | d(J™z,y) < co};
(4)

4) d(y,y*) < fad(y, Jy) forallyeY.

In 1996, Isac and Rassias [19] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have
been extensively investigated by a number of authors (see [20-24]).

In Section 2, we solve the quadratic p-functional inequality

1f(x+y)+ flz —y) = 2f(x) = 2f (W)l (L.1)

H (4f( >+f<x— >—2f<x)—2f<y>)

where p is a fixed complex number with |p| < 1, and prove the Hyers-Ulam stability of the
quadratic p-functional inequality (1.1) in Banach spaces by using the fixed point method.
In Section 3, we solve the quadratic p-functional inequality

o7 (552) + 1= - 2000~ 250 (12)
<lp(f(x+y) + flx—y) —2f(x) = 2f (W),

where p is a fixed complex number with |p| < %, and prove the Hyers-Ulam stability

of the quadratic p-functional inequality (1.2) in Banach spaces by using the fixed point
method.

Throughout this paper, let G be a 2-divisible abelian group. Assume that X is a real
or complex normed space with norm || - || and that Y is a complex Banach space with
norm || - ||.

2. QUADRATIC p-FUNCTIONAL INEQUALITY (1.1)

Throughout this section, assume that p is a fixed complex number with |p| < 1. In this
section, we solve and investigate the quadratic p-functional inequality (1.1) in complex
Banach spaces.
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Lemma 2.1. If a mapping f : G — Y satisfies
If(z+y) + flz —y) = 2f(x) = 2f(y) (2.1)
T+
<[lo(ar (52) + 1@ =0 - 210 - 210 )|
forall x,y € G, then f: G — Y is quadratic.
Proof. Assume that f : G — Y satisfies (2.1). Letting « = y = 0 in (2.1), we get

127 (O[] < |plllf(0)]]- So f(0) = 0. Letting y = & in (2.1), we get [|f(2z) — 4f(z)| <0
and so f(2z) = 4f(zx) for all z € G. Thus

7 (%) =@ (22)

for all z € G. Tt follows from (2.1) and (2.2) that
1f(z+y) + flz —y) —2f(z) = 2f(y)]

<[l (1 (52) + 1o - =210 - 210 )|
=10l )+ Fe —9) 20(@) ~ 26 )]

and so
flz+y)+ flz—y) =2f(z) + 2f(y)
for all z,y € G. [

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic
p-functional inequality (2.1) in complex Banach spaces.

Theorem 2.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

T L
forallz,y e X. Let f: X =Y be a mapping satisfying f(0) =0 and
If(@+y)+ flz—y) —2f(x) = 2f (W)l (2.4)

z+y
<[o(ar (552) + 1@ =0 = 21@) - 260)) | + ot
for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

L
IF(2) = Q@) < 7

m@(%ﬂﬁ)

forallz € X.

Proof. Letting y = z in (2.4), we get
1f(2z) — 4f(2)]| < ¢(z,x) (2.5)
for all x € X. Consider the set
S:={h: X =Y, h(0)=0}
and introduce the generalized metric on S:
d(g,h) = inf {5 € Ry : lg(x) — h(@)]| < g (a,2), Vo € X},

where, as usual, inf ¢ = +oo. It is easy to show that (S, d) is complete (see [25]).
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Now we consider the linear mapping J : S — S such that

x
Jg(a) =g ()
for all z € X. Let g,h € S be given such that d(g,h) = e. Then

lg(z) = h(z)|| < e (2, )

19 (3) - n (D) < 420 (3-3)

L
< 451@ (xvx) = st (1’71')

for all x € X. Hence

I79(x) — Jh(z)]|

for all x € X. So d(g,h) = € implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, h)
for all g,h € S. It follows from (2.5) that

31 (2)] = (5.5) < vt

for all z € X. So d(f,Jf) < %. By Theorem 1.1, there exists a mapping @ : X — Y
satisfying the following:

(1) @ is a fixed point of J, i.e.,

x
Q) =1Q (3) (2.6)
for all x € X. The mapping @ is a unique fixed point of J in the set
M={geS:d(f,g) < o}

This implies that @ is a unique mapping satisfying (2.6) such that there exists a u € (0, 00)
satisfying

[f(x) = Q)| < pe(z,z)

for all z € X
(2) d(J'f,Q) — 0 as | — oo. This implies the equality

s (2) - a0
for all x € X;
(3) d(f, Q) < 2£d(f, J f), which implies

L
[f(x) — Q)] < m@ (z,z)

for all x € X.
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It follows from (2.3) and (2.4) that
1Q(z +y) + Q(zr —y) — 2Q(z) — 2Q(y)||

=t () + o (55 2 (5) 2 ()
et oo (2) 1 (252) () ()
+ lim 470 (5 57)

~ ol 10 () + @ - ) - 200 — 2000

for all x,y € X. So
1Qx +y) + Qz —y) —2Q(x) — 2Q(y)||

<[o(10(5Y) + @ -9 - 200) - 200 )|

for all z,y € X. By Lemma 2.1, the mapping @ : X — Y is quadratic. m

Corollary 2.3. Let r > 2 and 6 be nonnegative real numbers, and let f : X — Y be a
mapping satisfying f(0) =0 and

I+ 9) + £ — ) ~24(@) ~ 25 7)
<o (47 (552) + 7 = ) = 21000 200 ) | + 00l + 117

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

20
_ < T
I1£() - Q) < 52—
forallx € X.
Proof. The proof follows from Theorem 2.2 by taking L = 22=" and o(x,y) = 0(||z||" +
llyl|") for all z,y € X. -

Theorem 2.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

¢ (z,y) < 4Ly (g %) (2.8)

forallz,y € X. Let f: X =Y be a mapping satisfying f(0) =0 and (2.4). Then there
exists a unique quadratic mapping @ : X — Y such that

I£@) - QW € =g (@:2)
forallxz € X.

Proof. Let (5, d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

1
Jo(a) = 19 (22)
for all x € X.
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It follows from (2.5) that

@) - 1120 < o)

for all z € X.
The rest of the proof is similar to the proof of Theorem 2.2. [

Corollary 2.5. Letr < 2 and 6 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (2.7). Then there exists a unique quadratic mapping Q : X —Y
such that

260
— < r
1£(@) - Q@ < o]
forallx € X.
Proof. The proof follows from Theorem 2.4 by taking L = 2"~2 and o(x,y) = 0(||z||" +
lylI") for all z,y € X. L]

Remark 2.6. If p is a real number such that —1 < p < 1 and Y is a real Banach space,
then all the assertions in this section remain valid.

3. QUADRATIC p-FUNCTIONAL INEQUALITY (1.2)

Throughout this section, assume that p is a fixed complex number with |p| < %
In this section, we solve and investigate the quadratic p-functional inequality (1.2) in
complex Banach spaces.

Lemma 3.1. If a mapping f : G — Y satisfies

|17 (Z42) + 1= ) - 210 -210)| (3.1)

2
<lp(f(@+y) + flz—y) —2f(x) = 2f ()]
forall x,y € G, then f: G — Y is quadratic.

Proof. Assume that f : G — Y satisfies (3.1). Letting x = y = 0 in (3.1), we get

1F )] < [lll2f(0)]|. So f(0) = 0. Letting y = 0 in (3.1), we get ||4f (§) — f(x)|| <0
and so

15 (3) = 1@ (3.2)
for all x € G. It follows from (3.1) and (3.2) that
1f(x+y)+ flz —y) = 2f(x) = 2/ (W)l
=7 (552) 4 1@ - 210 - 2000)|
<lplllf (@ +y) + flz—y) —2f(x) = 2f (W)

and so

fl@ty) + fl@—y) =2f(z)+2f(y)
for all z,y € G. [
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Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic
p-functional inequality (3.1) in complex Banach spaces.

Theorem 3.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1
satisfying (2.3). Let f : X — Y be a mapping satisfying f(0) =0 and

17 (552) + 1= =210~ 210 (33)
<o (Fa+ ) + £ — ) — 2 () — 2£ )| + olar9)

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

7@~ Q@ < ¢ (,2)

forallx € X.

Proof. Letting y =0 in (3.3), we get

|4 (5) - @) < el@,0) (3.4)
for all x € X. Consider the set
S:={h:X =Y, h(0)=0}
and introduce the generalized metric on S:
d(g,h) = inf {1 € Ry ¢ g(x) — h(@)]| < e (2,0), Vo € X},

where, as usual, inf ¢ = 4o00. It is easy to show that (S, d) is complete (see [25]). We
consider the linear mapping J : S — S such that

x
Jg(x) :=4g (5)
for all x € X.
The rest of the proof is similar to the proof of Theorem 2.2. [

Corollary 3.3. Let r > 2 and 6 be nonnegative real numbers, and let f : X — Y be a
mapping satisfying f(0) =0 and

17 (552) + 1= =210 - 210 (35)
<l (flx+y)+ fl@z—y) = 2f(=) = 2f W)l + 6= + llyl]")
for all x,y € X. Then there exists a unique quadratic mapping Q : X — Y such that

I7() ~ QI < 5o

[l]"
forallx € X.

Proof. The proof follows from Theorem 3.2 by taking L=2%"" and ¢(z,y)=0(||z||"Hy|" )
for all z,y € X.
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Theorem 3.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1
satisfying (2.8). Let f : X =Y be a mapping satisfying f(0) = 0 and (3.3). Then there
exists a unique quadratic mapping @ : X — 'Y such that

17@) Q@) < ¢ (,2)

forallz € X.
Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 3.2.
Now we consider the linear mapping J : S — S such that
1
Jo(x) = g (20)
for all z € X. Tt follows from (3.4) that

@)~ 1r20)| < Jot200) < L0

for all z € X.
The rest of the proof is similar to the proof of Theorem 2.2. [

Corollary 3.5. Letr < 2 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (3.5). Then there exists a unique quadratic mapping Q : X — 'Y such that

276 ,
I1£(@) - Q@) < 2o o] (3.
forallz € X.
Proof. The proof follows from Theorem 3.4 by taking L=22"" and ¢(z,y) =0(||z||Hly||")
for all z,y € X. [

Remark 3.6. If p is a real number such that —% <p< % and Y is a real Banach space,
then all the assertions in this section remain valid.
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