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various inequalities, the new delay-dependent criterion is established and is mathematically expressed
in terms of linear matrix inequalities (LMIs) to guarantee the exponential stability of the considered
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1. INTRODUCTION

Nowadays, driven by computing advanced technology, a large number of neural net-
works applications have been widely applied in various areas such as signal processing,
pattern recognition, associate memories, control, in references [6, 13, 35, 39] and so forth
[3, 10, 15]. Among these applications, one of the most challenging problems in the net-
work design is how to construct the system with stable equilibrium points.

Several types of stability criteria derived by different methods for neural networks
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have been proposed such as asymptotical stability [46], complete stability [8], absolute
stability [29] and exponential stability [1]. In favour of the faster convergence rate to
the equilibrium point, exponential stability has usually been applied instead of asymp-
totic stability. The property of exponential stability is particularly important when the
exponential convergence rate is used to determine the speed of neural computations [28].

In reality, time-delay systems have been frequently encountered in neural networks.
When time delay occurred in neural network processes, it is a source of instability and
oscillations. Recently, for both delay-independent and delay-dependent systems, various
sufficient conditions have been proposed to verify the asymptotic or exponential stability
of delay neural networks by applying Lyapunov-Krasovskii functional (LKF) and several
model transformation [28, 45, 47, 48, 50], and the references cited therein. In [22, 53],
the authors investigated the exponential stability problem of neural networks with time-
varying delay by using LKF and various approaches.

The passivity theory has been a significant impact on the analysis of the stability of
the dynamical system, complexity, signal processing, chaos control and synchronization,
fuzzy control [33]. Firstly, many systems require being passive to alleviate noise effects.
Secondly, the robustness measure, such as robust stability or robust performance, of
a system often reduces to a subsystem or a modified system called passivity analysis.
Passivity analysis plays an essential role in studying the stability of uncertain or nonlinear
systems, especially for high-order systems. So, in [9] the passivity analysis has been
applied to tackle the control problems for stability robustness in uncertain systems. The
essence of the passivity theory is that the passive properties of a system can keep the
system internal stability. Therefore, many researchers have emphasized the criteria for the
passivity of neural networks with time delay [5, 40, 49, 52, 54]. The exponential passivity
problem for neural networks with time-varying delay by several approaches was addressed
in [24, 44]. The authors studied exponential passivity criteria for neural networks with
discrete and distributed delays, such as [9]. Furthermore, the researchers have widely
investigated the issue of exponential passivity analysis for neural networks with interval
time-varying delays in [9, 24, 37, 44, 49, 57]. However, from our point of view, only a
few authors have been considering and studying the exponential passivity conditions for
integro-differential neural networks with mixed interval time-varying delays.

A forementioned, in this paper, the exponential stability and passivity condition for
delays neural networks are obtained. Based on constructing new LKF', utilization of zero
equation, decomposition techniques. Consequently, delay-dependent exponential passiv-
ity conditions are derived. A unified linear matrix inequality (LMI) approach is developed
to establish sufficient conditions for neural networks to meet the exponential stability and
passivity. Noting that LMI could be easily solved by using the Matlab LMI toolbox, and
no parameter tuning is required. It is worth mentioning that the stability and passivity
criteria of the neural networks with Markovian switching include the passivity criteria
of neural networks without Markovian switching as special cases [33]. Numerical ex-
amples are also provided to illustrate the usefulness and effectiveness of the proposed
delay-dependent exponential passivity conditions.
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2. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following continuous time neural networks with time-varying delays

€)= —Celt)+ AS(ED) + BI(E( = dt) + D J[_ ) FE()ds, teRY |y
&) = o), te[-du,0]

where £(t) = [€1(t),&a(), ..., & (8)]T € R™ is the neural state vector, d(t) and p(t) are
the discrete and distributed time-varying delays, respectively. Equation (2.1) satisfies the
following conditions

0 <d(t) <dy, 0<d(t)<dy, (2.2)
0 < p(t) < pum,
where dps,dg and pys are positive real constants. The diagonal matrix
C = diag{ci,ca, ...}y

withe¢; > 0,i=1,2,....,n, A, Band D are the connection weight matrices between neurons
with appropriate dimensions, ¢(t) denotes continuous vector-valued initial function on in-
terval [—das, 0]. In addition, the neural activation functions f(-) = [f1(-), fa(*); s fu()]F
€ R™ are assumed to satisfy the following conditions.

Assumption. The activation function f is continuous and the exist constants F; and
FZ-+ such that

Fii < M < Fi+’ (24)
=y

for all # # y, and f = [f1, f2, ..., fn]T and for any i € {1,2,...,n}, fi(0) = 0. For ease of

presentation, we denote

- gt poapt -4t
F[ = diag(F] Fyf, Fy Fy, ..., Fy F) and Ff = diag(D 3 Bt B i)

Definition 2.1. [43] The system defined by (2.1) is said to be exponentially stable, if
there exist the positive constant o and N such that the solution £(¢,¢) of the system
(2.1) satisfies

It o)l < N sup |lg(d)]le™, V¥t >0. (2.5)
—dn<0<0

Futhermore, « is called the exponential convergence rate.
which would be used in the proof of exponential stability and passivity, respectively.

Lemma 2.2. (Jensen’s Inequality) [25] For any symmetric positive definite matriz Q,
positive real constant dys, and vector function & : [—dp, 0] — R™ such that the following
integral is well defined, then

0 0 T 0
- . . .

—dys /_dMg (s +1)QE(s + t)ds < —(/_de(s—i—t)ds) Q(/_dM §(s+t)ds>.
Lemma 2.3. (Wirtinger-based integral inequality) [36] For any matrix Z > 0, the fol-
lowing inequality holds for all continuously differentiable function § o, ] = R

s &8 1" £(8)

—(ﬁ—a)/ £7(s)ZE(s)ds < §(@) ¢ () :

“ B_%ff £(s)ds B%aff £(s)ds
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—47 27 67
* * —127

where ® = { * —47 67

S
A
positive constants dyr and d(t) satisfying 0 < d(t) < dpr , vector function f : [—dar, 0] —
R™ such that the concerned integrations are well defined, then

- , ety 17 £(t)
—d E(s)Z(s)ds < |&(t—d(t)| © |&(t—dt))],
E(t—dar)

t—dyr f(t _ dM)

Lemma 2.4. (Peng-Park’s integral inequality) [33, 34] For any matriz [f ] >0,

-7 Z—-S S
where ©=| x —2Z24+8+58T zZz-5]|.
* * -7

Lemma 2.5. [26] For a positive matriz M, the following inequality holds:

_(04—2/3)2/: /Sa €7 (u) M (u)duds < —(/; /Sa f(u)duds)TM(/; /sa £(u)duds).

Lemma 2.6. [38] For any constant symmetric positive definite matriz Q € R™*"™, d(t) is
discrete time-varying delays with (2.3), vector function w : [—dy, 0] — R™ such that the
integrations concerned are well defined, then

], T = <[ oma [
[ w”sﬂs@/w

Lemma 2.7. [38] For any constant matrices Q1,Q2,Q3 € R™", Q1 > 0,Q3 > 0,
{Cil gz > 0, d(t) is discrete time-varying delays with (2.3) and vector function & :
3
[—dar,0] = R™ such that the following integration is well defined, then
T
£(t) £(t)
t . ) )
s [é(S)} |:Q1 gg] [5.(5)} ds < tg(t—dM) A tg(t—dM)
t—dy L€(8) * 3] [£(s) fi d(t)f )ds [ d(f)f )ds
t—d(t) t—d(t)
ft dar € ft dn f
—Qs3 Q3 0 -Q7 0
*  —Q3-QF Q3 QF -QF
where A = * * —Q3 0 QY
* * * -1 0
* * * * =
Lemma 2.8. [38] Let £(t) € R™ be a vector-valued function with first-order continuous-

derivative entries. Then, the following integral inequality holds for any constant matrices
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X, M; € R"*"™,i=1,2,...,5 and d(t) is discrete time-varying delays with (2.1),

T

t . &(t) &(t)
[ @exéeas < |emdw)| = | de)
t=har §(t —dum) L&t —dr)
¢ty 1T [Ms My 0 &(t)
+har [€(t—d(t)) «  Ms+Ms My [E—d®)]|,
f(t—dM)_ * * M5 ﬁ(t—dM)
My + MT M7 + M, 0 X M, M,
where = = * M1 —&-MiT—MQ—MéT —MiT—FMQ y * M3 M4 ZO
* * —My — M * *  Ms

3. EXPONENTIAL STABILITY
In this section, we present our exponential stability analysis for neural networks and

introduce the following notations used throughout this work.

t—d(t)

0 = [e0 &0, v, 0wy, g —du). [ eyis, [ Tetoras

—dup

t t t—d(t)
L £(s)ds, / y(s)ds, / y(s)ds, F(E(), F(E(t — d(t))),

@ t—dn —d(t) —dn
t 0 t 0 t
fe—d). [ peonas [ [ ewasan [ [ éwasar],
t—pm —dpn Jt+s —dp Jt+s
Z = [Q(iaj)]lﬁxl(i’ (3.1)
Q(l,l) = 2aP; — 3TC — CTQg + Q;{ 4+ Q4 +2aP;+P3+ Ry + Ry + d?MPLL + M,
d4
+ ML + M3 — 4e 200 py — g720dmp, 4 42 Ry — 7200 Ry %PQ
—2e1Hy, Quoy =P, Quaz =P~ QF —CTQis5 + Qi + d3Rs,
Quay = —CTQs—QF +Qr+QF — M + My + My + e 2@ p, — ¢ 20dug
+e MRy Qg = —CT Q12+ Qi3 — QF — 2e 2 Py 4 72 G,
Quey = —CTQo+Qio—e ™Ry, Qg =06e2*MPs Qg =—Qf,
Q100 = -Q3, Qi = 4aK" + QYA+ Ry + Ry — €1 Ho, Qi,12) = Q3 B,
Q(1,14) = Q§D7 Q(2,1) = PlTv Q(2,2) = *Ql - QlT» Q(2,3) = Ql - QQTa

Q11 = KT, Q31 = Py — Qs — Q1;C + Qs + di Rs, Q3,2 = Q1 — Qo,
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Q(3,3)

Qs,4)
(3,10
Q)

Q5,12
Q1)

Q1
Q11,9
Qe
Q12,4
Q12,6)
Q13,13
Q14,5
Q16,16)

Q2+ QY — Qs — QT +dy Ps + d3, Ps + d3, Py + d3 Ry + d3, Ps + %Pw,
Q6 — QaT + Q1T77 Q3,5 = *Q1T2 - Q{w Qz6) = —Qo, Qz9) = *Q1T67
Q17 Qs = QA Qs =Q:B, Qi = Q5D,

~Q5C ~ Qa+Q7 + Q5 — My + My + Mj +e 20t pl —e720du gt
+e 2 M RE L Qg = —QF — Qe + Qi

Qs +QF — Qr — Q7 + e MRy —dge > Ry + My + My — My — My
+Ms + My — 2e 200 pp 4 720 (g 4 §Ty _ g=20dm (R 4 RT) — 2Hoye
Qs — Qi3 — QF — M + Mo + My + e 22 P, — 7200 G 4 om20dM Ry
Qi1 — Qo+ e **™RL, Quq =—e2*™MR{, Qug =-0QF,

-Q8, Q) = QA Q2 = Qi B+ e 2% Ry — dge ™M Ry + Haeo,
QYD, Q) =Qf — QL0 — Qs — 2e7 2 Py 4 e 2dm GT

Q12— Q17, Qa4 = Q1 — Qs — Qs — My — My + M{ + e 22dm pT

—e 20dm g e_QO‘dMRg, Q55 = —Qua — ﬂ — e 20dup, _ o20dup,
—My — MI + My — 4e 2 Ry — My — MI + My — 4e= 224 py
—e 2P — e Ry Qs ey =—Qu1, Qsr) =€ MRy,
Ge 2 P, Q(s 9 =—Qls, QUsi0)=-Qls, Qsa1) = QA4
QszB Q5,13 = — 2adMR5, Qs,10) = Q14 D,

10— QfC —e 2Ry, Qe = —Qf,

L —Qly+e™MRg, Qs =011,

672oszP4 — e 2adm R, Q(G,Q) = 7Q107 Q(G,IO) — 7Q¥“1’
Qg‘A, 9(6,12) = CQ;{_B7 9(6,14) = Qng 9(774) — _e—2adM RS,

e~ 2adu Rg, Qe = —e 2 p._ o~20dM R, Q1) = 6e2vdm Py
6e 2N Ps, Q) = —12e72MPs Qgqy = —Q4, Qo) = —Qr,
—Q13, Qo) = —Qi0, Qogy = —e M Py, Q(g 10) = —e " 2edM Py,
—Qs5, Quogz) = —Q17, Quos = —0s, Qo) = —Q4,

—Q11, Qo) = —e2adm Py, Q10,100 = —€ 2adMP8»

4aK + ATQ3 + RS + RY — e2HY Quig) =K, Quigz = ATQ5,
ATQs, Quisy=ATQr2, Quie = AT Qo,

R34+ Re + pu P+ 261, Quz1)=B"Q3, Qua2z) =B Q1s,

B Qs + e MRy —dge ™Ry + 3 Ha, Quag) = BT Qua,
BTQo, Qqai2) = e >Ry — dge > Ry — 2H],

—e MR Quany =DTQs, Quazy=DTQi5, Quaa = D" Qs,
D"Q2, Quaes) =D"Qo, Quaia =—€e 2*PMPy,  Qusis) = —D,
— Py,



New Exponential Passivity Analysis of Integro-Differential ... 1683

and other are equal zero.

Theorem 3.1. For given positive real constants dar, par,da, K and N, the system (2.1)
s exponentially stable with a decay rate o if there exist positive definite symmetric ma-
trices P;, Rj, Rg, any appropriate dimensional matrices S, Rz, Rg,Q;, Ry > 0 where
i=1,2,...,11, j =1,2,...,6, satisfying the following

P, S

[* PJ > 0, (3.2)

R7 Rg

L RJ 0, (3.3)
Py My M,
* M3 M4 Z 0, (34)
* x  Ms;

Y <o (3.5)

Proof. First, we show the exponential stability of the system (2.1). To this end, we
consider the nominal system (2.1) satisfying
t

£(t) = —C&(t)+ AF(E(t) + BF(E(t —d(t) + D f(E(s))ds. (3.6)

t—p(t)
From model transformation method, we rewrite the system (3.6) in the following system

&) = y), 3.7)

t

0 = —y(t)—C&t) + Af(E() + BF(E(E —d(t) + D f(&(s))ds. (3.8)

t—p(t)
For positive real numbers k; and w;, where ¢ = 1,2, ...,10, considering the Lyapunov-
Krasovskii functional candidate for equation (2.1) constructs a Lyapunov-Krasovskii func-
tional candidate for the system (3.6)-(3.8) of the form

9
t) = Z ‘/;(t)a (39)
i=1
where

N

51(t)
Vi(t) = L) Pie(t +2Zk/ (s)ds,

(t)

Va(t) = CT(EPC( +2Zk/ (s)ds,

t
Vit) = / g5 Pre )



1684 Thai J. Math. Vol. 18 (2020) /N. Promdee et al.

0 t
Vi(t) = du / / 2 O0=0¢T (9 Py&(0)dds
—dpy Jt+s
0 t
—l—/ / 2=y T(9) Psy(6)dbds,
dy Jit+s
Vs(t) = du / ) / 0=y T (9) Psy(0)d0ds
M Jt+s
+dM/ / 2=y T(9) Py (0)dbds,
dy Jt+s
0 t T
_ 20(0—1) 5(9)} {R7 Rs] [5(9)}
Ve(t) = dM/dM /Hse [y 0) £ Rol| |9(6) dlds,
Vi) = du / d / e200=0T (9) Py (6)dods,
M Jt+s
_ dM 2a(0+s—t) T
Va(t) / N / /+Se €7(0) Py (0)d0dsdA

dM / / / e20(0+s=0 T (9) P oy (0)dOdsd,
2 dyr t+s

0
Volt) = pur / /t+ 2200 (¢(0))T Py £(£(0))dods,

PM

I 0000
000 00O
where E = 0000 0
0 0 0 0 O
The time derivative of V (¢) along the trajectory of system (3.6)-(3.8) is given by

V(t)=> Vi(t). (3.10)

Then the time derivative of Vi (¢) is calculated as follows:

Vi(t) < 26T ()PE(t) + 2T (E(0)KE(H) + daf T (E(1)KE(t) + 2a€T () PL&(t) — 2V ().

Taking the deravative of Va(t) along any trajectory of solution of system (2.1), we have

Vat) = 267 (WP + 267 ()1 [60) + ()] + dafT(EWIKE) + 207 (D) Po&(1)
—2aV5(t)
(3.11)
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3

—~

f)

2P | |+ 26700 [<EW) + )] + 20" Q2 [~E1) + y(1)]

o O O

+a fT(E(0))CE(t) + 2a€7 (1) PoE(t) — 2aVa(t)

s 1 @ Q@ QI
ido) | o ap g g 50 _
= 2 [[Lap€eds| |0 Q) @iy Qh| | o |+ 26T |-€0) +u()]
f(t—dM) 0 b Ql; Qi 0
y(t) 0 s Qfs Qfr

1257 (0)Q2 [~€(6) + y(®)] + 4afT(£(0))CEW) + 20¢T () Pa£ (1) — 20V (1)
= 2O Pay(t) + 267 (OQ1 [~€(1) + y(1)] + 25" Q2 [~€(1) + y()]

t
2 €7@ + €7~ a)QF + [ €] + €7 - )y

—y(t) — CE(t) + Af(E(®)) + Bf(E(t —d()) + D f(é“(S))dS]

t—p(t)

+y" (1) 1T5]

t
2|70 + €7@ —d0)QF + [ sl + €7 i@y 40 T]

x [5@) gy~ [ ve)as

+2[7MQF + &7 (t — d(t)QF

T
! /td@ €1 (s)dsQiy + €7t = da)Qua + f(t)@%] (€t —d(t) — £(t — dur)

t—d(t)
- / y(s)ds
t—dns

Since the scalars e=2@m < e=20d(t) < 1. V(t) and d(t) < dg, we have

+4afT(E(0)KE(t) + 27 () Pog(t) — 2aVa(t).

Vs(t) = ()ng t) — e 20 el (1 — dpr)Pag(t — dar)

[ Hi ] Lff )

e |0 B R [f(gs(f 1dc?4 ) 2%

P3§ T— (t—dM)Paﬁ( .,

[ o lak ) [ ]—dd[ Hé 7 e
d(t

i | o } {R% H(%5 o)

IN

—20¢dM£T
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L) T R L)

e | —dM)»r 7 ey 2

Using Lemma 2.6 and Lemma 2.8, V4(t) is calculated as

t

d3 T () PyE(t) — dpge 22 / T (s)Py&(s)ds

t—dnr

t
+daryT (8) Psy(t) — e~ 20dm / £ (5) Psé(s)ds — 2aVa(t)

—dum

t ) t
03, ET (D PAE(t) + dary” () Pry(t) — 20 / €7 (s)dsPy / £(s)ds

t—d(t) t—d(t)

t—d(t) t—d(t) f(t) !
_ =20y /t_d ¢ (s)dsP; / w(s)ds + f(t—d“)))

Va(t) =

IN

t—dy §(L‘—dM
M, + M1T —M1T + M, 0 S(t)
x[ % My + MT — My — MI  —MT + M, [«f(t—d(t))]
* * — My — My &(t —dum)
gty 1" [Ms My 0 £(t)
+har |€(t = d(t)) *  Mz+ Ms My |&(t—d(t))| —2aVy(t).
f(tfdM) k k M5 f(tfdM)

Using Lemma 2.3 (Wirtinger-base integral inequality) and Lemma 2.4 (Peng-Park’s inte
gral inequality), an upper bound of V5(¢) can be obtained as

Vs(t)

IN

digy” (1) Pey(t) + digy” (t) Pry(t)

£(B) "roap, —2p, 6P £(8)
4+ e 20du 3 (a) —2PT —4P;  6Q. (o)
T e 6P 6FY  —12Ps) |5 [T é(s)ds
¢ty 171 -p P—S S £(t)
e 2adn gt — d(t)) PF— 8T 2P, +S+S8T P, -S| [&(t—d(t))
f(t—dM) ST P7TfST —P; f(tfdM)
2aVs(t).

It is from Lemma 2.7 that we have

R i 3] A

(s)| |REY Ro| |y(s)
720[V6(t)
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S0 (5 ][5

y(t)| R Rol y(t)
0 1"1-Re R 0 —BT 0 £(t)
£t — sz(t)) RY —Ry-RT Ry, RI —RT|| &t- sz(t))
X g(ti M) 0 Rép —Ry 0 Rép tg(ti M)
L d(t dS —Ryg Rsg 0 —R; 0 J;g,d(t) f(S)dS
t2$%<m5 0 Ry B 0 —Rr] |00 ¢(s)ds

—  2aVs(t).
Using Lemma 2.2 (Jensen’s Inequality) that we have

) t t—d(t)
V() SdMﬂmww—emMUT f@w+/ y (s)ds
t—d(t) t

—dm

t t—d(t)
X [/ y(s)ds—!—/ y(s)ds] —2aV7(t).
t—d(t) t—dyr

By Lemma 2.5, we can obtain Vg(t) as follows

, 4
i < Qe ld e M“@?lh e

Py

+%yT(t)Q7y(t) - 2/ r (A)dAdUQ7/ €A~ 2075 ().
t—dn Ju t—hy Ju

By Lemma 2.2 (Jensen’s Inequality) and calculating Vy(t), we have
t

Vo(t) = paafT(E@) P E)) — par P CTD FT(E(s)) Prf(E(s))ds — 2aVy(t)

t—pm

< o fTED)PufER)) — 6*2"‘pM/t fT(E(S))dspn/t f(&(s))ds — 2aVo(t).

—PM

From (2.4), we obtain for any positive real constants ¢; and e,

f(t) r —2H161 H162 f(t)
b@@ﬂ {%Hf —ﬂh}b@@J =0 (3.12)
§t—dt)) 17 [-2Haer  Haea | [ £(t —d(t))
sia) [ Sal &) 20 6w
According to (3.10)-(3.13), it is straightforward to see that
V(t)+ 22V (t) < T (t) Zg (3.14)
where
C(t) = [E(t)a é(t)v y(t)v g(t*d(t)% g(t*dM)a ftt,d d ft d(t S, d}u ftt du ﬁ(s)ds,

t—d(t)

S y(o)ds, [0 (ﬁhf@(nf@@*ﬂﬂﬁf &(t —dur)) L,W ))ds,

0 t
Joa S e )dsan, [, J). €(s)dsdA]
and Y is define in (3.1). Tt is true that if conditions (3.5)-(3.14) hold, then

V(t)+2aV(t) <0, VteRT.
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Hence, we get
V(t) < —2aV(t) < —2admin(P)|[E@)|[?,  Vte RT.
If we choose Ay = 2a\pin(P1), then
V(t) < —X2]|E()|]?,  Vte RY. (3.15)
Integrating both sides of (3.15) from 0 to ¢, we get
V() <V(0)e 2, VteRT, (3.16)

where V(0 Z V;(0

Therefore, we conclude

M(P)IEDIP < V(0)e >
< N sup  [[o(0)]]%e %, (3.17)
—dar<H<0
where

N = Amae(PL+263K 4+ EPy) + dprdmaz(R1 + 1+ €1 RYRy + €1 R3)

+d3  Amaz(Ps + Pr) + d3 Amaz(Py + Ps + Ry + 1+ RE Ry + R + P)

+d3 Amaz(Po + P1o) + pAmaz(€1Pri1),
€3 = diag{F/",F, ..., Fl}

From (3.1), we obtain

sup o(0)|le, Vte RT.
Amin(P1) —dMgag()H ©)ll

£t o)l <

Now we can conclude that (2.1) is exponentially stable with the exponential convergenc
rate a. m

4. EXPONENTIAL PASSIVITY

In this section, we analyze the exponential passivity for neural networks with time-
varying delays, interested in continuous neural networks, by the following

Et) = —CE) + AF(EW) + BFEW —d0) + D [L (€(s)ds
+U(t), te Rt (41)
(t = ¢(t)7 te [_dM7 0]7
2t) = fEW)+ fE(E—dt) +ult), teR
where u(t) = [uy (1), UQ(t) ,un(t)]T € R" is an external input vector to neurons,
2(t) = [21(t), 22(t), ..., 2, (t)]T € R™ is the output vector of neuron networks.
Definition 4.1. | ] The neural networks are said to be exponential passive from input

u(t) to output z(t), if there exist an exponential Lyapunov function (or, called the expo-
nential storage function) V defined on R™, and a constant « > 0 such that for all u(t),
all initial conditions £(0), all ¢ > ¢y, the following inequality holds:

V() +aV(t) <2:T(u(t),  t>to, (4.2)
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where V(t) denotes the total derivative of V() along the state trajectories £(t), t > to,

of (4.1).

By (3.5), we give the additional notations exponential passivity for (4.1),

= {Q”] 17x17 (4.3)

We obtain that Q1 1) — Q(16,16), are the same as in Theorem 3.1 except

Quin = QF, Qain = Qfs, Quin = QF,

Qs = Qly Qear =@, Quriy = Qs,

Quarz = Qis, Qura) = Qs, Qurs) = Q12,

Qure) = Qo,

Quaiany = Qariy = Quazan = Qarae) = —1,

Quran = 21,

Qaan = Qean=-=Qar16 =0,
wm—[a>ém>s<—amfu—ww4iw) (s)ds, [/ €(s)ds, 2 [ 40 E(5)d

ﬁdw wﬁhl (s)ds, f(&(1)), FE(E—=dn)), f,_,,, f( swaLH s)dsd),
f dun ftJrs s)dsdA, u(t )}

Then, we construct a new theorem as follow,

Theorem 4.2. For given positive real constants dar, par,da, K and N, the system (4.1)
18 exponential passivity with a decay rate « if there exist positive definite symmetric ma-
trices P;, Rj, Rg, any appropriate dimensional matrices S, Rz, Rg,Q;, R7 > 0 where
1=1,2,...,11, 5 =1,2,...,6, satisfying the following

P, S
MR "
{R7 RS > 0, (4.5)
4 1
*  M; > 0, (4.6)
H < 0. (4.7)

Proof. Under the condition of the theorem, we focus on the exponential passivity of the
neural networks (4.1) as the following
t

() = —CE(t) + Af(E() + Bf(E(t —d(t)) + D f(&(s))ds +u(t). (4.8)

t—p(t)

By model transformation method, we have
&) = y), (4.9)
() = CE(0) + AF(E() + B~ d®) + D [

+ult). (4.10)

0
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Similary, Lyapunov function of neural networks is activated by replacing Vg(t) into (3.10).

o) = 26T(0)Poy(t) + 26T (@1 [(t) +y(1)] + 257 (Q2 [~€() + y(1)]

t
2 €7 0QF + €7~ a)QE + [ €] + €7 )l
t

—y(t) = C&() + Af(E() + Bf(E(t — d(1))) + D f(&(s))ds + u(t)

t—p(t)

t
2 €7 0F €7@ —d0)QF + [ €T 0sly €~ )@,

+

y" (1)QT]

€0 e —dw) [y

+2[£71)QF

T
-l + [l €l - 007
t—d(t)

t—d(t)

£t — d(t)) — £(t — dar) — / y(s)ds

—dym

+4afT(€(0))CE(1)

+2a€T (1) Po(t) — 2aVa(t).

Now, the exponential passivity analysis is presented. By (3.5), (3.12) and (3.13), it can
be seen that

V(t) — 227 (t)u(t)
< 2£T(t)P1£()+2fT(€(t)) 5()+4afT(§( H)KE() +2a¢7 () PLE(H)
1267 (O Pay(t) + 267 (0Qu [~€(1) + y(8)] + 24" (@2 [~E(8) + y(0)]

2 [€7(0QF +€7(t - (1)t + /td(t)f (5)sQ8 +€7(t — du) QT
T (O] [-9(0) - C&(0) + A () + BIE( — (1)

+D FEGs))ds +u(t) | +2 [€7(HQT + €7 (t — d()QT

t—p(t)

t
+ / €7 (5)dsQT, + €7 (t — dar) QT + 7 (1) T]
t—d(t)

x [&(t) =&t —d@) - /t y(s)ds| +2 [ ()QF + &7 (t — d(t))QF

—d(?)

T
+/ 7 (s)dsQTy + & (t — dar)Q1y + y" (1) 1T7]
t—d(t)

t—d(t)

€t — d(t)) — £t — dar) — / y(s)ds

—dm

+4af(€9)"CE1)
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+2aeT (1) Pog(t) + T (1) PaE(t)
—e 2Tt — dar) Paé(t — dy [ ] [ Hf(gé“( ]
)

SRR e 0 M g e

T
el [ RG] - L]
it | [ |+ e ore + dus oray

t t
_—20ds / gT(s)dsP4/ &(s)ds + diy” (t) Pey(t)
t—d(t)

t—d(t)

t—d(t) t—d(t) 4
_672adM/ gT(S)dsP5/ z(s)ds + dfoT(t)Qﬁg(t)
t

—dnr t—dys 4

+ou fTER)) P f(E®)) + g fT () P fE())
—e~2adm /t yT(s)ds + /t_d(t) yT (s)ds
t—d(t) t—dn

Py

[ rt t—d(t)
X / y(s)ds + / y(s)ds| + e 2vdm
L t—d(t) t—dnr
- T
&) ~Ry Ry 0 -RT 0 £(t)
&(t—d(t)) RT —Ry—RT Ry RI —RIT|| &t—d)
x| - dM) 0 RY  —Ry 0 RL|| §(t—du)
ft d(t s)ds —Ry Rg 0 —R7 0 ftfd(t) &(s)ds
L R R R A S

t t . t t d,
—/t . &N d)\duQ(;/75 . f)\)d)\du—i——y t)Qry(t)

—2/ E d)\duQ7/ f d)\duduQ(;/ E(N)dAdu
t—dy Ju t—dy Ju

t—dy Ju

+oi fT(E) Puf(E(t)) — 672“”4/t FE(E(s)) Prf(€(s))ds — 2aVa(t)

—PM

Y / ST((s))dsPry / F(E(s))ds — 227 (t)u(t). (4.11)
t—pm t—pm
By (4.11), we conclude that

V(t) — 227 (tu(t) < T (H)IIp(t).

From the Schur complement in aspect of LMI (3.5), we have the fact of II < 0. Noticing
that [£(t)] < [¢(t)], so

V() — 22" (t)u(t) < AmaxIIIE(1)]%.
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On the other hand, it is easy to detect that

V() < (HPII+2IIKII+HEIIIIPII)\f(t)\QJr(IIPII+IIR||)/ HOIE

t—dnr
t t
+||RH/ [€(s)|*ds +2dm[|P]| | 1€0)Pd0 + (3das || PI| + [|P]| + dar || R])
t—d(t) t+s
t 0 t t
< [ v@Pas+ & PI [ [ w@Fdsds - pulPl [ le@)Pas.
t+s A t+s t+s
Let « be sufficiently small such that
a||P| + | ENIPIl + 5dul| Pl + d3, 1]l + par|| Pl) = Amax (1) <0,
a2[|R[ + duml[R]) — Amin(R) < 0,
a(ZHKH) - )‘min(R) < 0. (4'12)
Hence,
V+aV(t)— 22T (t)u(t) < 0. (4.13)
By definition, the delayed neural networks are exponentail passive. The proof of the
theorem is complete. [

5. NUMERICAL EXAMPLES

In this section, four numerical examples are given to illustrate the effectiveness of the
method developed in this work.

Example 5.1. Consider the delayed neural networks system (2.1) with parameters

2 0 -1 05 -0.5 0.5
¢ = [0 3.5] A= {0.5 1] » B= [ 0.5 0.5} ’
& = € =0, ¢ =¢f =1

First, we assumed that the upper bound d,, is fixed as 1. The exponential convergence
rates with various dg4 are obtained from Theorem 3.1, [20] and [43] as shown in Table 1.
dg can be an arbitrary value, even dy is very largej or d(t) is not differentiable. These
are called unknown dgy. Theorem 3.1 in this paper can also provides significantly better
results than those in other literature.

TABLE 1. Allowable exponential convergence rate « for various dgy and
dm =1 of Example 5.1.

Method dg =08 d;=0.9 Unknown dg

Wu (2008) [13]  0.8643 0.8344 0.8169
Ji (2014) [20] 0.8696 0.8354 0.8169
Ji (2015) [21] 0.8784 0.8484 0.8217
He (2016) [18]  0.8841 0.8570 0.8260
Theorem 3.1 4.1450 4.1450 4.1420

Second, if the exponential convergence rate of « is fixed as 0.8, the upper bounds of
dps for various dy’s from Theorem 3.1, [19], [43], and [53] are listed in Table 2. On the
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other hand, when djps is zero, the upper bound delay was investigated in [31] and [23]
under the different rate of convergence . The results of the delay bound are listed in
Table 3. From Table 4, it is implied that when d(¢) is time-varying, Theorem 3.1 gives
less conservative results than the ones in [12, 23, 27].

TABLE 2. Allowable upper bound of dj; for various dg and o« = 1 of
Example 5.1.

Method dg=0.5 d;=0.8 Unknown dg4

Xu (2005) [53] - - -
He (2006) [19] 1.2606 0.9442 0.8310

Wu (2008) [43]  1.2787 1.0819 1.0366
Theorem 3.1 4.3842 4.3841 4.3752

TABLE 3. Allowable upper bound of dj; for various a of Example 5.1.

Method a=05 a=1 a=1.5
Park (2007) [32]  2.5900 0.9700 0.3500
Gau (2007) [12]  2.8200 1.1800 0.5400
Mou (2008) [31]  2.9000 1.3200 0.7200
Kwon (2009) [23] 2.9400 1.3500 0.7002

Theorem 3.1 6.6021 3.6051 2.5198

TABLE 4. Allowable upper bound of dy; for various dg and o = 0.25 in
Example 5.1.

Method dg =0 dg=0.8 Unknown dg
Gau (2007) [12]  5.9000  2.8000 1.0400

Kwon (2008) [27]  6.0000  2.9000 1.4000
Kwon (2009) [23]  6.0000  3.5000 2.5300
Theorem 3.1  11.9997 11.9991  11.9214

Example 5.2. Consider exponential stability for neural networks system (2.1) with pa-

rameters
2 0 1 1 0.88 1
A P R
€6 = € =0, 61+:O.4, 6;:0.8

We choose dg; = 0.8, dg = 0.9 and unknown dgy. Table 5 provides the comparisons
of allowed upper bound time delay dj;. It is clear that, for this example, the delayed
stability condition in this paper has not less conservatism than those in [17, 41, 56].

In [11, 17, 18, 51, 55], the authors also studied this example with different d4 and fixed
a. As presented in Table 6, our developed method even provides satisfying results.
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TABLE 5. The upper bound delay dj; for o = 0 of Example 5.2.

Method dg =08 dy=0.9 Unnkown dg
He (2007) [17] 2.2552 1.4769 1.3606
Zhang (2009) [56]  2.8335 1.9342 1.7532
Wang (2012) [41]  3.0385 2.0250 1.8573
Theorem 3.1 2802.3 2794.6 2677.3

TABLE 6. Allowable upper bound d,,, for various d; and @ = 0 of Exam-

ple 5.2.
Method dqg =0.8 dyq=0.9
e (2007) [17] 2.3534 1.6050
Zeng (2011)(m=3) [51]  3.2160 2.1995
Ge (2014)(m=2) [11] 2.8980 1.9562
Zhang (2013) [55] 3.1409 1.6375
He (2016) [18] 3.7756 2.2201
Theorem 3.1 5540.4 5480.3

Example 5.3. We focus on exponential passivity for neural networks system (4.1) with
the following parameters

2 0 -1 05 -0.5 0.5
- 8l - 1)
6 = € =-01, ¢ =€ =05,
|2 t in(t
ford(t) = 02+ COZ( )ty =02+ w

In this example, we interest in the exponential passivity for neural networks with
discrete time-varying delay. Table 7 provides the calculated allowable upper bound dj,
by using linear matrix inequalities (4.3).

TABLE 7. Calculated delay upper bound dj; for fixed pp; = 0.7 and
different dg and « of Example 5.3.

dg a=01 a=05 a=07 a=09
0 3.0111 1.2311 0.3210 0.1130
0.1 2.0110 1.1020 0.3110 0.1031
0.3 1.3011 1.0322 0.2120 0.1020
0.5 1.0120 1.0002 0.1302 0.1020

The maximum convergence rate «, that guarantees the exponentially passive of this
paper with various values of dy and py; for fixed dj; = 0.7, are obtained and represented
in Table 8.
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TABLE 8. Calculated convergence’s rate « for fixed dy; = 0.7 and differ-
ent dyg and pps of Example 5.3.

di puy =07 py=1 py=125
0.2 4.0101 3.5020 1.0102
0.7 3.1001 1.0202 0.0120
0.85 1.1010 0.4002 0.0103

Example 5.4. Consider exponential passivity for neural networks system (4.1) with

parameters
2 0 1 1 088 1
el R T

6 = € =—01, ef :e;r = 0.5.

Now, our purpose is to find the allowable maximum time delay dj; under different dg4
and « of the passive system (4.1). Table 9 gives the results on the maximum dj; allowed

via dg and a.

TABLE 9. Calculated delay upper bound dy; for different dy and a of
Example 5.4.

di a=0 a=05 a=1 a=15 a=2
0 2857.0 6.1603 3.3811 2.3665 1.8293
2 2619.6 6.1601 3.3810 2.3665 1.8293
4 26182 6.1599 3.3810 2.3664 1.8293
6 2614.3 6.1593 3.3809 2.3664 1.8293
Now, let us compare the passivity condition in Theorem 4.1 to [44] and [57] by using

€, =€ =0, ei‘ =04, e;r = 0.8. The corresponding upper bounds of dj; for various
dgq derived by Theorem 4.1 are listed in Table 10, it is clear that the proposed passivity
criterion has considerably less conservative than that in [44, 57].

TABLE 10. Calculated delay upper bound dj; for o = 0 and different dy
of Example 5.4.

Method dd =0.8 dd =0.85 dd =0.9 dd = 0.95
Zhu (2013) [57] 1.0638  0.8532  0.7856  0.7608
Wu (2012) [41] 21346 1.7173 15592  1.5043

Theorem 4.1 1871.8 1871.7 1871.6 1871.6

6. CONCLUSIONS

In this paper, exponential stability and exponential passivity analysis problems of
integro-differential neural network systems with time-varying delays are solved by using
Lyapunov means and LMI term. By constructing the augmented Lyapunov-Krasovskii
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functional and utilizing the model transformation approach, sufficient conditions for ex-
ponential stability of the system are achieved as expressed in Theorem 3.1 and provide
less conservative than those for exponential stability in the existing literature. Moreover,
based on the results of exponential stability, we conducted the proof of integro - differen-
tial of the exponential passivity in Theorem 4.1 with discrete and distributed time-varying
delays. Moreover, we evaluate the developed method through the four numerical exam-
ples conducted in previous works. The numerical results verify the improvement and
effectiveness of the proposed exponential passivity criteria.
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