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1. INTRODUCTION

Let H be a real Hilbert Space, C' a nonempty closed convex subset of H. Recall that
a self-mapping f of C is a contraction if || f(x) — f(y)|| < allx — y|| for some a € (0,1)
and a self-mapping T of C is a nonexpansive if ||Tx — Ty|| < ||l — y|| for all z,y € C
and T is an asymptotically nonexpansive [1] if there exists a sequence {k,} C [1, c0) with
lim,, o k, = 1 such that ||[T"x — T"y|| < kp|lz —y| for all n > 1 and z,y € C. A
point « € C is a fixed point of T provided Tx = z. Denote by Fixz(T) the set of fixed
points of T'; that is, Fiz(T) = {x € C : Tx = z}. Let A : Hi — Hs be a mapping
then A* : Hy — H; is an adjoint operator of A if and only if (A*y,z) = (y, Az) for
r € Hi,y € Hs.

Recall also that a one-parameter family 7 = {T'(t) : 0 < t < oo} of self-mappings of
a nonempty closed convex subset C' of a Hilbert space H is said to be a (continuous)
Lipschitian semigroup on C' (see [2]) if the following conditions are satisfied:
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(@) TO)x=z,2€C

(1) T(s+t)(z) =T(s)T(t),s,t >0,z € C

(144) for each x € C, the maps ¢ — T'(t)z is continuous on [0, o)

(iv) there exists a bounded measurable function L : [0, 00) — [0, 00) such that, for each
t>0

1T — T(t)yl < Lille — g2,y € C.

A Lipschitzian semigroup 7 is called contraction semigroup if L; < 1, T is called
nonexpansive semigroup if Ly = 1 for all t > 0 and 7 is an asymptotically nonexpansive
semigroup if limsup,_, .o L+ < 1, respectively. We use F'iz(7T) to denote the common fixed
point set of the semigroup; that is Fiz(T) = {x € C: T(t)x = z,¢ > 0}.

Fixed point iteration processes for nonexpansive mappings and asymptotically non-
expansive mappings in Hilbert spaces and Banach spaces including Mann and Ishikawa
iteration processes have been studied extensively by many authors to solve nonlinear oper-

ator equations as well as variational inequalities(see [3-7]). However, Mann and Ishikawa
iterations processes have only weak convergence even in Hilbert space(see [7, 8]).
The theory of variational inequalities, which was introduce by Stampacchia [9] is a

branch of the mathematical sciences dealing with general equilibrium problems. It has
a wide range of applications in economics, operations research, industry, physical, and
engineering sciences. Many research papers have been written lately, both on the theory
and applications of this field. Important connection with main areas of pure and applied
science have been made, see for example [10-12] and the references cited therein.

The development of variational inequality theory can be viewed as the simultaneous
pursuit of two different lines of research. On the one hand, it reveals the fundamental
facts on the qualitative aspects of the solutions to important classes of problems.

In 2006, Marino and Xu [13], introduced the approximate a fixed point of a nonexpan-
sive mapping for the following general iterative methods:
Tnt1 = AV f(xn) + (I — anB)Ta,, (1.1)

where {a,} C [0,1], f is a contraction of H into itself, and B is a strongly positive
bounded linear operator on H. They prove that the sequence {z,} converges strongly to
x* € Fiz(T) and the unique solution of the following variational inequality:

(B=~f)z*, 2" —w) <0,Yw € Fiz(T), (1.2)

which is also the optimality condition of the minimization problem.
Recall also that a multi-valued mapping M : H; — 21 is called monotone if, for all
z,y € Hi,u € Mx and v € My such that

(x —y,u—v)>0. (1.3)
A monotone mapping M is maximal if the Graph(M) is not property contained in the
graph of any other monotone mapping. It is well known that a monotone mapping M is
maximal if and only if for (z,u) € Hy X Hy, (x —y,u—v) > 0 for every (y,v) € Graph(M)
implies that v € Mz.

From a monotone mapping M the resolvent mapping JM : H; — H; associated with
M is defined by

JM(2) := (I +AM)~(x),Vz € Hy, (1.4)

for some A > 0, where I is the identity mapping on H;. Note that for all A > 0 the
resolvent operator J )]\” is single-valued, nonexpansive and firmly nonexpansive mapping.
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In 2012, Byrne et. al., [14] introduce the split variational inclusion problem : find
x* € Hy such that

0e Bl(l‘*), (1 5)
y* = Az* € Hy : 0 € Ba(y*). '

The solution set of problem (1.5) is denote by S = {z* € Hy : 0 € By(z*),y* = Az* €
Hy : 0 € Ba(y*)}.

In 2015 Wen and Chen [15] introduce a modified general iterative method for a split
variational inclusion and nonexpansive semigroups, which is defined sequence {z,} the
following way:

1 tn
Tpy1 = anyf(zn) + (I — anB)t—/ T(s)J 2 [ + €A™ (JP2 — ) Az, ]ds, (1.6)
0

n

where v € [0,1] and {a,} C [0,1], then they prove the strong convergence of {z,} to
q € Fiz(T)NS.

Next, we studies some examples for relationship between a nonexpansive semigroup
and an asymptotically nonexpansive semigroup for motivation of this work.

Example 1.1. Let H; = Hy = R and let 7 := {T'(s) : 0 < s < oo}, where T(s)z =
ﬁx,h’x € R. We see that for any z,y € R

1 1
)z — (
1+ 2s 1+ 2s

IT(s)z = T(s)yll = II( Jyll = ( )z =yl

1
14 2s
then we have 7 is nonexpansive semigroup. If Ly = 1 we have limsup,_,  L; = 1 then
T is asymptotically nonexpansive semigroup.

Example 1.2. Let H; = Hy = R and let 7 := {T'(s) : 0 < s < oo}, where T(s)x =

ﬁ%ix,w € R. We see that for any =,y € R

2+25) (2+25) ”_(2+25
112570 T2/ = s

put L, = (ﬁg:) we have limsup,_,  Ls = lim supsﬁoo(ﬁgj
ically nonexpansive semigroup. If we let s = 1 we have 2528 — % £ 1, then T is not

142s
necessary nonexpansive semigroup.

IT(s)z = T(s)yll = II(

)z = yll,

) = 1 then T is asymptot-

From above example we see that a mapping 7 is a nonexpansive semigroup then 7T
is asymptotically nonexpansive semigroup. But 7T is an asymptotically nonexpansive
semigroup is not necessary nonexpansive semigroup.

The motivation of this work we study the iterative scheme of Wen and Chen [15] for
T is an asymptotically nonexpansive semigroup then we peove the strong convergence
theorem of {z,,} generated by (1.6).
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2. PRELIMINARIES

In this section, we collect and give some useful lemmas that will be used for our main
result in the next section.

Lemma 2.1. Let H be a real Hilbert space, then the following holds:
(i) |z +yl? < ll2]* + 2(y, (x +y)), Yo,y € H;
(ii) |tz + (1 = t)yl|* = tllz)|* + (1 = O)llyll* — t(1 = )]l — yl|*,t € [0, 1], Yo,y € H.

Lemma 2.2 ([8]). Let C be a nonempty bounded closed convex subset of real Hilbert space
H and let T :={T(s) : 0 < s < oo} an asymptotically nonexpansive semigroup on C, If
{zn} is a sequence in C satisfying the properties:

(i) x, — z; and

(i) lim sup,_, . limsup,,, o |T(¢)xn — zn] = 0,
then z € Fixz(T).
Lemma 2.3 ([3]). Let C be a nonempty bounded closed convex subset of real Hilbert space
H and let T := {T(s) : 0 < s < oo} an asymptotically nonexpansive semigroup on C,
then for any u > 0,

1t 1 [
lim sup lim sup sup ||¥ / T(s)zds — T(u)(; / T(s)zds)|| = 0.
0 0

U— 00 t—oo xzeC

Lemma 2.4 ([13]). Let B be a strongly positive linear bounded operator on a Hilbert
space H with a coefficient ¥ > 0 and 0 < o < ||B||~t. Then ||I — oB|| <1 — ¢7.

Lemma 2.5 ([13]). Let C be a nonempty closed convexr subset of a Hilbert space H.
Assume that f : C — C is a contraction with a coefficient p € (0,1) and B is a strongly
positive bounded linear operator with a coefficient ¥ > 0. Then for 0 < v < %,

(w =y, (B=vf)lz— (B =f)y) = (T —p)llz = yl*,Va,y € H.
That is B — v f is strongly monotone with coefficient 5 — ~yp.
Lemma 2.6 ([16]). Let {a,}22, be a sequence of nonnegative real numbers such that
An 41 S (]- - 'Yn)an + ’ann + On,

where {v,}521 C (0,1) and {b,}52 1, {on}52, are sequence in R such that

(i) imy, o0 ¥ = 0 and 352 17, = oo;

(i) limsup,,_, ., b, < 0;

(iii) op, > 0 and 32 10, < 0.
Then lim,,_yoo a, = 0.

Lemma 2.7 ([17, 18]). Let S : H — H be averaged and T : H — H be nonexpansive
have:

(i) W= (1-a)S+aT is averaged, where a € (0,1).

(i) The composite of finitely many averaged mapping is averaged.
Theorem 2.8 ([19]). Let Hy and Hy be two real Hilbert spaces and A : Hy — Hs be
a bounded linear operator. Let f : Hi — Hy be a contraction mapping with constant
p € (0,1) and T : Hy — H; be a nonexpansive mapping such that Q = Fiz(T) NS # 0.
For a given xo € Hy arbitrary, let the iterative sequences {u,} and {x,} be generated by

{ Up = Jfl[xn —|—€A*(J>\BZ —1)Ax,),

Tn+l = anf(xn) + (]— - Cln)TCEn, (21)
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where A > 0 and € € (0,1/L), L is the spectral radius of the operator A*A, and A* is the
adjoint of A; {an} is a sequence in (0,1) such that lim, oo an = 0,552, = 00, and
Y0 o — ap—1| < 0o. Then the sequens {u,} and {x,} both convergence strongly to
z € Q, where z = Pa(z).

Lemma 2.9 ([19]). The split variational inclusion problem (2.1) is equivalent to finding
x* € Hy such that y* = Ax* € Hy : 2* = Jfl and y* = Jf"’(y*) for some A > 0.

3. MAIN RESULTS

In the first Theorem in this section we prove the unique fixed point by Banach con-
traction principle of ®. The second Theorem we prove the strong convergence of modified
general iterative method for a split variational inclusion and asymptotically nonexpansive
semigroups to ¢ €  which is the unique solution of the following variational inequality:

((B=~f)q,q—w) <0,Yw € Q.

Theorem 3.1. Let Hy and Hy be two Hilbert space, let A : Hy — Hs be a bounded linear

operator and B be a strongly positive bounded linear operator on Hy with constant7 > 0.

Let By : Hy — 211 be maximal monotone mapping and T := {T'(s) : 0 < s < oo} be a

one-operator asymptotically nonexpansive semigroup on Hy such the Q = Fiz(T)NS # 0.

Assume that f : Hi — Hip is a contraction mapping with constant p € (0,1). For any
€ (0,1), define the mapping ® on Hy by

1

O(x) =ayf(z)+ (I — aB);/O T(s)J}J\Bl [z + eA*(sz — 1) Az]ds,

where t > 0, v € (0, %), and € € (0, %), L is spectral radius of the operator A*A, and A*

1s the adjoint of A and 1 < %fot Lsds < a < 111%7;. Then the mapping ® is a contraction
and has a unique fived point.

Proof. Since J f and J f 2 are firmly nonexpansive, they are averaged. For e € (0, %), the
mapping I + eA*(JP? — I)A is averaged; see e.g.[20]. Tt follows from Lemma 2.7 (ii) that
the mapping JAB1 I+ eA*(J;\32 — I)A) is averaged and hence nonexpansive. By Lemma
2.4, for any z,y € Hy, we have

1 (2) — 2(y)|

mwﬂm+wf—am%1;nﬁqﬁm+fAmgh_nAﬂ@

—avfly)+ (I — aB)%/O T(S)Jfl [y—l—eA*(sz — D) Aylds||
ay|lf(x) = fy)ll

— 1 i B * B
- a'y)||¥/0 T(s)T5 ¢ + A" (JP2 — I) Adlds

IN

I .
4 [ e - D agias)
0
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t

1 *
orplle =yl + (1= D) [ LI o +ed" (757~ 1) Aa]

IN

— Pty + eA* (TP — ) Ay]|

IN

L
arplle ol + (L= an)(; [ Luds)le — o]
0

= aypllz —yll + (1 — ay)allz — y|
< fa—aFa—p)lllz -yl

From v € (0, %) and 1 < ifon Lyds < a < 1;’?];, we have [a — a(Fa — yp)] < 1. It
follows that ® is a contraction mapping. By the Banach contraction principle, ®(z) has

a unique fixed point z,, that is

t
To = ayf(ze) + (I — ozB)%/ T(s)J P [t + A" (JP? — 1) Ax,)ds.
0

Next Theorem we study the general iterative scheme (1.6) for the split variational
inclusion of asymptotically nonexpansive semigroups and prove the strong convergence
of iterative to g € 2 which is the unique solution of the following variational inequality:
(B=7f)a.q—w) <0,Yw € Q.

Theorem 3.2. Let Hy and Hy be two Hilbert space, let A : Hi — Hy be a bounded
linear operator and B be a strongly positive bounded linear operator on Hy with constant
¥ > 0. Let By : HH — 21 B, : Hy — 22 be mazimal monotone mapping and
T :={T(s) : 0 < s < oo} be a one-operator asymptotically nonexpansive semigroup on
H;y such the Q = Fix(T) NS # 0. Assume that f : Hi — H; is a contraction mapping
with constant p € (0,1), v € (0, %), and € € (0, %), L is spectral radius of the operator
A*A, and A* is the adjoint of A. For a given x1 € Hy, and suppose that the sequence
{an} C(0,1),{tn} € (0,00) and 1 < & [ Lyds < a, < 11—%.:7; satisfy:

(i) limy, oo py = 0,252 vy, = 00, and L5 |y, — ap—1| < 005

(i) limy, o0 ty, = 00 and lim,, oo % =0.
Then the sequence {x,} generated by (1.6) converge strongly to q € , which is the unique
solution of the following variational inequality:

((B=7f)q,q —w) <0,Yw € Q.

Proof. Let p € Q, we have p = Jflp7 J/\BQ(Ap) = Ap and T(s)p = p. From (1.6), let
Uy, = JP [y + €A*(JP? — I)Ax,), and Lemma 2.9, we have

un —pl> = [T @n + €A™ (2 — 1) Azy,) — T p||?
< o + €A (I — DAz, — p|?
< lwn —pl?

+26(xy, — p, A*(JP? — D Ax,,) + E||A* (T2 — Az, |?. (3.1)
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By the definition of A and A*, we obtain
AT (JP2 — 1) Az, |? (AT (TP — 1Az, A*(JP? — 1) Ax,)
= (I — DAz, AA*(J> — 1) Axy,)
< LE((JP2 — DAz, (J22 — 1) Ax,)
= Lé|(JP? — I) Az, | (3.2)

And we have
2e(xn — p, A*(JP2 — ) Az,) = 2e(A(x, —p), (JP? — I)Az,)
= 2e(A(x, —p) + (J2 — 1) Az,
—(JP? = DAz, (JP? — D) Az,)
e(A(xy —p) + (JY2 — I)Azy, (J2 — 1) Azy,)
—((JP* = DAz, (JP> — T)Ax,)
= 26[(J2 Aw, — Ap, (J72 — D) Awy,) — [|(J72 = 1) Az, |’]

I
o

< el (P — DA~ (I~ A |)
= —€|(J> = DAz, |?. (3.3)
From (3.1), (3.2), (3.3) and € € (0, 1), it follows that
liw = ol < llon — gl + e(Le = DI(IE = DAz < llow — I (34)

Next, we set wy, = i fg" T(s)unds for n > 0, since 1 < i f(f" Lyds < a, < =2»12 12 and

from (3.4), we have

I
=l = - [ Tunds = T(s)p|

I

< & [ 1TG)u - TE)plds
n J0
I

< o [ Ldslu g
I

< o [ Ladsle, o)
n J0

< allz, -, (3.5)

where a = sup,,~;{a,}. It follows from (1.6), (3.5) and Lemma 2.4, that

Ho‘n’Yf(xn)

- anB)ti / " T(5) TP [ + €A (I — 1) Axy)ds — |
n J0

= ||an(7f(xn) - Bp)

(I - anB)ti /0 N(T(8) TP [ + €A™ (JP2 — T) Aw,] — T(s)p)ds|

n

[Zn+1 — Dl
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< aullyf @) = Bl + (= i) [T un = T()plds

< an(Ivf(@n) = vf @)+ I7f(p) — Bpll) + (1 — an¥)allz, — p||
< anypllzn — pll + anllvf(p) = Bpll + (1 — a)allz, — pl|

=[1 — an(ya —yp)]||lzn — pl| + anllvf(p) — Bpl|.

Since 1 < a < 1;”#’%” and v € (0, %), we have 7¥a — vp > 0. By a simple induction, we
have

1

va —

lzr, — pl| < max{||zo — pl, vaf(p) — Bpll}.

Therefor, {z,} is bounded, and so are {u,, } and {w, }. Next, we show that lim, . ||Tn+1—
Zn|| = 0. From (1.6), we have

= ||an7f(xn) + (I - anB)wn - an’)/f(xn—l) + (I - an—lB)wn—l‘l

= |leany[f(zn) = flz-1)] + (0 — an—1)7f(Tn-1)
+(I — anB)(wn — wn—1) — (@ — @n—1) Bw, 1|

[Znt1 — znll

< ap[[f(@n) = f@—1)[l + |on — an—al[[yf(zn-1)|l
+(1 = an¥)lwn — wn—1| + [an — an—1|[|Bwy—1]|
< anypllzn — o1l + (1= o) lwn — wn—1]|

+lam — an |V (@n-2)ll + | Bwn-]]- (3.6)

Since i fot T(s)pds = fot"‘l T(s)pds, we consider

tn—1

1 tn 1 tn—1
lwn — wn-1] = ||t—/ T(s)upds — / T(s)up—1ds||
n Jo n—1.J0
1 tn 1 tn 1 tn
= ||—/ T(s)upds — —/ T(s)un,lds—l——/ T(8)up—1ds
tn Jo tn Jo tn Jo
I
+t—/ T(s)up—_1ds
n Jo
1 tn71 1 tnfl
——/ T(s)up—1ds — —/ T(s)pds
tn Jo tn Jo
I
+— T(s)pds
tn 0
1

tnfl
/ T(s)pds
0

tn—l
1

tn—l

n—1

tn—1
/ T(s)pds +
0

tnfl
/ T(s)up—1ds||
0
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1 [t
= — T ds — — T(s)up—1ds)
tn 0 tn Jo
1 tn 1 tn 1
—/ 8)Up— 1ds——/ T(s)pds
tn 0
1 1 [t
- T( ) T(s)pds)

n10
1

n—1
—/ 8)Unp— 1ds+—/ $)Up—1ds)
tn Jo

1 tn—1

—(— pderf/ (s)pds)||
t" 0 tn—1

1
= t—/ T(s)up—1]ds
>/”Tﬂﬁ%4—fwmm

t n 1
1 I
t—/ $)Up—1ds — “ T(s)pds||

tn—1

_ ti / T(s)un_1]ds

= - >A"Wﬂ@%4—Twmw

+(

+(

tnl

H{Alp@%qT@mwn

1
< ti/ ||T(S)un - T(S)un—lnds
n Jo
1 tn—1
= [ 1T s ~ T(s)plds
t tn—l 0
1 [t
2 [ T~ T(pds]
n tn—1
1 tn tnf _tn 1 tn—l
< 7/ Lods]|tn — tn_1| + y—/ Lyds|[un—1 — p||
tn 0 tn 7fn—l 0
1 [t
+— Lyds||up—1 — p|.
t" tnfl

Now, we taking lim,_. Ls = 1, it follows that - Jo" Leds — = fg" ds, and hence

2|tn—1 - tn|

At = by, . (37
From € € (0, +) and mapping J, D1 [I+eA*(JP2 — 1) A] is averaged and hence nonexpansive,
then we have

”wn - wn—1H < ”un - un—lH +
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[T+ eA* (P> — DA, — TP + eA* (I — D A]z,—a|
|zn — xp_1]. (3.8)
From (3.6), (3.7) and (3.8), we have

l|tn — wn—1]|

IN

lZnt1 —znll < anypllen — 24|

+1 = allen = an-al + 222 2,
+en = a1 [ f (@n—1) || + [| Bwn-1]]
< [ anT = y0lln — ncall + (n — ] + 2L ol
' (3.9)

where m = max{supnen[Y||f(zn-1)|| + |Bwn-1l|], supnen|ttn-1 — pl|}- It follows from
condition (¢) — (i7) and Lemma 2.6, hence

nl;rrgo |Znt1 — znll = 0. (3.10)
Consider,
[2n —wnll < llzn — Togall + [[Bn41 — wal|
2n — Zpt1ll + lonyf (@) + (I — anB)wn — wy|
20 — Zni1ll + anllvf(22) + Bwn||.

IN

From condition (7) and (3.10), we have
lim ||, — wy,|| =0,
n—oQ
and that
lim ||z, — —/ s)upds|| = 0. (3.11)
n—oo

For any v > 0, we have

I 1 [t
low — Tl < |lon— — / T ()utnds]| + |- / T(s)uunds|

ln

() / " T(s)unds + | T(u )tln /0 " (s)unds — T(w)an|
< ||mn——/w §)unds|

-|-||—/0 T(s )unds—T(u)ti/onT(S)undSH

t'Vl
+Lu||—/ T(s)unds — x,||.
tn 0

From (3.11), Lemma 2.2 and limsup,,_, ., L, < 1, we have

ILm |z — T'(u)zy|| = 0. (3.12)
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By the definition of z,, (3.3), (3.4) and Lemma 2.1, we have

41 =Pl

< lawvf(@n) + (1 — anB)w, — sz
= |[(wn —p) + an(vf(xn) — Bwn)|”
< w, _p||2+2an<7f(xn) — Bwp, Tnt1 — p)
< un —p||2 + 200 (vf(%n) — Bwn, Tni1 — p)
< len = pl* + e(Le = D|[(JY* = 1) Azn||’]
+2a, (vf(2n) — Bwp, Tpny1 — p)
< lzn = pl? = e(l = L (S = D) Azy||* + 200, M5, (3.13)

where My = max{sup,,cy |7/ (zn) — Bwy ||, sup, ey [|2n+1 — pl|} and € € (0, 1), it implies

that
(1= Le)ll(J32 = DAz, < e = plI* = lzns1 = pl|* + 200 M3
< Nzt = @all(lzn = pll + l[2ns = pll) + 200, M5
From (3.10), we obtain
lim 1(J2 — I) Az, || = 0. (3.14)

From (3.1), (3.3) and € € (0, 1), that

lun =l =
<

IN

IN

IN

which implies that

1T [n + A (J2 = 1) Azy] — T pl|?

(Up, — P,y Ty, + eA*(J;\92 — 1Az, — p)

Sl =PI+l + €4° (T2 = 1) Ay —

—|[tn = p — [0 + €A (J{? — ) Awn — p] |}

%{Hun —pl* + lzn — plI* + e(Le = D||(Jy* — ) Az, |

—||ty, — 2 — eA*(sz — ) Az,|*}

%{Hun —pl* + [z = plI* = [lun — zal|* + €[ A (I = ) Az, |?
—26(ty, — 0, A*(JP? — ) Az,)]}

%{Ilun = pll” + 20 = pl* = [fun — zn]®

+2€l|A(un — ) |[|(JF2 = ) An|},

lun = pl* < llen = plI? = llun = 2nl|? + 26[ ACun — 22) I (JF* = DAz (3.15)

It follows from (3.13) and (3.15) that

1 = plI?

)

< lun *p”z + QO‘nMQz

< lon —p||2 — [lun — -THHQ + 2€||A(un - xn)””(*]fz — 1) Az, ||
+200, M2,
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that is

IN

2 = pII* = znr1 = plI* + 2€l ACun — 2a) [|(J2 — 1) Az
+2a, M3
< lzn = zapall(lzn = pll + 120 = pl)
+2¢]| Aun — 2 (JR® = DAz | + 205, M3
From (3.10), (3.15) and condition (7), it follows that
lim ||u, — 2] = 0. (3.16)

n—oQ

|un _xn||2

Since {z,} and {u,} are bounded, there exists weak limit w of {z,}. Without loss
of generality, we may assume that subsequence {z,,} of {z,} which is z,,; = w. From

(3.16), we have subsequence {,, } of {u,}, which is u,,;, — w. Moreover, u,; = Jfl [Tn, +
€A (J? — I) Ay, with
(Tn, — tn,) + €A*(J? — ) Az,
A

By taking limit j — oo, and (3.14), (3.16) and the fact that the graph of a maximal
monotone operator is weakly-strongly closed, we obtain 0 € Bj(w). Furthermore, since
{xn} and {u,} have the same asymptotical behavior, Az,, — Aw. From (3.14) and the

S Blunj .

fact that the resolvent .J,> is nonexpansive, we obtain Aw € Ba(Aw). It follows from
Lemma 2.9 that w € S.
Next, we show that limsup,,_, . {(vf(q) — Bg,x,, — q) < 0, where ¢ = Po(I — B++f)q.
From the sequence x,;, — w and
limsup(yf(q) — Bq, zn — q) = lim (yf(q) — Bq, zn; —q).
n—o00 j—o0

Assume that w # T'(u)w. From (3.11) and Opial’s property, we have

liminf ||z, —w| < liminf|z,, —T(u)w||
j—o0 j—o0

< timinf(|an, - T(wan, | + 1T, - T(u)w])
j—oo

IN

lim inf ([l — T(w)n, | + Lu2a, — w])
j—}OO ;

IN

lim inf Ly, ||z, — wl].

j—o0

If we letting v — oo, we have limsup,,_, . L, <1, it follows that
liminf ||z, —w|| <liminf [|z,; —w].
j—oo Jj—oo

This is a contradiction. Then w € Fiz(T). Consequently, w € Q. It follows from (?7?)
that

limsup(yf(q) — Bg, xn — q) = (7f(q) — Bq,w — q) < 0. (3.17)

n—oo

On the other hand, we shall show that the uniqueness of a solution of the variational
inequality

(B=vf)z,x—w) <0,Vw € Q. (3.18)
Suppose that ¢, g €  are solution to (3.18), then
(B=7f)g.a—q) <0, (3.19)
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and
(B=7f)g,a—q) <0. (3.20)
From (3.19) and (3.2(
(B=7f)g—(B=7f)g,9—q) <0.

By Lemma 2.5, the strong monotone of B — v f, we obtain ¢ = ¢. Finally, we show that
{zn} converges strongly to q as n — oco. From (1.6), (3.4) and Lemma 2.1, we have

0), we have

|Zn+1 — QHQ = (anvf(2n) + (I — anB)wy, — ¢, Tpt1 — q)
= an(vf(zn) = Bg;Tny1 — @) + (L — anB)(wn — @), Tny1 — q)
< an(Vf(@n = f(@), Tnr1 — @) + an(vf(q) — Bq, Tni1 — q)
+(1 = ) lwn = qlll|#n+1 — gl

< anypllzn = qllllzntr — gl + an(vf(q) — Bg, ni1 — )
+(1 - O‘ni)”wn - QH ||xn+1 - QH

= [I—an(¥ = v0)lllzn — qllllzns1 — 4l
+an<’yf(q) - Bq7wn+l - q>
1- an(7 - ’Yp)

< f(llwn =g’ + |ns1 — ql?)
+an(vf(q) — Bg,Tni1 — q)
1 —an(¥ —p) 1

< #II% —qlI* + 5\\$n+1 —ql

+an(vf(q) — B, Tny1 — q),
it follows that

5 n—q|” + an(vf(q) — Bg, Tny1 — q).

Znt1 — q||2 <

From 0 < v < condition (i) and (3.17), from Lemma 2.6, we obtain that lim,, . ||z, —

q|| = 0 and then {xn} converges strongly to ¢, which is the unique solution of the following
variational inequality ((B —~f)q,q —w) <0 for all w € Q. This completes the proof. m

Theorem 3.3 ([15]). Let Hy and Hy be two Hilbert space, let A : Hy — Hs be a bounded
linear operator and B be a strongly positive bounded linear operator on Hy with constant
N > 0. Let By : H — 281 By, : Hy — 272 be mazimal monotone mapping and
T :={T(s) : 0 < s < oo} be a one-operator nonerpansive semigroup on Hy such the
Q= Fiz(T)NS # 0. Assume that f : Hi — Hy is a contraction mapping with constant

€ (0,1), v € (0, %), and € € (0, L) L is spectral radius of the operator A*A, and
A* is the adjoint of A. For a given x1 € Hy, and suppose that the sequence {ay} C
(0,1),{tn} C (0,00) satisfy:

(i) imy, o0 ap, = 0,522 1, = 00, and 322 4|, — 1| < 00;

(i) limy, o0 t, = 00 and lim, o0 w 0.
Then the sequence {xy} generated by (1.6) converge strongly to q € 2, which is the unique

solution of the following variational inequality:

(B =7f)q,q —w) <0,Yw € Q.
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Proof. From examples 1.1 and 1.2, we see that a nonexpansive semigroups is an asymp-
totically nonexpansive semigroups then from Theorem 3.2 can be prove this theorem.
n

Theorem 3.4. Let Hy and Hy be two Hilbert space, let A : Hy — Hs be a bounded
linear operator. Let By : Hi — 271, By : Hy — 22 be mazimal monotone mapping
and T := {T(s) : 0 < s < oo} be a one-operator nonexpansive semigroup on Hiy such
the Q = Fiz(T)NF # 0. Assume that f : Hy — Hy is a contraction mapping with
constant p € (0,1), v € (0,%), and € € (O,%), L is spectral radius of the operator
A*A, and A* is the adjoint of A. For a given x1 € Hy, and suppose that the sequence
{an} C€(0,1),{tn} C (0,00), define {x,,} in the following manner:

1 tn
Tni1 = oy f(20) + (1 — an)t—/ T(s) TP [y + €A™ (TP — ) Ax,)ds,  (3.21)
0

n

and satisfies the following conditions:

(i) limy, o0 @y = 0,222 10y, = 00, and X524 oy, — ap—1| < 005

(i) limy, o0 t, = 00 and lim,, % =0.
Then the sequence {x,} generated by (3.21) converge strongly to ¢ = Pq(q), which is the
unique solution of the following variational inequality:

(I =f)g,q—w) <0,Yw e Q.

Proof. Putting v = 1 and B = I, iterative scheme (1.6) reduces to (3.21). The desired
conclusion follows immediately from Theorem 3.2. This complete the proof. [
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