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Abstract In this paper studies practical exponential stability of discrete-time impulsive system with
delay. By using Lyapunov functions and Razumikhin type technique, some criteria for practical expo-
nential stability of discrete-time impulsive system with delay are achieved. Moreover, some numerical

example is given to show the effectiveness of our theoretical result.
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1. INTRODUCTION

A discrete-time system is a more natural way to represent systems such as numeri-
cal analysis and population models [I-4]. In most dynamics systems, the state always
instantly changes at a certain moment. It is natural to assume that such dynamical
systems with abrupt changes spontaneously occur, and this kind of system is called im-
pulsive systems. Systems with impulses provide a natural framework for mathematical
modeling of many real world phenomena in which the state undergo abrupt changes. For
example, many processes and events studied in chemical, physics, population dynamics,
biotechnology, economics, and technology do exhibit impulse effects [5, 6]. In [7], the
authors studied an oscillation theorem for nonlinear hyperbolic systems with impulses.
Moreover, the real processes in our world always involve time-delay systems, see [3—10].
Therefore, impulsive systems with time delay have been investigated extensively over the
past decades [11-18].

The theory of stability have been published in many areas [19, 20]. In case of expo-
nential stability, it is required that all solutions starting near an equilibrium point not
only stay nearby, but tend to the equilibrium point very fast with exponential decay rate.
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Meanwhile, for one of the essential types of stability is practical stability, it only needs
to stabilize a system into a region of phase space, namely the system may oscillate near
the state in which the performance is still acceptable. Theory of practical stability has

been widely considered for continuous-time systems [21-23]. In [24], the authors focused
on the practical stability of nonlinear time-varying cascade systems. On the other hand,
there are few results for discrete-time systems [25-28]. In [27], the authors studied the

practical stability and controllability for a class of nonlinear discrete systems with time
delay. The practical stability of impulsive discrete systems with time delays in some cases,
was discussed in [25]. In [28], the authors used the Razumikhin-type technique to derive
the exponentially practical stability of discrete time singular system with delay and dis-
turbance. Therefore, more attention has been paid to the theory of practical stability of
the impulsive discrete-time system with delay.

This work aims to establish and improve the criteria for practical exponential stability
of the discrete-time impulsive system with delay by using Razumikhin type technique. The
paper is organized as follows: In Section 2 some notations and definitions are introduced.
In Section 3, we present some criteria for practical exponential stability of discrete-time
impulsive system with delay. In Section 4, we give some example to show the effectiveness
of our theoretical result. Section 5 concludes the paper.

2. PRELIMINARIES

Let R™ denote the n dimensional Euclidean space, ||z|| is the Euclidean norm of
vector x. Given a positive integer 7, for any function ¢ : N_, — R"™, we define
H(b” = maxeGN—r{||¢(9)”}7 N = {Ov 17 23 e } and N—T = {77, -7 = 17 e 7170}'

Consider the following discrete time impulsive system with delay.

x(k+1) = f(k,zr), k # kn
x(km) = Im(x(km — 1)), k =k, (2.1)
z(s) = ¢(s), § € Niy—r

where z(k) € R", xy is defined zx(s) = z(k + s) for any s € N_,. We assume f :
N X Npy—r = R",Jp, : R® = R"™ for m € N, and the impulsive moment satisfy 0 < kg <
ki < ko < ...,ky — oo for m — oo. Furthermore, we assume f(k,0) = 0,J,,(0) = 0,
so the systems (2.1) admit the trivial solution. Let x(k;ko, ) denote the trajectory of
system (2.1) with initial value ¢.

Definition 2.1. The trivial solution of system (2.1) is globally practically exponentially
stable in the p* — moment, if, for any k > ko there exist constant 0 < A < 1, M > 0,7 > 0
such that

lz (ks ko, ) |[P < M pl[Pe o) 4.

3. MAIN RESULT

In this section, we consider practical exponential stability of discrete-time impulsive
system with delay (2.1) as follow the result.

Theorem 3.1. If there exist positive number a,c1,co,p,7Y,q, 5,M;

—1
g>7>0, = <B<1, n<Ba
e
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and Lyapunov function V (k,x(k))such that following condition hold:
(@) alzlP < Vik,zk) <elzl|P+a, YVk>ko—7, x€R",
() If Vk+s,z(k+s) < qV(k+1,z(k+1)) with s€ N_;
then AV(k,xz(k)) = V(k+1,z(k+1)) —V(k, z(k)),
< =BV (k,z(k)) +n hold,
(tit) Vi(km,z(km)) < 4V(km —1,2(kmn —1)), mEN, x € R".

Then, the trivial solution of system (2.1) is globally practically exponentially stable in the

pt"— moment.

Proof. Case I. gq>~v>1.
Since ¢ > v > 1, then there exist 0 < A < 1, ¢* such that

q> q*e)\(TJrl) > q* > ,.Ye)\(‘rJrl) > 6/\(T+1).
For k € [ko — 7, kol, from (i), we can see that

cy ||x||p67>‘(k7k°) + a,

callg[[Pe=AETR) 4 a.

V(k,2(k)) < coflz]|P +a <
<

We claim that
Vik,z(k)) < callp|Pe E7R) Lo ke [kpo1, km — 1].

Now, we will prove (3.2) by using mathematical induction.
First, we show that (3.2) holds for m = 1, namely

Vik,z(k)) < collp||Pe > E7R) La ke [ko, by — 1].

We assume (3.3) were not true, then there exists k € [kg, k1 — 1] such that
Vik,a(k) > coflgfre M) ya,
and let
k* = min {k € ko, k1 — 1))V (k, 2(k)) > col|¢|[Pe=E—H0) 4 a}.
From (3.1) and definition of k*, we have
V(k,z(k)) < collp||Pe B R) La) ke ko —7 k" —1].

Therefore, for any s € N_,, we have

V(E* —1+s,2(k* —145s)) < coop||Pe?F —1Fs—ko) ¢
= of|g|Pe TV A ) 4 g
< TP A ko) | g ATHL)
— eA(T+1) [C2H¢”pe—)\(k*_ko) +CL:| 7
< qV(k*, z(kY)).

Let k = k* — 1, then we get
Vk+s,z(k+s) < qV(k+1,z(k+1)).
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By condition (i%), we have

V(k*, (k") < (1-=08) V(K" —1,z(k*=1)) +mn,
< (1= B)|eallgreE 17k 4 o] 4,
< (1=B)te|gllPe* 5 +a— Ba+n,
since, maximal value of i—;l, 0<A<l1lis &1L
So, we choose
e—1

< B <1, n < Ba

which is contradiction to the definition of k*.
Hence (3.3) holds.
Now, we assume (3.2) holds for m € N, namely

Vik,z(k)) < callp|Pe 7R La, ke [kpo1,km — 1].
Next, we will show that

V(k,z(k) < coll@|lPe™ 7R 4o k€ [kp, kmat — 1]. (3.4)
First, we will prove limiting condition holds, when impulsive instant, namely

V(k,z(k) < ;%Hqsnpe*(k*kow;f*, k € [km—1, km — 1]. (3.5)

We assume (3.5) were not true, there exists a
B = min k€ ey b 1/V(E2(R) > gl 00 4 T
and we know that
V(k, (k) < 2|gllPe?Fko) 4 & k€ [ky,q, k* — 1],

then, we have

C2||¢Hpe—>\(k*—1—|rs—lc0) ta,
AT+ |:c2||¢||pe—x(k*_ko) + a}
g T [CQHQS”pef/\(}g*,ko) T a],
qV (k*, z(k")).

V(k* —1+s,z(k* —1+5s))

IN

IN

So, we get
V(k+sa(k+s) < qV(k+1z(k+1)),

and from (i7), we have
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which is contradiction, so (3.5) holds.
From (iii), we can see that

V (km, x(km))

IN

YV (km — 1, 2(km — 1)),

C2 _ _1_ a
7| g lelre T 4 2
A
Y€ C2 — — a
S L

Pl

IN

)

q*co _ _ a
< L2 pgperimso 2,
q

< allglre k) 40 3:5)
Finally, we prove that (3.2) holds, assume (3.2) were not true, there exists a
k* = min {k: € [k, kst — 1]/V (k, 2(k)) > cal|p||Pe2F—ko) 4 a}.
For k € [k, k* — 1], we have
V(k, (k) < ellgfPe 7 4q,

and from (3.6), we know that k* € [ky,, kmi1 — 1].
So, we have

VI — 1450k —145) < clglre E -1k g,
< eA(T+1) {02”(;5”116—,\(19*_1@0) + a:|’
< q*e)\(‘r+1) |:Cg||¢||p€7)‘(k*7k°) + a} 7
< gV (k*,z(k")).

Then
Vk+s,z(k+s) < qV(k+1,z(k+1)),
and from (i7), we have
V(" z(k*) < (1-=08) V(" —1,z(k* —1)) +mn,

which is contradiction, so (3.2) holds.
So, for all k > kg — 1, we have

Vikha) < eallglPeER) 4a,
and from (i), we know that
allz||P < V(k,z(k) < e o|Pe  ER) 4q,
Therefore, we have

lall? < Zlglpe ) 4 =
€1 1

Case II. ¢>1>~>0.
Since ¢ > 1 >~ > 0, then there exists 0 < A < 1, ¢* such that

q> q*e)\(T+l) > > 6)\(7+1) > 76)(7’-&-1).
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By a similar argument as case I, we have

lzlP < Z|p|pertho) 4 L
C1 C

Therefore, from case I and case I the trivial solution of system (2.1) is globally practically
exponentially stable in the pt® — moment. [

Remark 3.2. From the methods of proof of Theorem 3.1, it is clear that these methods
can be applied to discrete-time impulsive system with time-varying delay 7(k) with 0 <
(k) <7, 7>0.

4. NUMERICAL EXAMPLE

To illustrate the effectiveness of the result obtained in previous sections, we consider
the discrete-time impulsive system with delay.

Example 4.1. Consider the following system:

w(k+1) = —ba(k) + yggyelk — 1)+ p, k# kn
v(km) = y2(km —1), k=kp (4.1)
x(s) = (s), s€N_-

where b, d are arbitrary constants and -y, 1 are positive constants. If there are exist positive
numbers a, ¢1, c2, P, 7Y, q, 5,1 such that

p+ (1= [b] = |d)a,
b
1—|dlqg’

and

1
B=1—1bl—Id)’

a >
then the system (4.1) is globally practically exponentially stable in the p!"— moment.

Proof. we choose the Lyapunov function
Vik,z(k)) = |z(k)]+a,
then we have

(@) alz®)] < V(k k) =lz(k) +a < colle(k)| +a, VE=ko—T.
(#9) Assume V(k+s,z(k+s)) < ¢V(k+1,z(k+1)),
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with s € N_,, then we have

Vk+1,2(k+1)) = |z(k+ 1) +a,

= [ = bx(k) a(k —7)+pul +a,

d
T 2w
< [bllz(k)| + [dl|z(k —7)[ + 1+ a,
|blz(k) |+ [bla—[bla+|d||x(k— 7)|+|d|la—|dla+p+ a,
= o[V (k,z(k))+|d|V(k—T,2(k— 7)) +p+(1—|b|—|d])a,

< ||V (k,z(k))+|d|lqgV (k + 1, z(k+ 1))+ p+(1—1]b|—]|d|)a,
< VIR et (1= 8] - )
Thus, we have
AV(k,a(k) = V(k+12(k+1) = V(E k),

< 1 BE ) 0 (1l = e~ VG0,

— (L~ DV k() + e (1 B d]

= (= V() 4 o+ (1 B~ e,

= (- V()

W= w1l ld)a

From assumptions, we get
AV (k,z(k)) < =BV(k,z(k))+n.
(7i1) We have
Vikm,z(km)) = [z(km)| +a,
= a(km — 1| +a,
a
=l — DI+,
< 7[|x(km_1)|+a}v
= AV(km — Laz(ky, —1)).

Therefore, from Theorem 3.1, we conclude that the system (4.1) is globally practically
exponentially stable in the p!" — moment. For simulation propose, we let |b| = 0.04, |d| =
043, 7 =1, kg =0, p =045, A =0.05, ¢ =14 > v =11 > 0. We can choose
Lyapunov function

Vik,z(k)) = |z(k)|+1.25,
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and there exist ¢; = 1 = ¢9, a = 1.25, p = 1, § = 0.9 which satisfies Theorem 3.1 as
follows:
@) z(E)l < V(kz) < [lz(k)] +1.25,
(i5) I V(k—s,z(k—3s)) < 14V(k+1,z(k+1)), s€ N_q,
then AV(k,z(k)) =V(k+1,z(k+1)) — V(k, z(k)),
< (=0.9)V(k,z(k)) + 1.76,
(#i1) Vikm,z(kn)) < (1L.1)V(kn — 1, z(k, — 1)),

and the trajectory of solution (4.1) with impulsive moments k,, = 4k + 3, m € N and
initial values x(—1) = 1.8, 2(0) = 1.6 is shown in FIGURE 1.

16

15— —

O - impulse at time k

14—

13—

12—

0.7

FIGURE 1. Numerical simulation of example with k,,, = 4k + 3.

5. CONCLUSION

This paper establishes practical exponential stability results of discrete-time impulsive
system with delay. For systems with delay, by using the Lyapunov stability theory and
the Razumikhin type technique. Finally, a numerical example is presented to illustrate
the effectiveness of the proposed results.
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