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Abstract A Banach space X is said to have the fixed point property if for each nonexpansive mapping
T : E — E on a bounded closed convex subset E of X has a fixed point. Let X be an infinite dimensional
unital Abelian real Banach algebra with Q(X) # 0 satisfying: (i) if ,y € X is such that |7(z)| < |7(y)|,
for each 7 € Q(X), then ||z|| < ||y||, (i) inf{rx(z) : z € X, ||z|| = 1} > 0. We prove that, for each element

o in X with infinite spectrum, the Banach algebra (xzg) = {Zf:l azh k€N, a; € R} generated by
zo does not have the fixed point property.
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1. INTRODUCTION

A Banach space X is said to have the fixed point property if for each nonexpansive
mapping T : E — FE on a bounded closed convex subset E of X has a fixed point, to have
the weak fixed point property if for each nonexpansive mapping T : £ — E on a weakly
compact convex subset F of X has a fixed point.

In 1981, D. E. Alspach [I] proved that there exists an isometry 7' : E — E on a
weakly compact convex subset E of the Lebesgue space L;[0,1] without a fixed point.
Consequently, L1[0, 1] does not have the weak fixed point property.

In 1983, J. Elton, P. K. Lin, E. Odell, and S. Szarek [2] showed that Cr(«) has the
weak fixed point property, if « is a compact ordinal with o < w®.

In 1997, A. T. Lau, P. F. Mah, and Ali Ulger [3] proved the following theorem.
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Theorem 1.1. Let X be a locally compact Hausdorff space. If Co(X) has the weak fized
point property, then X is dispersed.

Moreover, by using Theorem 1.1, they proved the following corollaries.

Corollary 1.2. Let G be a locally compact group. Then the C*-algebra Co(G) has the
weak fized point property if and only if G is discrete.

Corollary 1.3. A von Neumann algebra M has the weak fixed point property if and only
if M is finite dimensional.

In 2005, Benavides and Pineda [1] proved the following results.

Theorem 1.4. Let X be a w-almost weakly orthogonal closed subspace of C(K) where K
s a metrizable compact space. Then X has the weak fized point property.

Theorem 1.5. Let K be a metrizable compact space. Then, the following conditions are
all equivalent:

(1) C(K) is w-almost weakly orthogonal,

(2) C(K) is w-weakly orthogonal,

(3) K = .

Corollary 1.6. Let K be a compact set with K“) = (). Then C(K) has the weak fized
point property.

In 2008, A. T. Lau and M. Leinert [5] proved the following theorem.
Theorem 1.7. A(G) has the fized point property if and only if G is finite.
As a consequence, they obtained the following corollary.
Corollary 1.8. B(G) has the fized point property if and only if G is finite.

If X is a complex Banach algebra, condition (A) is defined by:

(A) For each x € X, there exists an element y € X such that T(y) = 7(z), for each
T € QX).
Note that each C*-algebra satisfies condition (A).

In 2010, W. Fupinwong and S. Dhompongsa [6] proved that each infinite dimensional
unital Abelian real Banach algebra X with Q(X) # 0 satisfying (i) if x,y € X is such that
|7(x)] < |7(y)|, for each 7 € Q(X), then ||z|| < ||y|l, (i) inf{rx(z) : z € X, ||z|| =1} > 0,
does not have the fixed point property. Moreover, they proved the following theorem.

Theorem 1.9. Let X be an infinite dimensional unital Abelian complex Banach algebra
satisfying condition (A) and each of the following statements:

(i) If x,y € X is such that |7(z)| < |7(y)|, for each 7 € Q(X), then |z| < ||y]|.

(i) inf{rx(z) : z € X, ||z|| = 1} > 0.

Then X does not have the fized point property.

In 2010, by using Theorem 1.9, D. Alimohammadi and S. Moradi [7] obtain sufficient
conditions to show that some unital unifromly closed subalgebras of C (), where Q is a
compact space, do not have the fixed point property.

In 2011, S. Dhompongsa, W. Fupinwong, and W. Lawton [3] proved that a C*-algebra
has the fixed point property if and only if it is finite dimensional.

In 2012, W. Fupinwong [9] show that the unitality in Theorem 1.9 proved in [6] can be
omitted.
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In 2016, by using Urysohn’s lemma and Schauder-Tychonoff fixed point theorem, D.
Alimohammadi [10] proved the following result.

Theorem 1.10. Let Q be a locally compact Hausdorff space. Then the following state-
ments are equivalent:

(i) Q is infinite set.

(i1) Co(2) is infinite dimensional.

(iii) Co(Y) does not have the fized point property.

In 2017, J. Daengsaen and W. Fupinwong [11] proved the following theorem.

Theorem 1.11. Let X be an infinite dimensional real Abelian Banach algebra with
Q(X) # 0 and satisfying each of the following:

(i) If x,y € X is such that |17(x)| < |7(y)| for each T € Q(X) then ||z| < ||y]|.

(i) inf{rx(z) : z € X, ||z|| =1} > 0.

Then X does not have the fized point property.

In 2018, P. Thongin and W. Fupinwong [12] proved that if X is an infinite dimensional
complex unital Abelian Banach algebra satisfying condition (A) and satisfying (i) If =,y €
X is such that |7(z)| < |7(y)], for each 7 € Q(X), then ||z| < ||y||, (i) inf{rx(z) : z €
X, |lz]l = 1} > 0, then there exists an element z in X such that

k
(mo) = {Zaixf) ckeNa; € R}

i=1

does not have the fixed point property.

In this paper, if X is an infinite dimensional unital Abelian real Banach algebra with
Q(X) # 0 and satisfying; (i) if x,y € X is such that |7(z)| < |7(y)|, for each T € Q(X),
then ||lz|| < |lyl|, (ii) inf{rx(z) : © € X, |jz|| = 1} > 0, we prove that, for each zg in X
with infinite spectrum,

k
(mo) = {Zaixf) ckeNa; € R}

i=1

does not have the fixed point property. Our result is a generalization of Theorem 1.11.

2. PRELIMINARIES

Let X be a Banach space. We say that a mapping T : F — F is nonexpansive if
[Tz =Ty < [l —yll

for each x,y € E, where F is a nonempty subset of X. A Banach space X is said to have
the fixed point property if for each nonexpansive mapping 7' : E — E on a nonempty
bounded closed convex subset FE of X has a fixed point.

We define the spectrum of an element x of a real unital Banach algebra X to be the
set

ox(@)={AeR: Al -z ¢ Inv(X)},

where Inv(X) is the set of all invertible elements in X.

The spectral radius of x is defined to be

rx(x) = )\zu? : [A]-
olx
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We say that a mapping 7 : X — R is a character on a real algebra X if 7 is a non-zero
homomorphism. We denote by (X) the set of all characters on X. If X is a real unital
Abelian Banach algebra with Q(X) # 0, it is known that Q(X) is compact.

If Y is a real unital subalgebra of a real unital Banach algebra X with Q(X) # ), then
Q(Y) # 0. In fact, for each 7 € Q(X), the restriction 7|Y of 7 on Y is in Q(Y"). Note that
7]Y is nonzero since Y is unital.

We denote by Cg(S) the real unital Banach algebra of continuous functions from a
topological space S to R where the operations are defined pointwise and the norm is the
sup-norm.

The following Theorem is known as the Stone-Weierstrass approximation theorem for

Cr(S).

Theorem 2.1. Let A be a subalgebra of Cr(S) satisfying the following conditions:
(i) A separates the points of S.

(ii) A annihilates no point of S.

Then A is dense in Cr(S).

Let X be a real Abelian Banach algebra with Q(X) # 0. The Gelfand representation
v: X = Cr((X)) is defined by x — Z, where Z is defined by

z(r) = 7(x),

for each 7 € Q(X). If X is unital and Abelian, then o(z) = {7(z) : 7 € Q(X)}, for each
x € X. It is known that rx (z) = ||Z||eo,x if X is Abelian, where
[1Zlloo,x = sup [2()].
TEQ(X)

3. LEMMAS

Some lemmas are proved in this section. In the next section, we will use them to prove
our main theorem.

Lemma 3.1. Let X be a real unital Abelian Banach algebra satisfying Q(X) # 0 and
inf{rx(z):z € X,||z|]| =1} > 0.

If Y is a unital subalgebra of X, then
inf{ry (z) :x €Y, ||z]| = 1} > 0.

Proof. If x €Y, since oy (x) D ox(x), then

TY(‘T) = Sup)\EUy(m)|>‘| > SUP)\EUX(x)|/\‘ =Tx (:E)
So
inf{ry(z) :xz €Y, |z|]| =1} > inf{rx(z) : x € X, ||z|]| = 1} > 0.
Therefore, inf{ry (z) : € Y, ||z|| = 1} is greater than zero. L]

Lemma 3.2. Let X be an infinite dimensional real unital Abelian Banach algebra with
Q(X) # 0, and let xo be an element in X with infinite spectrum. Then {xf : n € N} is
linearly independent. Consequently,

k
(wo) = {Zaixé ckeNq; € R}

i=1
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infinite dimensional.
Proof. Assume that

k
i
g oz =0,
i=1

where o; € R. Let {A1, A2, Az, ...} C ox(zo), with A; # A; for each ¢ # j. Since ox(x¢) =
{T(x0) : 7 € Q(X)}, write X\j = 7j(x0), where 7; € Q(X). Then

k k
Z o (Tj(.’lﬁo))i =1T; (Z amé) =0,

therefore,
k
D X =0,
i=1
for each j € N. Hence «o; = 0, for each i € {1,2,3, ..., k}. [

Lemma 3.3. Let X be an infinite dimensional real unital Abelian Banach algebra with
Q(X) #£ 0, and let zo be an element in X with infinite spectrum. Define

k
Z = {Zaixé ckeN, ER}.

i=0

If X satisfies
inf{||Z||oo,x : z € X, ||z|| = 1} > 0,
then Z is a real unital Abelian Banach algebra satisfying the following conditions:

(i) The Gelfand representation ¢ from Z into Cr(Q(Z)) is a bounded isomorphism.
(ii) The inverse ¢~ is also a bounded isomorphism.

Proof. (i) Since ker(p) = {0}, ¢ is injective. We have ¢(Z) is a subalgebra of Cr(2(Z))
separating the points of (Z), and annihilating no point of Q(Z). Moreover, ¢(Z) is
complete, so ¢(Z) is closed. Indeed, if {z,} is a Cauchy sequence in ¢(Z), assume to the
contrary that {z,} is not Cauchy, then there exists g > 0 and subsequences {z/,} and
{2/} of {z,} such that

120 = znll = o,
for each n € N. Define y,, = (2], — 2]/)/€0. Thus ||y, || > 1, for each n € N. Since {z,} is

Cauchy, so lim7, = 0. From Lemma 3.1, we have
inf{rz(z):z € Z,|z| =1} > 0.
Hence

0<inf{rz(z):z € Z, ||z = 1} = inf{||Z]|c0.z : ® € Z,||z|| = 1}

L —

lyall /1] .,

< inf [Fall.z =0,

< inf
neN
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which is a contradiction. Hence we conclude that {z,} is a Cauchy sequence. Then {z,}
is a convergent sequence in Z, say lim z,, = zg € Z. From, for each n € N,

120 = Z0llo0,z = llo(2n — 20) |00,z < l|2n — 20l
it follows that
lim ||z, — 20|02z = 0.

So ¢(Z) is complete. It follows from the Stone-Weierstrass theorem that ¢ is surjective.
(ii) From the open mapping theorem, ¢! is a bounded isomorphism. n

Lemma 3.4. Let X be an infinite dimensional real unital Abelian Banach algebra with
Q(X) # 0. If there exists xg in X with infinite spectrum, then there exists y € (xo)
satisfying the following conditions:

(i) 1 € ox(y) C[0,1].

(ii) There exists a strictly decreasing sequence in ox (y).

Proof. Note that Z = {Zf:o a;xh keNa; € R} is unital and Abelian, so the spectrum
of zg is o(Q(Z)). Hence

2
Let {a,} be an infinite sequence in ox (%) . We may assume that {a,} is strictly
0
increasing and a; > 0.

Define a continuous function g : [0,1] — [0,1] by

L, ift e [0,&1],
t) =< %
9(t) { L=t ift € [ag, 1].

17(11 ?

So g is joining the points (0,0) and (a1,1), and g(1) = 0. Let

R 22
=qgo | ——— ).
v=d (ng))

It follows from Lemma 3.3 that y € Z. Since ¢g(0) = 0, so y € {xq). We have {g(a,)} is a
strictly decreasing sequence in ox (y). Moreover, 1 = g(a1) € ox(y) C [0,1]. m

Lemma 3.5. Let X be an infinite dimensional real unital Abelian Banach algebra satis-
fying QX)) # 0 and

inf{rx(z):z e X,|z| =1} >0,
and let o be an element in X with infinite spectrum and 7(xg) € R, for each 7 € Q(X).
Then there exists a sequence {zp} in (xo) such that {7(z,) : 7 € Q(Z)} C [0,1], for each
n € N, and {(z,)"H{1}} is a sequence of nonempty pairwise disjoint subsets of Q(Z),
where

k
Z = {Zaixé ckeN, q GR}.

=0
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Proof. From Lemma 3.1, it follows that
inf{rz(x):z € Z,||z|| = 1} > 0.

From Lemma 3.2, Z is infinite dimensional, then, from Lemma 2.10 (iii) in [6], there exists
20 = Zf:o a;xl € Z such that {7(29) : 7 € Q(Z)} is infinite. Let z; = Zle a;zh. Tt can
be seen that z; € (z¢) and o(z1) is infinite. From Lemma 3.4, we may assume without
generality that z; satisfies
1le Uz(zl) C [0, 1]
and there exists a strictly decreasing sequence of real numbers in oz(z1), say {a,}. More-
over, we may assume that a; < 1.
Define a continuous function ¢; : [0,1] — [0,1] by

{t if t € [0,a1],

ay’
+ olag) Do) -y e oy, 1),

qi(t) =

So g1 is joining the points (0,0) and (ay,1), and g1(1) € (g1(az), 1).
Define z3 = g1 0 21 : Q(Z) — R, and define a continuous function gs : [0,1] — [0, 1] by

(1) = {<3 e Dol

L Lol it t € [gi(a2), 1]

So go is joining the points (0,0) and (g1(az),1), and g2(1) € (g2(g1(as)), 1).

Define 2Z3 = g2 0 Z3 : (Z) — R. Continuing in this process, we have a sequence {z,}
in Z with 1 € {r(z,) : 7 € Q(Z)} C [0,1], for each n € N, and {(z,) " '{1}} is a sequence
of nonempty pairwise disjoint subsets of (7). Note that, from Lemma 3.3, {z,} isin Z .

Since ¢, (0) = 0, for each n € N, it follows that z,, € (x), for each n € N. n

Lemma 3.6. Let X be an infinite dimensional real unital Abelian Banach algebra satis-
Jying Q(X) # 0 and

inf{r(z)x 1z € X, ||z|| =1} > 0,
and let xo be an element in X with infinite spectrum. Assume that there exists a bounded

sequence {yn} in (xo) which contains no convergent subsequences and such that {T(yn) :
T € Q(Z)} is finite, for each n € N, where

k
Z = {Zaimé keN, oy ER}.

=0

Then there exists an element zy € {(xo) such that {T(z0) : 7 € Q(Z)} is equal to
{0,1,3,2,3,..} or {0,1, 5,3, %, ..}.

Proof. Tt follows form Lemma 3.2 and Lemma 3.3 that Z is an infinite dimensional real
unital Abelian Banach algebra with Q(Z) # () and homeomorphic to Cg(2(Z)). Assume
that there exists a bounded sequence {y,} in (x¢) which contains no convergent subse-
quences and such that {7(y,) : 7 € Q(Z)} is finite, for each n € N. From the proof of
Lemma 2.10 (ii) in [6], we have

Q(Z) = (UHENGH) UF,
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where F is a closed set in Q(Z), Gy, is closed and open for each n € N, and {F, Gy, Gs, ...}
is a partition of Q(Z). Define 7 : Z — R by

k
TZ(Z aTh) = ag,
i=0

for each Z?:o a;zb € Z. So 77 € Q(Z). There are two cases to be considered. If 77 is in
F, define ¢ : Q(Z) — R by

1, ifredGy,
Y(r) =41, ifreGpn=>2,
0, ifrekF.

If 77 is in G,,,, for some ng € N, without loss of generality, we may assume that ng = 1,
define ¢ : 2(Z) — R by

0, if 7 e Gy,
P(T) = "T_l, ifreG,,n>2,
1, if T e F.

For each case, the inverse image of each closed set in ¥(2(Z)) is closed, so ¢ € Cr(Q(Z)).
Let ¢ : Z — Cr(Q(Z)) be the Gelfand representation. Therefore, ¢ ~!(1) is an element
in Z. Write 29 = ¢ '(¢)). Then {r(20) : 7 € Q(Z)} is equal to {0,1,3,2,3,...} or
{0,1,3, %, %, ...}. Moreover, z € (zo) since 7z(z0) = 1(7z) = 0. m

Lemma 3.7. Let X be an infinite dimensional real unital Abelian Banach algebra satis-
fying Q(X) # 0 and the following conditions:

(i) If z,y € X is such that |7(z)| < |7(y)l|, for each T € Q(X), then ||z| < ||yl

(i) inf{rx(z) :z € X, ||z|| =1} > 0.

Let zg be an element in X with infinite spectrum, and let x € (xo)r with (T)71{1} # 0,
and 0 < 7(z) <1, for each 7 € Q(Z), where

k
Z = {Zaixé keN, oy GR}.
i=0

Define
E={z¢€(x0): 0<7(2) <1 for each T € UZ), and 7(2) =1 if T € A},
where A = (Z)"'{1}, and define T : E — E by
Z Xz,

Then E is a nonempty bounded closed convex subset of (x¢) and T : E — E 1is a nonez-
pansive mapping.

Proof. Obviously, FE is closed and convex. FE is nonempty since x € E. From Lemma 3.1,
we have

inf{rz(z):z € Z,|z| =1} > 0.
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If z € E, then
inf{rz(z):z € Z,||z|| =1} = inf{||Z||cc,z : € Z, ||z| = 1}

()

< .
||Z|| — inf{TZ<33) S 27 H.’E” = 1}

< —.

1
z||
o0,

Then, for each z € E,

Therefore, FE is bounded.
Let w € Q(X), and let 2,2’ € E. Note that the restriction wy; of w on Z is in Q(Z2).
Then

lw(Tz —T2)| = |wz(Tz—TZ)|,
= |wiz(zz — z2)|,
= lyzallorz(z - 2l
< |wiz(z = &),
= |w(z — ).

From (i), we have
1Tz = TZ'|| < |z = &/||.

So T is nonexpansive. [

4. MAIN RESULTS
We now present the main theorem.

Theorem 4.1. Let X be an infinite dimensional real unital Abelian Banach algebra with
Q(X) # 0, and let X satisfy the following conditions:

(i) If x,y € X is such that |7(z)| < |7(y)|, for each 7 € Q(X), then |z| < ||yl

(i) inf{rx(z) :z € X, ||z|| =1} > 0.

If zy is an element in X with infinite spectrum, then the closed subalgebra

ko
(mo) = {Zaixf) ckeNa; € R}

i=1

does not have the fized point property.

Proof. From Lemma 3.2, (o) and Z are infinite dimensional real Abelian Banach alge-
bras, where

k
Z = {Zaixé keN, oy GR}.

i=0
Note that Q(Z) # 0 since Q(X) # 0.
From Lemma 3.5, there exists a sequence {z,} in {x¢) such that, for each n € N,
{7(zn) : 7 € QZ)} C [0, 1],

and {(z,)"1{1}} is a sequence of nonempty pairwise disjoint subsets of Q(Z).
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Let A, = (z,)"'{1}, and define 7,, : E,, — E,, by
Tz,
where
E,={z€(x9): 0<7(z) <1lforeach 7€ Q(Z), and 7(z) =11if 7 € 4, }.

From Lemma 3.7, T,, : F, — E, is a nonexpansive mapping on the bounded closed
convex set F,,, for each n € N.

Assume to the contrary that (xg) has fixed point property. So T, has a fixed point,
for each n € N. Let y,, be a fixed point of T},, for each n € N. We have y,, = z,y,, hence
Un = Znln, and then

_ 0, if 7 isnotin A,,
1, if7isin A,,

for each n € N. It follows that ||gm — Unlleo,z = 1, if m # n, since Ay, Ay, As, ... are
pairwise disjoint. Then {¥,} has no convergent subsequences. From Lemma 3.3, Z and
Cr(©2(Z) are homeomorphic, so {y,} has no convergent subsequences. Note that {y,}
is in (xo). It follows from Lemma 3.6 that there exists an element zy in (zo)r such that
{r(20) : T € QZ)} is equal to {0,1,3,2,2, ..} or {0,1,%,%,1,..}.

Write Ag = (Z9) {1}, define Ty : Ey — Ey by

T = 20,
where
Ey={x € (xg): 0<7(x) <1foreach 7€ Q(Z), and 7(z) = 1if 7 € Ap}.

It follows from Lemma 3.7 that T is a nonexpansive mapping on a nonempty bounded
closed convex subset Ey in (zg)r. So Tp has a fixed point in Ey, say yo. There are two
cases to be considered.

Case(1) {r(z0) : 7€ Q(Z} ={0,1,3,2,3, ..} :
We have g = Zy9p since yq is a fixed point of Ty. Then

20
if 7 is not in Ay,
if 7isin Ap.

Therefore,
(%)~ {1} = (20) {1} = Ao

and

A2\ Ao = (7)"{0) = | ((@r

n
1)
It follows from

123

2y
that {(ZAO)’l{nLH} in € N} U {(2)7*{0}} is a nonempty pairwise disjoint open covering

{r(20) : T € Q(Z)} =1{0,1,

of the compact set Q(Z)\ Ag, which is a contradiction.
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Case(2) {7(20) : 7 € Q(2)} ={0,1, 3,

C~\>—\
=
——

Define T : E — E by
l+x— (1—20)(1+x),
for each 1 + z € E, where

E={14x€l+(xg): 0<7(14+x)<1foreach 7€ QZ), and 7(1+2)=1if 7 € A},
where A = (1/—\20)’1{1}. Then
{Tl—2) : 7€ Q(2)} ={0,1,
Define S': Z — Z by

w\m
Hk\w
—

1
12’

Atz (=A+1)+z.
Note that S? is the identity mapping. It follows that ST'S : S(E) — S(FE) is a nonexpan-
sive mapping on a nonempty bounded closed convex subset S(E) of (zo).
Since (zo) has the fixed point property, so ST'S has a fixed point. Then T has a fixed
point, say 1 4+ yo. Therefore,

o= { e
Then o
(THy) {1} =(0—-2) {1} =4
and .
QZN\A = (1 +y0) {0} = T—2) H{—1).
w0 = U ()
From 5 3
{T(].—Z()):TGQ(Z)}:{O,I, 75717 }7

is a nonempty pairwise disjoint

—— DN =

we have {(1/—70)—1{#1} ‘ne N} U {(1 ~Z0)~H0}
open covering of the compact set Q(Z)\ A, which is a contradiction.

So we conclude that (zg) does not have the fixed point property. (]
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