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1. INTRODUCTION

Let C' be a nonempty, closed and convex subset of a real Hilbert space H, then the
Quasi-Variational Inclusion Problem (in short QVIP) (see [1, 2]) which generalizes the
classical Varaiational Inequality Problem (VIP) introduced by Stampacchia [3] is to find
u € H such that

0 € D(u) + M(u), (1.1)
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where D : H — H is a single-valued nonlinear mapping and M : H — 2 is a multivalued
mapping.

As applications, a number of problems arising in structural analysis, mechanics and eco-
nomics can be studied in the framework of this kind of variational inclusion (see [4]).
The QVIP can be applied to solve several other optimization problems, (see [5—16]). We
denote by VI(H, D, M) the solution set of (1.1).

Let C be a nonempty, closed and convex subset of a real Hilbert space H, a point p € C
is called a fixed point of a mapping T : C — C, if Tp = p. We denote by F(T'), the set
of all fixed points of T'.

Definition 1.1. A nonlinear mapping M : H — H is called
(i) nonexpansive, if

Mz — Myl <[z —yl|, V 2,y € H;
(ii) quasi-nonexpansive, if p € F(T) and
Mz —pl| <|lz —pll, Vo e H;
(iii) monotone, if
(Mx — My,x—y) >0, Va,y€ H,
(iv) a-strongly monotone, if there exists a constant o > 0 such that
(Mz — My, x—y) > allz —y|[*, ¥ o,y € H;
(v) a-inverse strongly monotone (ism), if there exists a constant @ > 0 such that
(Mz — My,z —y) > of||[Mz — My|]*, V 2,y € H.

A multivalued mapping M : H — 2 is called maximal monotone, if it is monotone and
if for any (z,u) € H x H , (u —v,x —y) > 0 for every (y,v) € Gra(M) (the graph of
mapping M) implies u € Mz and v € My.

Definition 1.2. Let T : H — H be a mapping with F(T) # 0, then T is called k-
demimetric if there exist k € (—o0, 1), for any € H and ¢ € F(T) such that

1-k

(x —q,x —Tx) > ||z — Tx||?. (1.2)
Equivalently, T" is k-demimetric, if there exists k € (—o0o, 1) such that

[Tz —q|> < ||z — q||* + k|]|x — Tx||*, Yo € H and q € F(T).
Below is an example of a demimetric mapping in Hilbert spaces.

Example 1.3. Let H = R (the real line with usual metric). Define T : R — R by

%gx, 0<z<1,
T(x) =

0, otherwise.

Clearly, F(T) = {0}, and k = 1—71 Hence, we have that T is %-demimetric mapping.
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Example 1.4. [17] Let H be the real line and C = [—2, 1]. Define
z+9
1
10 ’ E [O’ ]’
Tx =
3+
-2,0).
4 ? e[ ? )

Obviously, F(T) = {1}. We will show that there exists § € (—o0,1) such that
Tz — 1> < |z — 11> + 8|z — Tz, Vo e [-2,1].

Consider the following two cases:
Case (i): Let « € [0, 1], then

+9)2 2 81
-7 2:‘_33 ‘:‘— —1‘ — |z —1]°.
o= Tal” = o = = A T
Also
2 z+9 ‘2 1 9
—12 = |22 —1
[Te -1 B0 100~
99
— _12_7 _12
S B Tl
99 81
— _12_7 o _12
=1 81X100x |
< —112 494 —1)?
L
for any &; € [—22,1). Hence [Tz — 1> < |z — 11> + 61|z — Tz|?.
Case (ii): Let x € [—2,0), thus
3 2 3(z—-1)12 9
o=l 24] B By
Then
3+ 2 x—1)2 1
Tz —1 1 1 ele =1
15
= \x71|2——|z71|2
16
15 9
= jz-1P - ==z -1
9 16
9
< =124 bz —1)?
R
for any d, € [-+2,1). Hence |Tx — 1| < |z — 1|* + 61|z — Tx[>. In particular, choose

d = min{dy,d2}. Thus7 T is —%—demimetric.

According to (1.2), it has been proved that a k-strict pseudocontraction T' with F(T') # ()
is k-demimetric and an a-generalized hybrid mapping T with F'(T) # ) is 0-demimetric,
see [18].

In 2018, Chen and Lee [19] proved the following strong convergence theorem for approx-
imating a common solution of quasi-variational inclusion and fixed point problems of
nonexpansive mapping in the framework of real Hilbert spaces as follows:



1568 Thai J. Math. Vol. 18 (2020) /H. A. Abass et al.

Theorem 1.5. Let H be a real Hilbert space, A : H — H be an a-ism mapping, M :
H — 2" be a mazimal monotone mapping and S : H — H be a nonexpansive mapping.
Suppose that the set F(S)NVI(H,A,M) # 0. Suppose vo = x € H and {z,} is the
sequence defined by

Tnt1 = @n + (1 — ) Syn;
Yn = JM,)\(xn — )\A!En);

where X € (0,2a] and a, is a sequence in [0,1] satisfying the following conditions:
(i) im0, = 0 and -0 ) a = 00;

(1) D207 o lomg1 — o | < .

Then {x,} converges strongly to Pp(s)nvi(m,A,m)To-

Also, recently Takahashi, Wen and Yao [20] introduced a shrinking projection method
for approximating solution of a finite family of demimetric mappings together with a
variational inequality problems in a real Hilbert space. They proved the following strong
convergence theorem:

Theorem 1.6. Let C' be a nonempty closed and covexr subset of a real Hilbert space H.
Let {k1,....km} C (=00,1) and {p1, ..., um} C (0,00). Let {T;}72; be a finite family of
kj-demimetric and demiclosed mappings of C into H and let {B;}X| be a finite family
of pi-ism mappings of C into H. Assume that N7, F(T;) N (N1, VI(C, B;)) # 0. Let
x1 € C and Cy, = C, then {x,} is a sequence generated iteratively by

Zn = Z;n:1 gj((l = A + /\nTj)xna

wy, = S0, 03 Pe(I = 1,Bi)tn;

Yn = QnTn + Pnzn + InWn;

Crny1 ={2 € Cn :[lyn — 2|[ < [z — 2[|1
Tny1 = Po, 10, VN EN;

where a,b,c € R, {\,}, {m} C (0,00), {&1,--,&m}, {01,-y0m} C(0,1) and {an}, {Bn},
{7} C (0,1) satisfy the following conditions:

(i)0<a<X, <min{l—ky,...1 —kp}, 0<b<mn, <2min{y,..., un};

(1) 3518 =1 and 370 0 = 1;

(iii) 0 < ¢ < ay, B, Yo < 1 and o + By +vn = 1.

Then {zn} converges strongly to a point zo € MLy F(T;) N (ML VI(C, B;)), where 20 =
Pog pery)n(oi, vi(e,Bi) 21

In 2009, Chakkrid and Suantai [12] introduced an iterative algorithm to a common element
of the set of fixed points of nonexpansive mapping and the set of solutions of the VIP
for the ism mapping which solves some VIP. They proved a strong convergence result for
approximating solutions of the aforementioned problems.

Motivated by the works of Takahashi et. al [20], Chen and Lee [19], Chakkrid and Suantai
[12] and other related works in literature, we introduce an Halpern iteration process
for approximating solutions of quasi-variational inclusion and fixed point problems of
demimetric and quasi-nonexpansive mappings in the framework of real Hilbert spaces.
A strong convergence result for approximating solutions of the aforementioned problems
was proved. We gave some consequences of our main result and also present a numerical
example to display the applicability of our main result. The result presented in this paper
extends and complements some related results in literature.
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2. PRELIMINARIES

We state some known and useful results which will be needed in the proof of our
main theorem. In the sequel, we denote strong and weak convergence by ”—” and ”—",
respectively.

Let C be a nonempty, closed and convex subset of a real Hilbert space H. For every point
x € H, there exists a unique nearest point in C, denoted by Pcx such that

Iz — Peal| < |le —yll, Vy € C.

Pc is called the metric projection of H onto C' and it is well known that P is a nonex-
pansive mapping of H onto C' that satisfies the inequality:

[Pox — Poyl| < (x —y, Pox — Poy).
Moreover, Pox is characterized by the following properties:
(z — Poa,y — Pex) <0,
and
|z —yl[* > |lz — Poa|[® + |ly — Pea||?, Yo € H, y e C.

Definition 2.1. Let @ be a convex subset of a vector space X and f: Q — RU {+oco}
be a map. Then,
(i) f is convex if for each A € [0,1] and =,y € Q, we have

fQz+ (1= Ny) <Af(x) + 1= A)f(y);
(ii) f is called proper if there exists at least one = € @ such that
f(@) # 4o0;

(iii) f is lower semi-continuous at xg € Q if
f(zo) < liminf f(x).
T—To

Definition 2.2. A single-valued mapping A : H — H is said to be hemi-continuous, if
for any x,y,z € H, the function t — (A(z + ty), z) is continuous at 0.

Lemma 2.3 ([19]). Let H be a real Hilbert space, then u € H is a solution of variational
inclusion (i) if and only if u = Jyr,,(u — pDu) ¥V p >0, i.e

VI(H,D, M) = F(Jy,(I - pD)), ¥ p > 0.
Also, if p € (0,2a], then VI(H, D, M) is a closed convex subset in H.

Lemma 2.4 ([19]). (i) The resolvent operator Jur,, associated with M is single-valued
and nonexpansive for all p > 0.
(i) The resolvent operator J, is 1-ism i.e.

1 Tat(@) = Tare WP < (& =y, Taap(x) = arp(y)), ¥,y € H.
Lemma 2.5. Let H be a real Hilbert space, then the following inequalities holds:

(i) I+ 9l < [lall* + 20,7 +4). o
(i) 2(e.9) = [lall* + [yl = o =3I = lJo + I = JalP* = |pIP>. ¥ 2.y € H.
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Lemma 2.6 ([21]). Let H be a real Hilbert space, and T : H — H be a quasi-nonexpansive
mapping. Set T, = ol + (1 — @)T for a € [0,1). Then the following holds, for all
(x,p) € Hx F(T).

(i) | Toiz — 912 < [l — pII? — (1 — )| — ] 2.

(i4) F(T,) = F(T).

Lemma 2.7 ([22]). Let H be a real Hilbert space and let n be a real number with n €
(=o00,1). Let T : H— H be an n-demimetric mapping. Then F(T) is closed and convex.

Definition 2.8. Let T': H — H be a mapping, then I — T is said to be demiclosed at the
origin if for any sequence {z,} in H, the conditions z,, — z and lim,,_, ||z, — Tx,|| = 0,
imply x = Tx.

Lemma 2.9 ([23]). Let X be a real Banach space with X* its dual. Let T : X — 2% be
a maximal monotone mapping and P : X — X™* be a hemicontinuous bounded monotone
mapping with Dom(T) = X. Then the mapping S = T + P : X — 2% is a mazimal
monotone mapping.

Lemma 2.10 ([19]). Let H be a real Hilbert space and A : H — H be an a-ism mapping,
then

(i) A is an é-Lipschitz continuous and monotone mapping,

(ii) If X\ is any constant in (0,2q], then the mapping I — AA is nonexpansive, where I is
the identity mapping on H.

Lemma 2.11 ([24]). Let H be a real Hilbert space, and T : H — H be [3-strict pseudo-
contractive mapping. Then I — T is demiclosed at the origin.

Lemma 2.12 ([25]). Assume {a,} is a sequence of nonnegative real numbers such that

ant1 < (1 —op)an + 040,, n >0,

where {op} s a sequence in (0,1) and {6,} is a real sequence satisfying
(i) >on=y on = 00,

(ii) imsup,, . 8, <0 or 37 |o,0,| < c0.

Then lim,,_,oo a,, = 0.

3. MAIN RESULTS

Theorem 3.1. Let C be a nonempty closed and convex subset of a real Hilbert space H,
and D : H — H be an p-ism. Let M : H — 2H be a mazimal monotone mapping and
T : H — H be a quasi-nonexpansive mapping. For {&Y,, let {S;}, : H — H be
a finite family of &;-demimetric mappings such that S; — I is demiclosed at the origin.
Suppose A := N F(S;))NF(T)NVI(H,D,M) # 0, then the sequences {y,},{un} and
{zn} generated iteratively for xo € C and a fixred u € C by

Yn = I p(Tn — pDxy,);
Tnt1 = (1 — apn — ty)up + anTuy, + tyu;

where p € (0,2u], {an} is a sequence in (0,1), {t,} is a sequence in (0,1 — a) for some
a > 0 satisfying the following conditions:
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(i) >, 0y =1 and liminf,_,. 6, ; > 0,
(ii) limy, oo t, =0 and Y | t, = o0;
(it3) 0 < liminf a 0o < lmsup ay oo < 1.

Then, the sequence {x,} converges strongly to an element p = Pau, where Pa is the
metric projection of H onto A.

Proof. For any given p € A, p € (0,2u] and Lemma 2.3, we have that p = Jas,,(p— pDp).
Moreso, by applying Lemma 2.10, it is clear that 1 — pD : H — H is nonexpansive.
Hence, we have that

[[yn — pll = | Tm,p(xn — pDxy) — Jar,,(p — pDp)||
< ||#p — pDay, — (p — pDp)||
<|lzn —p|| ¥ n >0. (3.2)

From (3.1) and applying the convexity of ||.||?, we have

-6
2

m
tn = pII> = llyn + > On.i (Si = Dyn — pl?

i=1

<3 nillgn + =2 (Si — Dy — 72
=1

2

1-&
Oni(|lyn — pl* + (T)Q\I(Si — Dynll?

M-

.
I

1-¢&
2

+

2( )(Yn — p, (Si — I)yn>)

1-&
On,i(llyn — plI* + (T)QH(Si — Dyal?

.

i=1
1-& 1-6&
~2(A S E (S~ Dl
m 1 2
<1 = 3000 S 05— Dl
=1
< [lyn —plI* (3.3)

Hence, we have from (3.2) and (3.3) that

l[un = Il < [lyn — pll
< zn — pl| (3.4)
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Using (3.1), (3.4) and utilizing the convexity of ||.||?, we have
l|[Zni1 —plI? = [|(1 = an — tp)un + anTuy, + tyu — pl|?

=l = an — ta)(un = p) + an(Tup — p) + tn(u — p)|]”
< (1= an = to)llun = pII® + anl|Tun — pl* + tallu — pl|?
< (1= an — to)llun = pl* + anllun — plI* + tnlu - pl|*
= (1= to)l[up = pl[?* + tullu —pl®
= (1= to)llzn — plI* + tallu — pl|?
< max{[z, — pl|? [Ju - pl|*}

< max{[[zy — p|| [Ju — p|*}.

Therefore, {x,} is bounded. Consequently, {y,}, {u,} and {Tu,} are all bounded.

Now using (3.3) and (3.5), we have that
|41 = pII* = (1 = ta)[Jun — pl[* + ta||lu — p||?
—~, (1-6)
< (1 =tu)llyn _pH2 —(1—ty) Zen,iTz”(Si - I)ynHQ
=1

+ tnllu —p|?
< tnllu— pl[* + (1—t )len—prn—(p—pr)||2
(I—tn) Zanz ||( ;= Dyal®
Sthu*sz +(1—tn) {H«’En*PHZJrP(P*?/LNlDCCn*Dp||2}

m

(1—ty) Zenz ||( _I)ynHQ

=tn HU—PH2 (1—75 )||9€n—P||2+(1—lﬁn)p(P—Qu)|lDﬂﬂn—DP||2

We divide our proof into two cases.

(3.6)

Case 1: Assume that {||z,, — p||?} is a monotonically non-increasing sequence. It then

follows that {||z, — p||*} is convergent and hence

lzn = pll = [|l#ns1 —pl| = 0, n = oo.
From (3.6), conditions (ii) and (iii) of (3.1), we have that

(1= tn)p(21 = p)l| Dy — Dp||* < tllu—pl* + (1 = tn) l2n = plI* = [J2nsa
which implies that

lim [[Da, — Dp|| = 0.

_p||27

(3.7)
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Also, using (3.6), conditions (i), (ii) and (iii) of (3.1), we have that
T S~ Dl = 0. (5)
Indeed from Lemma 2.4, we obtain that
Iy = pI* = I1Ja0,0(2n = pD0) = Jar,o(p — pDp)
< (¥n — pDan = (p = pDp), Y — 1)

I

1
= 5{”% — pDz,, — (p — pDp)|I* + |lyn — p|?
—||#n — pDzy — (p — pDp) — (yn — p)|1*}

1
< 5{”3371 _pH2 + Hyn _p”2 - ||$n — Yn — p(Dzyy — Dp)Hz}

= 2l = I+l = I =l —
+2p(xp — Yn, Dy — Dp) — p°|| Dan, — Dp|*}. (3.9)
Hence,
yn = pII* < 2 = plI* = llzn = yall® + 2p(2n = yn, Den — Dp)
— p?||Dz,, — Dp))*. (3.10)
From (3.1) and (3.10), it is clear that
a1 =l < (1= ta)llyn — oI + tollu — pl|?
< (1 =ta)[[[zn = plI? = [lzn — ynll?
+2p(2p — yn, D — Dp) — p*||Dan — Dpl*] + tullu — p||?
= (1= to)llzn = plI* = (1 = to)llzn — ynll?
+2(1 — tn)p{xy, — Yn, Dxy, — Dp)
— (1= t)[| D — Dpl® + tllu — pl. (3.11)
We have from (3.11) that
(1= tu)llzn = ynll® < (1 = ta)llzn — pl* = [lzns1 = plI* = p*(1 = t)|| D2y, — Dpl|?
+2(1 = t)p(@n — Yn, D — Dp) + to|ju — p||*. (3.12)
Using (3.12) and condition (ii) of (3.1), we obtain that
lim ||z, — yn|| = 0. (3.13)
n—o0
By applying Lemma 2.6 (i) and Lemma 2.5, we get
enss = PI2 = 111 = ) (tn — ) + an(Ttin — ) + up — )
(1 = )t — ) + o (Tt — DI + ]t —
+ 2t (p — U, (1 — an)(tp — p) + an(Tu, — p))
< lun = pl* = @n (1 = an)||Tun — unl* + €3 [Jun — pl|?
+ 2t (p — tn, (1 — o) (up — p) + o (Tun — p))
< lzn = pl* = an (1 — an)||Tun — uy|f?

+ tn [tnllzn— pl*+ 2(0— un, (1= ) (up— PI+ o (Tun—p))].  (3.14)

17
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From (3.14), we have that
(1 = an)||Tun — un||* < ||z = plI* = [|#ns1 — pII* + o [tnl|zn — pl?
+2(p — un, (1 — ) (up — p) + an(Tuy — p))].
From condition (ii) and (iii) of (3.1), we have that
lim ||Tu, — uy]| = 0. (3.15)

n—oo

From (3.1) and (3.8), we have that
[lun —y \|<i9 ﬁHSy —yn|l = 0,a8 n = 00 (3.16)
n n — — n,t 2 1IN n b) M *

Using (3.13) and (3.16), we have that

[lun, — znll < tn — ynl| + ||2n — ynl] = 0, as n — oco. (3.17)
Also, using condition (i) of (3.1) and (3.17), we have that

nhﬁ\rr;o [|Zn+1 — xn|| = 0. (3.18)

Since {z,} is bounded, there exists a subsequences {z,,} of {x,} that converges weakly
to x* € H. Consequently, from (3.13) and (3.17), we also have subsequence {y,,} and
{un; } which converges weakly to * € H. By (3.16) and the demiclosedness principle of
T — I, we get that z* € F(T). Now, from (3.8) and the demiclosedness of S; — I at the
origin, we also get that «* € N2, F'(S;).
Next, we prove that «* € VI(H, D, M).
Since D is p-ism, it follows from Lemma 2.10 that D is an é—Lipschitz continuous mapping
and Dom(D) = H. By applying Lemma 2.9, we have that M + D is maximal monotone.
Let (a, f) € Gra(M + D), i.e.f — Da € M(a). Now, since we have that y,, = Jar p(zn, —
pDzxy;), then x,,, — pDxy,, € (I + pM)(yn,) which implies that ' '

1

;(-rnj —Yn; — prTLj) € M(ynj)
Using the fact that M + D is maximal monotone, we have

1
<a—ynj,f—Aa— ;{.’L'nj — Yn; _ponJ}> > 07
and so
1
(@ =yn;, [) = (@ = yn;, Da + ;{wnj —Yn; — pPDxp, })

1
= <a_ynj7Da_Dynj +Dyn3 _Dxnj +;{-Tnj _yn3}>

>0+ (@~ Yn;, Dyn, — Dxp;)
(0= sl = 9, ) (3.19)
From (3.13), we have that
lim ||Dz,, — Dy,,|| = 0. (3.20)

n—roo
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Using the fact that y,, — 2* and substituting (3.20) into (3.19), we have

hm <a_yn]‘7f> = <a_x*af> > 0.

J]—00

Since A + M is maximal monotone, this implies that 8 € (M + D)(z*) i.e. 2* €
VI(H,M, D). Hence, we conclude that z* € Q =N, F(S;)NF(T)NVI(H, M, D).
Now, we prove that {z,} converges strongly to z*. From (3.1), we have

l|Zner — %2 = ||(1 = an — tp)tn + anTup + thu — z*||?
=|(1 = an — tn) (un — ) + o (Tuy, — %) + to(u — %)
<A = an — tn)(un — %) + an(Tuy — )|
+ 2t (Tpt1 — 25 u — ™)
2
< [(1 = — t)|[un — || + || Tupn — $*||]
+ 2t (Tpt1 — ¥ u — )
< (1 —t)|un — || 4+ 2tp (w1 — 2%, u — x*)
< (1 —to)||on — 2|2 + 2t Ty — 2%, u — ). (3.21)
Since x, — z*, then (x,41 — 2*,u — 2*) — 0. Using Lemma 2.12 in (3.21), we obtain
that ||z, — z*|| = 0, as n — oo. Therefore, {z,,} — z* € Q.
Case II: Assume that {||x,, — 2*||*} is not a monotone decreasing sequence. Set I',, :=

|z, —2*||? and let 7 : N — N be a mapping defined for all n > ng (for some large enough
no) by

7(n) :=max{k € N: k <n,T) <Tpi1}.
Clearly, {r(n)} is a non decreasing sequence such that 7(n) — co. Hence,
F‘r(n) < 1_“r(n)Jrlv for n > ng.

Tt follows from (3.6) that

(1 —trm)) 29 n)z ) 1(Si = Dyr(mI?

< tellu—a*|* + (1 - t‘r(n))Hx‘r(n) - ||2 — s @y+1 — "%
Hence, we have from conditions (i) and (ii) of (3.1) that

T(n)—

Following the same manner as in case 1, we can show that

lim ||Dz;(,) — Dpl|| = 0. (3.22)
7(n)—o00
and

7(n)—oo
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Now, for all n > ng, we have from (3.21) that
0< HwT(n)-&-l - x*HQ - HwT(n) - :C*H2
< (A = trm)*lterny = 2*|* + 2tr (o) (Tr ()11 — 255 u — %) — ||zr () — =¥

< (= tyu)l@rimy = @12+ 2y (Trmy i1 — 271 = &) = [y ) — ||

Thus,
||x7’(n) - x*HQ < 2<$’ﬂ+1 - x*,u - $*> — 0.
Hence,
li ~n) — ¥ = 0.
Therefore,

lim T,;,y= lim T ., =0.
7(n)—oo (n) 7(n)—o0 (n)+1
More so, for n > ng, it can be seen that I';(,y < I'z(5)41 if n # 7(n) ( that is 7(n) < n)
because 'y, > ['jyq for {7(n) + 1} < k < n. Consequently for all n > ny,

0 <T, <max{T'r(n),Crmy+1} = Lrnys1-
So, lim,, oo I'y, = 0. Hence, {z,} converges strongly to z* € Q. n

Remark 3.2. The problem discussed in this paper extends work of Takahashi, Wen and
Yao [20] in the sense that variational inequality problem is a special case of problem (1.1)
discussed in this paper. Moreso, the mappings considered in this paper generalizes the
one considered by Lee and Chan [19].

Remark 3.3. The iterative scheme considered in this article has an advantage over the
one considered in [20] in the sense that we do not use any projection of a point on
the intersection of closed and convex sets which creates some difficulties in a practical
calculation of the iterative sequence. The Halpern iteration considered in this article
provides more flexibility in defining the algorithm parameters which is important for the
numerical implementation perspective.

Corollary 3.4. Let C be a nonempty closed and convex subset of a real Hilbert space H,
and D : H — H be an p-ism. Let M : H — 29 be a mazimal monotone mapping and
T : H — H be a quasi-nonexpansive mapping. Suppose A := F(T)NVI(H,D,M) # 0,
then the sequences {y,} and {x,} generated iteratively for xo € C and a fixred u € C by

{yn = JM,p(xn - prL'n)a

(3.24)
Tn+l = (1 — Oy — tn)yn + anTyn + tnu§

where p € (0,2u], {an} is a sequence in (0,1), {t,} is a sequence in (0,1 — a) for some
a > 0 satisfying the following conditions:

(i) limy, oot = 0 and Y2 | t, = 00;
(i) 0 < liminf e, < limsup o, < 1.

Then, the sequence {x,} converges strongly to p = Pau.
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4. APPLICATION AND NUMERICAL EXAMPLE

4.1. VARIATIONAL INEQUALITY PROBLEM

Let C be a nonempty closed and convex subset of H and D : C — H be a mapping.
Recall that the classical variational inequality problem is to find = € C such that

(Dz,y—2x) >0, VyeC. (4.1)

We denote by VI(C, D), the solution set of (4.1). It is known that z is a solution set of
(4.1) if and only if z is a fixed point of the mapping Po(I — AD), where I denotes the
identity on H. Let i¢ be a function defined by ic(x) =0, z € C andic(z) =00, 2 ¢ C. It
is easy to see that i¢ is a proper, convex and lower semicontinuous function on H, and the
subdifferential dic of ic is maximal monotone. Define the resolvent J;., , = (I 4 pd;. )"
of the subdifferential operator 0;,. Letting z = J;, ,y, we have that

yex+pli.xeycr+pNex & v = Py,

where Nox :={e € H : (e,v — ) ¥ = € C}. On substituting M = 9;, in Theorem 3.1,
we have the following result.

Theorem 4.1. Let C' be a nonempty closed and convex subset of a real Hilbert space
H, and D : H — H be an p-ism. Let T : H — H be a quasi-nonexpansive mapping.
For {&}, let {S;}", : H— H be a finite family of &-demimetric mappings such that
S; — I is demiclosed at the origin. Suppose A := N F(S;)NF(T)NVI(C,D) # 0, then
the sequences {yn}, {un} and {x,} generated iteratively for xq € C and a fized u € C by
Yn = PC(xn - prn)7
Up = Yn + Z?ll en,ll%&(sz - I)yrﬁ (42)
Tpae1 = (1 — ap — tp)up + o Tuy, + thu;
where p € (0,2u], {an} is a sequence in (0,1), {t,} is a sequence in (0,1 — a) for some
a > 0 satisfying the following conditions:
(i) S0 0y =1 and liminf, o 0, ,; > 0,
(ii) limy, o0 t, = 0 and Y 7, t,, = o0;
(i4i) 0 < liminf a5 00 < limsup ay,e0 < 1.

Then, the sequence {x,} converges strongly to p = Pau.

4.2. NUMERICAL EXAMPLE

Example 4.2. Let H = R, the set of all real numbers, with inner product defined by
(x,y) =2y ¥V z,y € R, and induced usual norm |.|. Let M(z) = {3z} ¥V € R and define
D:R— Rby D(z) =z +6 with 4 = 1. Suppose S(z) = F2z, V z € R with £ = L and

T(z) = 2z, with F(T) = {0},V « € R, then let a,, = 2(’;:;11) and t, = m, then (3.1)
becomes

Uy = 167431’,1;

Un = Yn + Doty On i 252 (Si = Dy

_  n+1 n+1 tn
Lntl = 30t2) T 3(nt2) T 2m42)"

Case 1: 1 = (2, )T, u=(-1,3)T.
Case 2: 1 = (—0.2,-1)T, u = (-1,1)T.
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Case 3: 1 = (1,2)T, u=(4,1)T.
Case 4: z1 = (400,100)T, u = (300,100)7.
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