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1. INTRODUCTION AND PRELIMINARIES

In 1930 Kuratowski [1], introduced the measure of non-compactness a(S) where S is
a bounded subset of a metric space X. This notion was used effectively in the definition
of a Hausdorff measure of non-compactness, x(5), see e.g. [2] and the references therein.
One of the main aim of this paper is to derive best proximity point results for certain
mappings, by using the concept of a measure of noncompactness.
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We shall present some definitions, notations and results which will be needed in the
sequel. Throughout this paper, the letter E represents an infinite dimensional Banach
space. The symbols ¢6(C) denotes the closure of convex hull of C C E, which is the
smallest closed and convex set that contains C'. Furthermore, the expressions 9z and
g indicated the family of nonempty bounded subsets of £ and the subfamily consisting
of all relatively compact subsets of F, respectively.

A function ¢ : [0,00) — [0, 00) is called an altering distance function [3] if the following
properties are satisfied:

(1) 4 is nondecreasing and continuous;

(2) v=1(0) = 0;

(3) ¥(t) <tfort>0.
The class of all altering distance functions will be denoted by W. Also, by ® we denote
the class of all continuous and nondecreasing functions ¢ : [0,00) — [0,00) such that
o(t) >0 for all t > 0.

A mapping F : [0,00)? — R is called C-class function [1] if it is continuous and satisfies

the following axioms:

(1) F(s,t) <s;

(2) F(s,t) = s implies that either s =0 or ¢t = 0; for all s,¢ € [0, 00).

We denote C-class functions as C, for short.

Definition 1.1 ([5]). A mapping p: Mg — [0,00) is said to be a measure of noncom-
pactness in E if it satisfies the following conditions:

0 # Kerp :={X € Mg : u(X) =0} CNg.

XCY = pX)<p®).

1(X) = p(coX) = p(X).

pAX + (1= N)Y) < u(X) 4+ (1 = X)p((Y) for A € [0,1].

If (X,) is a sequence of closed sets in Mg such that X,,11 C X,,, for each
positive integer n, and if lim, oo u(X,) = 0 then the intersection set X, =
N,~; X, is nonempty.

The family Keru described in (A1) is said to be the kernel of the measure of non-
compactness pu. Note that the intersection set lies in # Ker, that is, X, € Kerpu, since
(X)) < pu(X,,) for any n.

The following is one of the pioneer results in the direction of finding fixed point via the
measure of non-compactness and it extend the well-known Schauder fixed point theorem.

Theorem 1.2 ([5]). Let C be a nonempty, bounded, closed, and convex subset of a Banach
space E and let T : C' — C' be a continuous mapping. Assume that there exists a constant
k € [0,1) such that

w(T(X)) < ku(X),
for any subset X of C, then T has a fixed point.
Definition 1.3. Let X be a Banach space. We say that X is strictly convez if the
following implication holds, for all z,y,p € X and R > O:
|z —pll <R,
ly—pll <R, = |
TFY

Tty
2

—pl <R
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Let A and B be two nonempty subsets of a normed linear space Y. The pair (A, B)
satisfies a property if both A and B satisfy that property. So, we say that (A4, B) is closed
if and only if both A and B are closed; (A, B) C (C,D) < A C C, B C D. From now on,
B(x;r) will mean the closed ball in the Banach space X centered at x € X with radius
r > 0. We shall also adopt the following notations

0:(A) = sup{d(z,y): y € A} for all z € X
0(A, B) =sup{d(z,y): x € A, y € B},
diam(A4) = 06(A4, A4).

We mention that if A is a nonempty and compact subset of a Banach space X, then
co(A) is compact (see Dunford-Schwartz [6]). In addition, we set

dist(4, B) := inf{||lz — y|| : (z,y) € A x B},
Ag:={r€A:3y €B : |z -] =dist(4, B) (¥ is called a proximal point of )},
Bo:={yeB:32' €A : |2 —y| =dist(4, B) (' is called a proximal point of y)}.

Definition 1.4. A nonempty pair (A, B) in a normed linear space Y is said to be proz-
iminal if A= Ag and B = By.

It is remarkable to note that if (A4, B) is a nonempty, bounded, closed and convex pair
in a reflexive Banach space X, then (Ag, By) is also nonempty, closed and convex.

A mapping T: AUB — AU B is said to be
(¢) relatively nonexpansive if |Tx — Ty|| < ||z — y|| for any (z,y) € A x B,
(#1) relatively u-continuous mapping if

for all e > 0, thereis 6 > 0: if [z —y[|* < ¢ then ||Tz — Ty|* <e,

for all (z,y) € A x B, where ||z —y|* = ||z — y|| — dist(A4, B).
(#i1) cyclic if T(A) C B and T(B) C A,
(iv) noncyclic if T(A) C A and T(B) C B,

(v) compact if the pair (T(A),T(B)) is compact (see [7]).

Definition 1.5. Let (A, B) be a nonempty pair in a Banach space X and T : AU B —
AU B be a mapping. If T' is cyclic, then a point p € AU B is said to be a best prozimity
point for T provided that

lp — Tp|| = dist(A, B).

Also, if T is noncyclic, then the pair (p,q) € A x B is called a best proximity pair for T'
provided that

p=Tp, q=Tq, |p—q|=dist(4,B).

Existence of best proximity points (pairs) for cyclic (noncyclic) relatively nonexpansive
mappings was first studied by Eldred-Kirk-Veeramani ([3]), under a geometric concept
of prozimal normal structure. Here, we state the following existence results which play
important roles in our coming discussions.

Theorem 1.6 ([7]). Let (A, B) be a nonempty, bounded, closed and convex pair in a re-
flexive Banach space X. Assume thatT : AUB — AUB is a cyclic relatively nonexpansive
mapping. If T is compact, then it admits a best proximity point.
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Theorem 1.7 ([9]). Let (A, B) be a nonempty, bounded, closed and convexr pair in a
reflexive and strictly convex Banach space X. Assume that T : AUB — AUB is a
noncyclic relatively u-continuous mapping. If T is compact, then it admits a best prozimity
pair.

The cyclic (noncyclic) version of condensing mappings was introduced in [7] in order
to study the existence of best proximity points (pairs) and to generalize Theorems 1.6
and 1.7 above.

Definition 1.8. Let (A, B) be a nonempty and convex pair in a Banach space X and p
a measure of non-compactness on X. A cyclic (noncyclic) mapping T: AUB - AUB
is said to be a condensing operator if there exists r € (0,1) such that for any nonempty,
bounded, closed, convex, proximal and T-invariant pair (H;, Hs) C (A, B) such that
dist(Hy, Hy) = dist(A, B) we have

w(T(Hy) UT(Hz)) < rp(Hy U Hy).
Next results are real extensions of Theorem 1.2 due to Darbo.

Theorem 1.9 ([7]). Let (A, B) be a nonempty, bounded, closed and convexr pair in a
reflexive Banach space X and p an measure of non-compactness on X. If T : AUB —
A U B is a cyclic relatively nonexpansive mapping which is condensing in the sense of
Definition 1.8, then it admits a best proximity point.

The above theorem holds true for noncyclic relatively nonexpansive mapping whenever
we add an additional condition “strict convexity”:

Theorem 1.10 ([7]). Let (A, B) be a nonempty, bounded, closed and convex pair in
a reflexive and strictly conver Banach space X and p an measure of non-compactness
on X. If T : AUB — AU B is a noncyclic relatively nonexpansive mapping which is
condensing in the sense of Definition 1.8, then it admits a best proximity pair.

We also refer to Gabeleh-Vetro [10] for the generalizations of Theorems 1.9 and 1.10,
by considering a class of cyclic (noncyclic) Meir-Keeler condensing operators.

2. CONDENSING OPERATORS ON C-CLASS OF FUNCTIONS

Motivated by the class of condensing operators in Definition 1.8, we introduce the
following new classes of cyclic (noncyclic) mappings.

Definition 2.1. Let (A, B) be a nonempty and convex pair in a Banach space X and p
an measure of non-compactness on X. A cyclic (noncyclic) mapping T : AUB — AUB
is said to be a condensing operator on C-class of functions if for any nonempty, bounded,
closed, convex, proximal and T-invariant pair (Hy, Hy) C (A, B) such that dist(Hy, Hy) =
dist(A, B) we have

o (u(T(H) UT(H) ) < F (0 (u(Hy U Ha)) 0 (u(Hr U ) ), (2.1)
forally € U, p € ® and F € C.

Remark 2.2. If in the above definition ¢ (t) = ¢ and F(s,t) = rs for all s,¢ € [0, 00) and
for some r € (0,1), then T is a condensing operator in the sense of Definition 1.8.
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Remark 2.3. If in the above definition ¢(t) =t and F(s,t) = s8(s) for all s,t € [0, 00)
where 8 : [0,00) — [0,1) is a function such that S(t,) = 1 = t, — 0, then T is a
B-condensing operator which was recently introduced in [9].

We begin our main results with the next existence theorem.

Theorem 2.4. Let (A, B) be a nonempty, disjoint, bounded, closed and convex pair in a
strictly convexr Banach space X such that Ag is nonempty and p is an measure of non-
compactness on X. LetT : AUB — AUB be a noncyclic relatively u-continuous mapping
which is a condensing operator on C-class of functions. Then T has a best prozimity pair.

Proof. Notice that (Ag, Bg) is closed, convex and proximinal. Relatively u-continuity of
the mapping T ensures that (Ag, Bp) is T-invariant. By a similar notations of the proof
of [9, Theorem 6], we set A° = Ag and D° = By and for all n € N define

C" =co(T(C"h), D" =co(T(D"1)).
Thus
ct = @(T(CO)) = @(T(Ao)) CAy= CO,
and iteratively we have C"~! D C" for all n € N. Analogously, we find that D"~! D D"
for all n € N. On the other hand, we have
T(C™) Ceo(T(C™)) =Cctt ccn.

Equivalently, we have T(D™) C D™. Thus, we conclude, for all n € N, that each pair
(C™, D™) is T invariant and moreover each mentioned pair is closed and convex. Moreover,
by the fact that T relatively u-continuous, if (z,y) € C° x D° with |z — y|| = dist(A, B),
then |[T™x — T™y|| = dist(A, B) for all n € N. Since (IT"x,T"y) € C" x D", we have
dist(C",D") = dist(A, B), Vn €N.

On the other hand, if u € C' = o(T(C?)), then u = ZJ 1 ¢;T(u;) where u; € C° for
all 1 < j < m such that ¢; > 0 and ZT:l ¢; = 1. Since (€%, DY) is proximinal, for all
1 < j < m there exists v; € D° such that ||u; — v;|| = dist(C°, D) (= dist(4, B)) and so
[Tuj — Tyl = dist(A, B). Put v:= 377", ¢;T(v;). Then v € D! and

le —vll = 11 5T (uz) = Y esT(wg)]] < Z 1T (uj) = T(v;)|| = dist(A, B).
j=1

Jj=1

Hence, the pair (C!,D!) is proximinal. By a similar argument we conclude that the
(C™,D™) is proximinal for all n € NU {0}. Notice that if there exists k¥ € N for which
max{u(C*), n(D*)} = 0, then (C*¥,DF) is a compact pair and the result follows from
Theorem 1.7. Thus we suppose that max{u(C™), u(D™)} > 0 for all n € N. In view of the
fact that T is a condensing operator on C-class of functions, we obtain

Bl uDh) = w(max{mc:”“) u(D"})
= ¥ (max{u(eo(T(C"), p(ea(T(D")})
(max{u (r(c >>> p(T(D))})
< V(T () UT(D") *)

< F(4(u(c" UD"), ¢ (u(C" UDM) ) < ¥ (u(C" UD")). (2.2)
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Since {pu(C™ UD™)} is a decreasing sequence we may assume that
lim p(C"UD™) =r
n— oo
for some r > 0. Now from (2) and the continuity of the ¢, F' we must have

U(r) < F(y(r),¢(r) < o(r),

and so by the property of the function F' we conclude that either 1(r) = 0 or ¢(r) = 0.
In both cases, we must have r = 0. Thereby,

nh_)rrgou(c uD ):max{nlgrgou(c )’nh—{goM(D )} =0.
It now follows from the condition (A5) of Definition 1.1 that the pair (Coo, Do) is
nonempty, closed and convex which is T-invariant, where Co, = ﬂff:o C™ and Dy, =
Moy D". Also dist(Coo, Doo) = dist(A, B) and clearly, (Co, Do) is proximinal. On the
other hand,
max{/(Coo); #((DPe))} = 0,
which ensures that the pair (Co, Do) is compact. Now the result follows from Theorem

1.7. [

The cyclic version of Theorem 2.4 can be constructed in order to study the existence
of best proximity points in the setting of Banach spaces which are not strictly convex,
necessarily.

Theorem 2.5. Let (A, B) be a nonempty, disjoint, bounded, closed and convex pair in
a Banach space X such that Ay is nonempty and p is an measure of non-compactness
on X. LetT : AUB — AU B be a cyclic relatively nonexpansive mapping which is a
condensing operator on C-class of functions. Then T has a best proximity point.

Proof. Using a similar argument of Theorem 2.4 we have that (Ao, By) is closed, convex,
proximinal and T-invariant, that is, T'(Ag) C By and T'(By) C Ag. By a similar argument
of the proof of [9, Theorem 8] we define the sequence {(C™,D™)} as below:

C" =co(T(C"Y), D" =co(T(D"Y)),
where, CY := Ay and D := By, then we have
Cl = @(T(CO)) = @(T(A())) Q B() == DO,

and so, T(C') C T(D) which ensures that C? = co(T(C')) C co(T(D)) = D'. Iteratively,
we obtain C"t! C D" which is equivalent to say that D™ C C"~! for all n € N. Therefore,

crt2cprttcercprl, forallmeN.

This concludes that {(C?",D?")},,>¢ is a decreasing sequence consisting of closed and
convex pairs in Ag X By. Besides,

T(D2n) g T(C2n71) g @(T(C2n71)) — C2n7
T(ch) g T(DQn—l) g @(T(D%I_l)) _ D2n.

Thus (C?"*, D?") is T-invariant. We also can see that by a similar approach of the proof
of Theorem 2.4,

dist(C*", D*") < ||T*"x — T*"y|| < ||z — y|| = dist(4, B),
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and that (C?",D?") is also proximinal for all n € N. Notice that if

max{{p(C*"), n(D**)} = 0

for some k € N, then the result follows from Theorem 1.9. Let

max{{p(C*"), u(D*")} > 0
for all n € N. By the fact that T is a condensing operator on C-class of functions,
P (u(C 2 UDP ) = g (max{u(CP ), (D))

max{p(D*" ), p(C*" )}
o (max{u(eo(T(D*"))), u(e(T(C*")))})

= ¢ (max{p((T(C*"))), p((T(D*")))})

< (T U T(D™)
F
G

A
<

< F((u(c® D), u(c* U D)) (%)
< (’u(c2n UD%L)).
It now follows from the conditions on C-class of functions that
. 2n 2ny\ _ . 2n : 2n _
nh_)néo p(CUD) = max{nlgrgo w(C"), nh_>néo w(D“™)} = 0.
Now if we set Coo = [V C*", and Do = (1,7~ D?" then (Coo, Doo) is nonempty, closed,

convex, and T-invariant with dist(A, B) = dist(Cso, Do) for which we have
max{(Coo), #((Po))} = 0. Again by using Theorem 1.9 the result follows. ]

It is worth noticing that if in Theorem 2.4 A = B, then the existence of fixed points
will be concluded as follows.

Corollary 2.6 ([11]). Let A be a nonempty, bounded, closed, and convex subset of a
Banach space X and let T : A — A be a nonexpansive mapping such that

V(T (H))) < F(o(u(H)), p(u(H))), (2.3)
for any subset H C A and where ¢ € ¥, p € ® and F € C. Then T has a fized point.

Remark 2.7. It is remarkable to note that the considered mapping 7" in Corollary 2.6
need to be nonexpansive and if that is continuous, then the result still holds (see Theorem
2.1 of [11] for more details).

3. APPLICATION TO A CLASS OF FUNCTIONAL INTEGRAL EQUATIONS

Let a > 0 and C([0, a]) be the family of all continuous real valued functions defined on
interval [0,a]. It is known that C([0,a]) is a Banach space with the standard norm

lz]| = max{|z(t)| : t € [0, a]}.

Let X be a subset of M¢(jo,q)). For € > 0and z € X, we denote by w(z, ) the modulus
of continuity of = defined by

w(z,e) = sup{|z(t1) — x(t2)] : t1,t2 € [0, qa], |t1 — t2| < e} (3.1)
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Furthermore, let w(X,¢) and wy(X) are defined by

w(X,e) = sup{w(z,e):z € X},
wo(X) = gi_I}%Jw(X,s).

It was announced in [5] that above function wy is a measure of non-compactness in space
C[0, a).
Let I = [0,a],J = [0,C] and let ¢ € ®,9 € ¥, F € C. Assume that «;,5;,: I — I,
¢ :J — I, ¢ : I — R, are continuous functions, where 1 < i < m, 1 < j < [,
and 1 < k < n. Moreover, motivated by the results of [12], we consider the following
continuous functions

g: I xR SR, f:IxR™ 5 Ru:1xJxR" >R,

so that
(1) 3 a; for 1 <14 < m such that

|f(t,a:1,-~- 7xm)_f(tay1a"' > Ym | < F Za2|xz yz Zaz|xz yz )

(2) 3b; 1 <i<1Isuch that

|g(t7x17"' 7$Z)_9(t»y17" » Yl |<F Zb‘xl y’L Zb‘xl y’b (33)
(3) 3 h; : RY — R* for which h; is nondecreasing for any 1 < i < n and

|U(t,7‘,$1,"' 7xn)| S th(|xl|)a (34)
1

where t € I, 7 € J, x;,y; € R.
(4) There exists a positive solution rg of the inequality

Blr—l—M—i—C(Amr—i—N)(i hi(r)) <, (3.5)

where B = max{b; : 1 <1 <[}, A =max{a; : 1 <i<m} and M, N, and C are
the positive constants such that

|g(t7070370)‘§M, |f(t7030a70)|§N7 and d)(t)gcv vtel.
(5) By definition (3.1)

t7t/eIS7EI_)t/|SE{F(|¢($(f) — ()|, le(x(t) — =)D} < Fl(w(x,e)), p(w(z,e)))
(3.6)
Set
z(t) = (z(Br(1)), 2(Ba(L)), - -, x(Bi(1))),
za(t) = (x(en(t)), 2(az(t)), - 2(am(t))),

x'Y(t) = ( ( ( )) (72(75)) : 7$(7n(t)))7 vtel.
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Consider
#(t)
(1) = g(t.5(8) + 2 0) [ ultoran () (3.7)
#(t)
Tx(t) := g(t,xa(t)) + f(t,xa(t))/o u(t, 7,z (7))dr. (3.8)

Theorem 3.1 ([11]). Let C be a nonempty, bounded, closed, and conver subset of a
Banach space E and let T : C — C' be continuous mapping, such that

P(u(T(M))) < F(p(p(M)), o(u(M))), (3.9)
for any subset M of C and where ¢ € ¥, p € ® and F € C. Then T has a fixed point.

Theorem 3.2. Under the assumptions (3.2),(3.3),(3.4),(3.5) and (3.6) the nonlinear
integral equation (3.8) has at least a solution.

Proof. By the above conditions, we shall prove the measure of noncompactness wo(X) is
satisfying the contraction (3.9). To do this we have some claims:

Claim 1. Tx € B;; By, is a ball.
Claim 2. Operator T : B,, = By, is continuous.

Claim 3. Operator T satisfies (3.9) with respect to measure of noncompactness wp in By, .

To prove Claim 1, we have

ITz(t)] < |g(t,za(t)) — g(t,00)] + |g(t,00)| + | f(t, za(t)) — f(£,0,) + f(t,0,)]
x [P u(t, 7,2, (7)) dT

< F((3 bl (1)), o328 bila, (8)])) + M

+C (P CY aslza, (0))), (327 ailza, (1)) + N) (27 hl|zq, (1))
by (3.2), (3.3),(3.4)

< X0 bilzs, (O] + M+ C (7 ailaa, (0] + N) (2] h(|z, (1))
by the definition of C-class function (1) and (3.4)

< Bl||z|| + M + C(Am|jz]| + N) (7 A([l])

< Blro+ M + C(Amro + N) (3°7 h(ro)) by (3.5)

S To,
where 0, = (0,---,0) and 0,, = (0,---,0). This result shows that Tx € B,,.
~—— ——

m times m times
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To prove Claim 2; we prove that operator T : B,, — B,, is continuous. To do this,
consider € > 0 and any z,y € B;, such that |z; — y;| < e. Then we obtain the following
inequalities by using conditions of Theorem

|Tz(t) — Ty(t)| < |g(t,zp(t)) — g(t, ys(t))]
+ £t za(t) — f(t,ya(t))]

(1)
x / fu(t, 7, 2 (7)) dr
+|f(taya(t))_f(t70m)| (Om: (07 ,O))

»(t)
0] [t 7oy (7)) = (e, s (7))
0
l l
< PR il () = s (0. (3 askoa, ()= s () (by (39)
1 1
+e (F@(Z bl 1) = o (O 93 Bl 1) = <t>>>>
1 1
x (Z hi<|x%<t>|>)
n o(t)
+ (Z Bl (0] + N)) | e () = e o ()
l m
<3 alos (6) - s, (O + (Z b, (1) = v, (t)))
1 1
x (Z h<|x%.<t>|>>
1
n (1)
+ (Z B, 0 +N>> |t () =t o ()l

l m n
<Y aillz—yll+C <Z billz — yll) (Z hi(||$||)>
+ (Anllyl| + N) Cwu (I, €)

< mBe+ CAme (Z h(r0)> + (Anrg + N) Cw, (I, ¢),
1

where
wy(l,e) = sup {Jut, 7,21, @m) —w(t, T, Y1, s Ym)}
tel,reJx;,yi€Ro,1<i<m, |z —y;|<e
where J := [0,C] and Ry = [—79,70]. u is uniformly continuous on I x J x R{* and

wu(l,€) = 0ase — 0. So T is continuous on B, .
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To prove Claim 3; we show that operator T satisfies (3.9) with respect to measure of
noncompactness wp in By, .

Fix arbitrary € > 0. Let us consider x € X and t1,ty € I with [t; — t2| < ¢, for any
nonempty subset X of B,,:

Ta(t) — Ta(t)] < lg(t, 2p(t1)) — g(tr, z(t2))| + lg(tr, 25 (t2)) — g(ta, 25(t2))]
)

Therefore

H1f (s za(tr)) = [t za(te))| + | (1, 2alta)) = f(t2; 2a(t2))]]

o(t1)
x/ fu(ts, 7, 2 (7)) dr
0

P(t1
-HﬂmeMNA fu(tr, 7,24 (7)) — tlta, 7, 24(7))|dr

P(t2)
+ [ f(t2; za(t2))| lu(te, 7,24(7))|dT
#(t1)

Zblﬂfﬁ t1) — zg,(t2)] Zblwﬁ t1) =z, (t2)]))

+Wg(1 £)

+C (F(l/)(z il e, (t1) = 2o, (0)]), 0O ailza, (t1) — 2a, (t2)]))

wi(1,€))

x| D hillan (7 ) (1f (2, a, (t2) — f (2, 0)]
1

+ |f(t,0)] (C’wu(Ie + w(g,e) (Zh (|2, (1 ))

! !
BZw z,w(Bi,€))), (B Zw($7w(,3i75))))

+

+wq(1,€) (by (3.6))
l l
+C<F AZFme@MﬂME}WMWMmHWNMO
(Zhl ) )
+ (Zazlffll +N> <Cw(rc7wu(f,s))+w(¢,s) (ZMII%)))-
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[Tx(tr) = Ta(tz)] < F(y(Bmw(X,e), p(Bmw(X,e))) + wy(1, )

+ O (F((Alw(X, ), p((Alw(X, €)))) + ws (1, €)) (Z hz-(l"ll))

+ (ZaszH +N)> (Cw(x wu(l,€) +w(p,e) (Zh (=) >>

(3.10)

< Biwxwﬁl, ) +wg(l,e)
l n
+C <AZUJ z,w /61 +Wg(176)> (Z hz(”x|)>
1 1

+ <Zaz || +N> (Cw(x,wu(fﬁ) +w(o,¢e) (Z hdlll’ll)))
1

< BZw(x w(Bi,€)) +wy(I,e)

l n
+C<Awawﬁz )+waa><zhﬂ“o>
1 1
+ (Anrg+ N) (C’wu(fe + w(o,e) <Xn:ht )),

1
where

wy(I,e) =sup{|g(t, z1,....21) — g(t', 21, ..., z)| : t,¢ € I,x; € Ry, 1 <i <[, [t —t'| <e}
wi(I,e) =sup{|f(t, 21, e, ®m) =gt 21, ooy )| 18,8 € [a; € Ry, 1 < i <m, |t —t'| <&}
wu(I75) = Sup{|u(t,7',x1,...,xm) - u(taTayla“'?yn)‘ 1t e IaT € J7x7l7yi € RO) 1<:< n,

lzs — yi| < e},
also
Wa, (I,€) = sup{|ai(t) — c;(t")| : t, ¢ € I, |t —t'| < e},
wg, (I,e) =sup{|B:(t) — Bi(t")| : t, ' € I, |t — ¢'| < e},
w(p,e) = sup{|o(t) — p(t')| : 1,1 € I, [t —t'| < e},
By (3.10),
B@TX,e) < w(TX,e)
<

F(¢p(Bmw(X,e), p(Bmw(X,¢))) +wq(L,€)

+

C(F(((Alw(X,€))), p((Alw(X,€)))) + wy(1,€)) (Z hi(r0)>

1

(iai||x|+N)>< w(z, wu(l,€) +w(p,e) (Zh 7’0>>

_l_
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so we obtain w(a;, &) = 0,w(B;,e) = 0 and w(p,e) — 0 as & — 0, by uniformly continuous

of a;,; on I. And similarly wy(I,e) — 0,wy(I,e) — 0 and w,(I,e) — 0 as ¢ — 0, by

uniformly continuous of f, g,u on I x RY, I x R} and I x [0,C] x R}, respectively. Hence
Y(wo(T(X))) < F(¢h(wo(X)), p(wo(X))).

Therefore, by Theorem 3.1 we get that 1" has at least one fixed point in B,,,. Consequently,

nonlinear functional integral equation (3.8) has at least one continuous solution in B,, C
C(I). This completes the proof. m

In what follows, we present an example to illustrate Theorem 3.2.

Theorem 3.3 ([2]). Let T be the self-operator on BC([0,0)) in (3.8). If

(i) the function t — g(t,0) is a member of the space BC([0,00));
(i) there exists 6 € [1,4+00) such that, for each t € [0,00), we have

l9(t,25(t)) — g(t.ys(1))] < 2€° s (t) —ys(t)]
(#ii) there are continuous cg,cy : [0,00) — [0,00) such that

lim co(t)/o c1(s)ds =0

t—o0

and co(t)e1(s) > |G(t,s,u)| for all t,s € [0,00) such that t > s, and for each
u € R;
(iv) there exists a positive ro such that (e* — 1)rg > e“m, where m is given by

¢
m* = sup{|g(¢,0)| + co(t)/ c1(s)ds},
>0 0
then T admits a fized point in BC([0,00)).

Fixed t € [0,00), we get C(t) = {u(t) : u € C} and hence we consider the measure of
noncompactness p on the family of all nonempty bounded, closed and convex subsets of
BC([0,0)), say B(BC(]0,0))), as follows

1(C) = wo(C) + lim sup diam C(¢), (3.11)
t—o0
where diam C(t) = sup{|u(t) —v(¢)| : u,v € C}.
Example 3.4. Put

1 T+ >0, |
f(t,xa(t)):a< X Jail )
re 1+t+ Zi:l |2
L1+ W1+ |
gt ws(t) = = [ L N lnl) ) pe o,
ACRS 2\/€7a+ln(1+21:1|$i|)
cos[lzy ()| _, ;
lu(t, 7, z’Y(T))‘ < T’Yﬁe te /27
o(t) =V,
t
t e —
vl = 1o
s
F(s,t) = —
(1) 2ea’
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Consider the following functional integral equation

o) =1 <1+t2 ln(1+22:1 |;]) )+2e‘t>

Cr\2+ 29y 1 (1 + e il

1 1+ 3000 Ji 0
i= t d
2rec (1+t+2§"1 || ) 70 ult, T ay(m)dr,

in the space BC([0,1]).
We have

M-N-A=B=2X and C=1,
T

0
. 1 1
Blr—i—M—FC(Amr—FN)(Zhi(r)) < l+;+(m—|—;)n§r,
1

(3.12)

inequality (3.12) holds for some r := [+ mn +n+ 1 > 1. Clearly, g is continuous and is

such that the function ¢ — g(¢,0) is an element of BC([0, 1]).
We have

1 <1+Z:'ri1$i _ L+ 370 il >
T 2re \1+t4+300 ol 1+t+ 300, |yl
1 ( E> 0 (] — lwil) )
T 2re N1+t 4+ 300 (o] — [wil)

1 ( i (2 — wil) )

T 2re® \ 143" (lzs — wil)

g (wZ(m —ym)

< (Fw(‘ (12 = i) 9((3 (o —yim)))
<F (me — i) (Y (i - yl-|>>> ,

(according to (3.2) of Theorem 3.2)

and likewise (3.3) of Theorem 3.2 holds.

0 <lg(t,z5(t)) — g(t, ys(t))|
1 l

< e (J&g —yi|) forall «€[l,00)
i=1
1 J
S Sea (lzs — wil) < 2€°(|z5(t) — ys (L)

=1

(for some § € [1,00); (ii) of Theorem 3.3)
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and proof of Theorem 3.3. And

|u(t,7', .T»Y(T))‘ < CcoS HIL’»AT)H 67t67/2

1+ ¢2
<71 e~ te™/? < 2 <2n:§:h‘(‘z")
=142 T 14+t2 T A

(according to (3.4) of Theorem 3.2)
Let ¢1,¢2 : [0,00) — [0,00) be defined by
at)=et, ey(r)=e"? forall t,7e€l0,00),

which means condition (ii) of Theorem 3.3 holds.
By

cos [ (7)

lu(t, 7,2, (7))| < e H e te’/2 <ete*’? forall t,s e [0,00).

Clearly,

t—o00 t—o00

t
lim e*t/ e*/?ds = lim 2e7'(et/? —1) =0,
0

the condition (iii) form Theorem 3.3 is also holds. Also,

t
m* = sup{|g(¢,0)] + co(t)/ c1(s)ds} = sup{2e~" +2e7 (22 — 1)} = 2.
>0 0 >0
Fixed t € [0,00), we get C(t) = {u(t) : w € C} and hence we consider the measure of
noncompactness p on the family of all nonempty bounded, closed and convex subsets of
BC([0,00)), say B(BC(]0,0))), as follows

H(C) = wn(C) +lim sup diamn C(r), (3.13)
where diam C(t) = sup{[u(t) — v(t)] : u,v € C}. and so we get
tmsup diam (7(C)) (1) < % i sup diam (C) 1), (3.14)
By (3.13) and (3.14), we deduce that
wu(r(o) = 2
< u(T(0))
< 55h(C)

= F(u(0)), o(u(C))).

If we put ro = 3 in the condition (iv) of Theorem 3.3 will be hold. So, Theorem 3.3
confirms that the operator

@(t)
Tx(t) := g(t,za(t)) + f(t,xa(t))/o u(t, 7, 2,(s))ds, (3.15)

has solution.
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