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1. INTRODUCTION

Let C and @ be nonempty closed convex subsets of RY and RM | respectively, let A be
an M x N real matrix. We consider the problem of finding

z* € C such that Ax* € Q.

This problem is called the split feasibility problem (SFP) which was first studied in
Euclidean spaces by Censor and Elfving [I]. It was subsequently studied by Xu [2] in
Hilbert spaces.
Byrne [3] introduced the CQ algorithm which takes an initial point x arbitrarily, and
defines the iterative step as
Th41 = Pc<I - ’yAT([ - PQ)A)xk, (1.1)
where 0 < v < 2/p(AT A) and p(AT A) is the spectral radius of AT A. Recently, He et al.
[1] developed a self-adaptive method for solving a variational problem. Subsequently, a
number of self-adaptive projection methods were presented to solve SF P, see also [5—13].

Preliminary numerical results show that they are generally promising. The implementa-
tion of these algorithms, however, involves the computation of the projections Pc and Pg
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and therefore causes additional difficulty in the case Pc and Py do not have closed-form
expressions.

In 2004, Yang [5] introduced the relaxed CQ algorithm, by replacing Pc and Py by
the projection of half-spaces C and @) which are given by

Cr = {z € RV : c(a1) < (&, — 1)}, (1.2)
where &, € dc(z) and
Qr = {y € R : q(Azy) < (m,y — Axp)}, (1.3)

where n, € 0q(Axy,).

In 2012, Lépez et al. [14] introduced a new way to select the stepsize and also practiced
this way of selecting stepsizes for variants of the C'Q algorithm, including relaxed C'Q
algorithm. They introduced the following:

Algorithm 1.1. Choose an initial guess zq € RY arbitrarily. Assume that z; € C has
been constructed and V fi(z) # 0. Then we calculate the (k + 1) iterate xyy; via the
formula

Tht1 = Pck (xk - ﬂk(AT(I - PQk)Al’k)),Vk Z 0, (14)
where the stepsize 5 is defined by
o fr (k)
Bl = el 1.5
b= Vi P =

and {px} is a sequence in (0,4) such that liminfy o pr(4 — px) > 0 and fi(xy) =
sI(I = Po,) Ay k> 1.

It was proved that the sequence {zj} generated by Algorithm 1.1 converges to a solu-
tion of SFP.

In 2005, Qu and Xiu [15] modified the relaxed C'Q algorithm by adopting Armijo-line

searches in Euclidean spaces. Subsequently, Gibali et al. [16] extended results of Qu and
Xiu [15] to Hilbert spaces as follows:
Tr+1 = Po, (xr — BeV fr(yr)) (1.6)
Yk = Poy (ok — BV fr(zr)), (1.7)

where B, = «vI™* and my, is the smallest nonnegative integer, and v > 0,1 € (0,1) and
u € (0,1) such that

BellV fre(wx) — V fu(yr) | < pllor — yell- (1.8)

Dang and Gao [17], using the extragradient strategy, proposed two double projection
algorithms for SF P, as follows:
For every k, define the function Fj, : RY — RN as

Fi(x) .= AT(I — Py, ) Az .
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Algorithm 1.2. Step 0. Select a point zg € C arbitrarily. For any v > 0,1 € (0,1), A >
1,4, € (0,2). Set k = 0.

Step 1. Find y;, = Po, (zr — B Fr(z1)), where S, = v™* and my, is smallest nonnegative
integer such that

(Fe(zr), or — yu) > MEFe(zr) — Fr(yr), on — y)- (1.9)
Step 2. Compute

(Fr(yx), Tx — Yk)
I F% () [1?

J?k+1 = Pck [Ik — tk Fk(yk)]- (110)

Set k =k + 1 and go to step 1.

It was shown that Algorithm 1.2 converges to a solution of SF'P.

In this paper, we modify Algorithm 1.2 by replacing the stepsize that satisfies (1.9)
by a new stepsize. Moreover, we use only one projection in computation.We then prove
that the sequence generated by our algorithm converges to a solution of SFP. Numerical
experiments show that the proposed methods are more efficient than other methods in
comparison.

2. PRELIMINARIES

In this section, we provide some basic concepts and notation. Let I denotes the identity
operator, Fiz(T) denotes the set of the fixed points of an operator T i.e.,

Fix(T) :={x: 2 =Tx}.
Here T" denotes the solution set of SFP, that is
I'={yeC:AyecQ} (2.1)
Definition 2.1. Let f: RY — R be convex. The subdifferential of f at z is defined as
Of(x) ={£ R : f(y) > f(2) + (&,y —x),Yy e R} (2.2)

Lemma 2.2 ([18, 19]). Suppose that f : RY — R is convex. Then its subdifferential are
uniformly bounded on any bounded subsets of RY.

Definition 2.3. Let T': C' — H. Then T is said to be S-inverse strongly monotone(ism)
if there exists 8 > 0 such that for any z,y € C,

Bllz —y|* < (z—y, Tz — Ty). (2.3)

Definition 2.4. Given 7 : RY — RN, Then
a) T is said to be monotone if

<Tl‘ - Ty,l‘ - y> > 07vx7y € RNv
b) T is said to be nonexpansive if
|72 — Ty| < [l — yll, Yo y € R,
c) T is said to be co-coercive on RY with modulus o > 0 if

(Tex —Ty,x —y) > of|Tx — Tsz,Vx,y e RY,
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d) T is said to be Lipschitz continuous on RY with constant L > 0 if
|72 = Tyl| < Liz - y|l, Yoy € B".

Definition 2.5. A function f : RY — R is said to be lower semi-continuous (Isc) at z if
T — x implies

f(z) <liminf f(x). (2.4)
k—o0
We know that the orthogonal projection of x onto C' is defined as

Pox = min|z —y||*,z € RY. (2.5)
yel

Lemma 2.6 ([20]). Let C be a nonempty closed convex subset of RN. Then for any
z,y € RN and 2z € C,

(i) (Pcx —x,z— Pexz) >0,

(ZZ) HPCZ’ - Pcy”Q < <PC£L’ - Pcyax - y>;

(iii) ||Pox —2|* < [lz = z|* — || Pox — |%.

From Lemma 2.6, the operator I —Pc is also firmly nonexpansive, i.e., for any z,y € RY,

(I = Po)e — (I = Po)y,a —y) > (I — Po)e — (I — Pe)y|l™ (2.6)

3. A NoVEL PROJECTION ALGORITHM AND ITS CONVERGENCE

As in [5], the following conditions are supposed to be satisfied:
(H1) The set C' is defined as
C ={z eRY: ¢(x) <0},

where ¢ : RN — R is convex and C' is nonempty.
The set @ is defined as

Q={y e R":q(y) <0},
where ¢ : RM — R is convex and @ is nonempty.
(H2) For any z € RN and y € R™ | a subgradient ¢ € dc(z) and a subgradient n € dq(y)
can be calculated.
We define the following halfspaces at point xj, respectively,

Cr = {1’ S RY . C(:L’k) + <«£k,x — $k> < 0},
where &, € dc(zy), and

where 1, € 0g(Axy).

Obviously, by the definition of subgradient, we know that the orthogonal projections
onto C and @ may be computed directly by reason of the specific forms of C, and Qx,
see [21].

In the following, for every k, we define the function Fj : RY — RN as
Fi.(x) .= AT(I — Py, ) Ax
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and
1
filw) = 3T = P, ) Aw|P, b 2 1.
We next define our method as follows:

Algorithm 3.1. Step 0. Select a point xy € C' arbitrarily, choose parameters 0 < t; <
2,0 < pr < 4. Set k=0.

. prfr(Tr)
Step 1. Find yx = x — B Fx (), where By = ————=.
p Yk = Tk — BeFy (k) Br AEDIE
Step 2. Compute
Fi(zr) — Fr(yk), ye — @
Tr1 = Po, |:yk —ti << k() |Fklék§)|2 £ k>> Fk(yk):| : (3.1)

Set k =k + 1 and go to Step 1.
We are in position to prove our convergence theorem of Algorithm 3.1.

Theorem 3.2. Let {zx} be a sequence generated by Algorithm 3.1 and T # (. If
likminfpk(ll —pr) > 0 and likminftk(Z —tx) > 0, then {xx} converges to a solution of
—00 —00

SFEP.

Proof. Let z € T and set o, = <F’“($k)||Fi”“(éZ’§|)"2yk k) Since » € T and C C Cj, ,Q C Q,

it follows that z = Px(z) = Pc,(2) and Az = Pg(Az) = Py, (Az). Hence z € Cj and
Fr(z)=0forall k=0,1,2,..... From Lemma 2.6 (iii), we obtain

g — 22 = [1Po, (o — tacnFi(yr)) — 21

< lyk — tharFr(yr) — Z||2 lzes1 — yr + teon Fr(yr)
lyr — 201> + thad | P (yi)|1* — 2tk (Fr(yr), i — 2)
— |kt — i + toowFr(ye) || (3.2)

From (2.6) and Fy(z) = 0, we have

(Fr(Yk), Y — 2) (Fi(yr) — Fie(2), i — 2)

(AT (1 P, )Ayx — AT(I — Pg,) Az, yx, — 2)
((I - Pg,)Ayr — (I — Pg,)Az, Ay, — Az)
I(I = Pg,)Ayx|”
2 fr(yn)-

I?

Y

It also follows that
(Fi(zk), z — 2) > 2fi(x). (3.3)
v (3.3), we see that

lye —21* = llzx — BeFr(ze) — 2]
= ok — 21? + Bil Fr(wr)lI? — 28 (Fi(xr), mx — 2)
2k — 201* + Bell Fr(ar)||* — 4Bk fi (k). (3.4)

IN
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Since Fi(z) =0 and F}, is monotone, we obtain

(Fr(yr)sye —2) = (Fe(ye), yx — z1) + (Fr(y), T — 2)
= (F(yw) — Fi(@r), yr — zi) + (Fi(zr), Yo — k) + (Fi(yr), 2k — 2)
> (Fru(zw),ye — o) + (Fre(ys), 2 — 2)
= (Fr(zr),ye — zr) + (Fr(yr) 2e — yu) + (Fe(yr) — Fu(2), Y6 — 2)
> (Fy(zr) = Fi(yk), vk — k) (3.5)

Combining (3.2)-(3.5), we obtain

|zker — 22 < lak — 2|17 + Bl Fx(@i)|1? — 4Bk fr(vx) + tiai || Fe(yi)|?
=2tk (Fy(zr) — Fe(yr), vk — 26) — |Te41 — Yk + twon e (yn)||?
pe S (xr) 4 prfr(Tr)

= |l — Z||2 WHFk(yﬂk)Hz Wfk(xk)
By A2
I
_ _ 2
2 e |£k(;:ylck))|[2yk m) _ k1 — yr + teow Fr(yn) I°
_ f2($k)
= |l — Z||2 —pr(4— Pk)HF:(T)HQ
o () = Fi(yk), gk — an)®
(2= Fwol?
—ll#rr1 — yk + trarFi(yr) | (3.6)

Since 0 < pr < 4 and 0 < ¢t < 2, it implies that
[r+1 = 2| < [loe — 2]|- (3.7)

Thus klim |z — z|| exists and {x} is bounded. Again, from (3.6), it follows that
—00

lim inf 4 — —_— =
e T

and

(Fr(zr) — Filyr), yr — z1)’

lim inf tk 2— tk =0 3.9
P = ) TR e (39
which implies by our assumptions that
filar)
lim ———- =0 3.10
koo ()2 (3.10)
and
F - F — )’
lim (Fk (k) k(Yk), Yk — Tk) —0. (3.11)

h—o00 [1F% (ys) |12
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On the other hand, we can check that {|| Fi(z)||} is bounded. So we get klim fr(zr) =
— 00
0. This means klirn (I — Pg,)Azy|| = 0. We note that
— 00

Bull F(z3)|| = Mm@@n 0, as k — co. (3.12)

[ Fk(a) ]2
Furthermore, by (3.6), we see that
lim ka—&-l — Yk + tkaka(yk)H =0. (313)
k—o00

So, we get

(Fr(zx) — Fi(yk), Yo — k)
1% (yn) |2
By (3.13) and (3.14), we obtain klim |[k+1 — yxl] = 0. On the other hand, from (3.12)
—00

and yr = v — BpFr(zr), we get lim ||y — zx|| = 0. Hence lim ||xp41 — xx|| = 0. Since
k—o0 k—o0

tkak”Fk(yk)” =t HFk(yk)H — 07 as k — oo. (314)

{x1} is bounded, there exists a subsequence {zy, } of {x}} such that z, — z € RY.
We will show that € I'. Since zp,+1 € Ck,, by the definition of Cy,, we have

c(xg,) + (ks Thyp1 — Tg,) < 0,Vi=1,2, ..., (3.15)
where &, € dc(zy,). From (3.15), it follows that

(k) < Nemalllzsn — 2l (3.16)
By the Isc of ¢, z, — &, the boundedness of dc and (3.16), we conclude that

o(z) < liirr_1>ior01f c(zy,) < 0. (3.17)
Thus z € C.

Next, we show that Az € Q. Since Pg, (Azy,) € Qk,;, we have

q(Axg,) + <nk7i’PQki (Azy,) — Axy,) <0,Vi=1,2, ..., (3.18)
where g, € 0q(Axy,). Then we get

q(Azk,) < |l [l PQy, (Azk,) — Azg, || (3.19)
By the Isc of g, Azy, — Az, the boundedness of d¢ and (3.19), we obtain

q(Az) < liminf ¢(Azy,) < 0. (3.20)

i—00

Thus A% € Q. Hence Z is a solution of the SEF'P. This completes the proof. [

4. NUMERICAL EXPERIMENTS

In this section, we will test two numerical examples to show that our proposed method
converges faster than that of Dang and Gao [17].

Example 4.1. Consider the following LASSO problem [22]:
min {3 [|Az — b||? : 2 € R, |||}y < 1},
where
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1 -3 2 1 0
5 -6 1 -1 1
A=[4 2 3 0 —2| and b=(6,1290,1).
0 2 -2 1 9
0 -1 3 0 1

In Algorithm 1.2 and Algorithm 3.1, we take t; =1 and pp = 0.14 .

We define C = {z € R® : |z|; < 1} and Q = {b}. Since the projection onto the
closed convex C does not have a closed form solution, we will make use of the subgradient
projection. Define a convex function ¢(z) = ||z||; — 1 and denote the level set Cj, by:

Cr = {x € R® : ¢(xy,) + (&g, x — a3) < 0}, (4.1)

where & € Oc(xy). Then the orthogonal projection onto Cy can be calculated by the
following:

x, if c(zg) + €k, x — xp) <0,
P, = — 4.2
e, (@) T — clor) + <£k’2$ wk>§k, otherwise. (42)
1€k |
It is worth noting that the subdifferential Oc at zy, is
1, if xx >0,
Oc(zy) = ¢ [-1,1], if 2z, =0, (4.3)
1, if 25 < 0.

The iteration process is stopped when Ej = ||zx11 — 7x|]2 < 1074 We denote CPU
and Iter by CPU time and number of iteration, respectively.

TABLE 1. The numerical results of Example 4.1

Initial point Method CPU  TIter

Casel x9=1(-1,0,2,0,—1) Algorithm 1.2 0.0198 60
Algorithm 3.1  0.0016 50

Case2 z9=(-2,1,2,1,9) Algorithm 1.2 0.0091 71
Algorithm 3.1 0.00003 63

Case3 x9=(-2,1,4,0,2) Algorithm 1.2 0.0116 69
Algorithm 3.1 0.00004 58

From Table 1, we see that our proposed method which is defined by Algorithm 3.1
converges faster than Algorithm 1.2 of Dang and gao [17].

The convergence behavior of the error Ej, for each cases is shown in Figures 1-3,
respectively.
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Example 4.2. In Algorithm 1.2 and Algorithm 3.1, we take ¢ =1 and p; = 0.14.

The real M x N matrix A, b € RM and 29 € RY are chosen randomly.

TABLE 2. The numerical results of Example 4.2

Method CPU TIter

Casel M =100, N =100 Algorithm 1.2 0.0426 95
Algorithm 3.1 0.0076 60

Case2 M =200, N =200 Algorithm 1.2 0.043 107
Algorithm 3.1 0.0026 61

Case3 M =300, N =300 Algorithm 1.2 0.0771 100
Algorithm 3.1 0.0064 64

From Table 2, we see that our proposed method which is defined by Algorithm 3.1
converges faster than Algorithm 1.2 of Dang and gao [17].

The convergence behavior of the error Ej for each cases is shown in Figures 4-6,
respectively.

40 50 60 70 80 90 100
Number of lteration

FI1GURE 4. Error plotting Fj, for Case 1.

Next, we provide some numerical experiments to the sparse signal recovery in com-
pressed sensing. In signal processing, compressed sensing can be modeled as the following
under determinated linear equation system:

y = Az + ¢, (4.4)

where z € RY is a vector with m nonzero components to be recovered, y € R is the
observed or measured data with noisy €, and 4 : RN — R™ (M < N) is a bounded
linear observation operator. A is sparse, and the range of it is not closed in most inverse
problems; thus, A is often ill-condition and the problem is also ill-posed. When z is a
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FIGURE 6. Error plotting Fj, for Case 3.

sparse expansion, finding the solutions of (4.4) can be seen as solving the LASSO problem
which is the following;:

1
min —||y — Az||? subjectto ||z||; < t, (4.5)
zeRN 2
where t > 0 is a given constant. In particular, if C = {x € RY : ||z[|; < ¢} and Q = {y},

then the LASSO problem can be considered as the SFP (1). From this point of view, we
can apply the CQ algorithm to solve (4.5).

Example 4.3. In our experiment, we test two cases as follows:
Case 1: N =512, M = 256 and m = 20.
Case 2 : N = 1024, M = 512 and m = 30.

In what follows, let v = 0.5,1 = 0.8, A = 1.1 and ¢ = 0.5 in that of Algorithm 1.2 and
let with t; = 0.5 and pg = 0.5 in Algorithm 3.1.
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The sparse vector z € RY is generated from uniform distribution in the interval [—2, 2]
with m nonzero elements. The matrix A € RM*N ig generated from a normal distribution
with mean zero and variance one. The observation y is generated by white Gaussian noise
with signal-to-noise ratio SNR=40.The process is started with ¢ = m and initial point
Tr1 = 0.

We next give some numerical results by using the relaxed CQ algorithms defined by
Algorithm 1.2 and Algorithm 3.1.

The restoration accuracy is measured by the mean squared error as follows:

1
MSE = —||lvx — z*|? <1077, (4.6)
where zj, is the recovered signal signal and z* is the original signal.

TABLE 3. The numerical results of Example 4.3

Method CPU

Casel N =512, M =256,m =20 Algorithm 1.2 2.7195
Algorithm 3.1 0.0069

Case2 N =1024,M =512,m =30 Algorithm 1.2 7.0966
Algorithm 3.1  0.0741

. Original signal ( N=512, M=256, 20 spikes )
T T T T
N I
I 1| ‘ N | |
-1

50 100 150 200 250

values with SNR=40
I I I I I ! I I I I

50 100 150 200 250 300 350 400 450 500
Recovered signal by Algorithm 3.1 ( 68 iterations, CPU=0.0069 )

| \ | \ \ \
,,l || |\ | ! | | | ! | |

50 100 150 200 250

Recovered signal by Algorithm 1.2 ( 14 iteration, CPU=2.7195 )
| I | I I I
L I I
A 1 | ‘ ‘ ‘ ‘

50 100 150 200 250

FIGURE 7. From top to bottom: original signal, observation data, recov-
ered signal by Algorithm 3.1, recovered signal by Algorithm 1.2 in Case
1, respectively.

5. CONCLUSIONS

We have proposed a new spliting algorithm for solving the split feasibility problem by
using the self-adaptive technique. The convergence theorem was proved under suitable
conditions. The numerical experiments were performed to show the efficiency of our
algorithms. The reports revealed that our method outperforms other methods in CPU
time and number of iterations.
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FIGURE 8. From top to bottom: original signal, observation data, recov-
ered signal by Algorithm 3.1, recovered signal by Algorithm 1.2 in Case
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Recovered signal by Algorithm 3.1 ( 60 iterations, CPU=0.0741)
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Recovered signal by Algorithm 1.2 ( 16 iteration, CPU=7.0966 )
I I I I I ‘ | I I | I | I | I
| | [ | | l |
L L ‘ RN N I
50 100 150 200 250 300 350 400 450 500

2, respectively.

S

ACKNOWLEDGMENTS

e

e

4

—— Algorithm 3.1

—#— Algorithm 1.2

10

20

30

40
Number of iterations.

50

FIGURE 9. MSE versus number of iterations in Case 1.

—fe— Algorithm 3.1
gorithm 1.2

etk —ske sk ek

10

20

30 40
Number of iterations.

50

60

FIGURE 10. MSE versus number of iterations in Case 2.

The authors would like to thank University of Phayao for supporting.



1372

Thai J. Math. Vol. 18 (2020) /T. Saelii et al.

REFERENCES

[1]

[12]

[13]

14]
15)
[16]
17)

[18]
[19]

Y. Censor, T. Elfving, A multiprojection algorithm using Bregman projections in a
product space, Numerical Algorithms 8 (1994) 221-239.

H. Xu, A variate Krasnosel” ski-Mann algorithm and the multiple-set split feasibility
problem, Inverse Problems 22 (2006) 2021-2034.

C. Byrne, Iterative oblique projection onto convex sets and the split feasibility prob-
lem, Inverse Problems 18 (2002) 441-453.

B. He, Inexact implicit methods for monotone general variational inequalities, Math-
ematical Programming 35 (1999) 199-217.

Q. Yang, The relaxed CQ algorithm solving the split feasibility problem, Inverse
Problems 20 (2004) 1261-1266.

Y.N. Yang, Q. Yang, S. Zhang, Modified alternating direction methods for the mod-
ified multiple-sets split feasibility problems, Journal of Optimization Theory and
Applications 163 (2014) 130-147.

W.X. Zhang, D. Han, Z.B. Li, A self-adaptive projection method for solving the
multiplesets split feasibility problem, Inverse Problem, 25 (2009) 115001, 16 pages.
J.L. Zhao, Q. Yang, Self-adaptive projection methods for the multiple-sets split fea-
sibility problem, Inverse Problem, 27 (2011) 035009 13 pages.

J. Zhao, Q. Yang, Several solution methods for the split feasibility problem, Inverse
Problems 21 (2005) 1791-1799.

S. Kesornprom, N. Pholasa, P. Cholamjiak, On the convergence analysis of the
gradient-CQ algorithms for the split feasibility problem, Numer. Algor. 84 (2019)
997-1017.

S. Suantai, N. Pholasa, P. Cholamjiak, The modified inertial relaxed CQ algorithm
for solving the split feasibility problems, J. Indust. Manag. Optim. 14 (2018) 1595—
1615.

S. Suantai, U. Witthayarat, Y. Shehu, P. Cholamjiak, Iterative methods for the split
feasibility problem and the fixed point problem in Banach spaces, Optimization 68
(2019) 955-980.

S. Suantai, Y. Shehu, P. Cholamjiak, O.S. Iyiola, Strong convergence of a self-
adaptive method for the split feasibility problem in Banach spaces, J. Fixed Point
Theory Appl. (2018) https://doi.org/10.1007/s11784-018-0549-y.

G. Lépez, V. Martin-Marquez, F. Wang, H.K. Xu, Solving the split feasibility prob-
lem without prior knowledge of matrix norms, Inverse Probl. 28 (2012) 085004.

B. Qu, N. Xiu, A note on the CQ algorithm for the split feasibility problem, Inverse
Problem 21 (2005) 1655-1665.

A. Gibali, L.W. Liu, Y.C. Tang, Note on the modified relaxation CQ algorithm for
the split feasibility problem, Optimization Letters. 12 (2017) 1-14.

Y. Dang, Y. Gao, The strong convergence of a KM-CQ-like algorithm for a split
feasibility problem, Inverse Prob. 27 (2011) 015007.

Y. Gao, Nonsmooth Optimization (in Chinese), Science Press, Beijing, 2008.
R.T. Rockafellar, Convex Analysis, Princeton University Press, 1971.



A Novel Relaxed Projective Method for Split Feasibility Problems 1373

[20] E.H. Zarantonello, Projections on Convex Set in Hilbert Space and Spectral Theory,
in Contributions to Nonlinear Functional Analysis (ed. E. H. Zarantonello), Aca-
demic, New York, 1971.

[21] H. Bauschke, J.M. Borwein, On projection algorithms for solving convex feasibility
problems, STAM Review 38 (1996) 367-426.

[22] R. Tibshirani, Regression shrinkage and selection via the lasso, J.R. Stat. Soc. Ser.
B. Stat. Methodol. 58 (1996) 267-288.



	Introduction
	Preliminaries
	 A Novel Projection Algorithm and Its Convergence
	Numerical Experiments
	Conclusions

