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Abstract For a nonempty set X, let T(X) and P(X) denote respectively the full transformation
semigroup on X and the partial transformation semigroup on X. For a nonempty subset S of X, let
Tr5)(X) ={a € T(X)|za=zforalze S}
Pr)(X) ={a € P(X) | za =z for all z € doma N S}.

Then T'r(5)(X) is a regular subsemigroup of T'(X) and Pr(g)(X) is a subsemigroup of P(X) which
need not be regular. In this paper, a necessary and sufficient condition for an element of P_;:(S)(X)
to be regular is given. Furthermore, we characterize the left regular and right regular elements of the
semigroups T'r(g) (X ) and Pr(s) (X) and made use of these results to deduce the left regularity and right

regularity of them.
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1. INTRODUCTION AND PRELIMINARIES

An element x of a semigroup S is said to be regular if x = xyx for some y € S, left
reqular if x = yx? for some y € S and right regular if x = z?y for some y € S. In
fact, if an element x of S is both left and right regular, then z is regular. An element
x of a semigroup S is called an idempotent of S if 2 = z. Then an idempotent of S
is regular, left regular and right regular. We call S' a regular semigroup if every element
of S is regular. Left [Right] reqular semigroups are defined similarly. For regularity, left
regularity and right regularity of semigroups, one does not imply the others. However, if
a semigroup S is both left and right regular, then S is regular. As we know, regularity is
an important notion and it is every extensively studied in semigroup theory.
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For a nonempty set X, let T(X) and P(X) denote the set of all mappings from X into
itself and the set of all mappings from a subset of X into X, respectively. Then, under
the composition of mappings, P(X) is a semigroup having T'(X) as its subsemigroup.
The semigroups T'(X) and P(X) are called the full transformation semigroup on X and
the partial transformation semigroup on X, respectively. The domain and the range
(image) of @ € P(X) are denoted by dom o and ran «, respectively. For an element z in
the domain of o € P(X), the image of x under « shall be written as xa. Notice that
doma = U za~l. For A C doma, denote by «), the restriction of a to A. The

reEran o

identity mapping on X is denoted by 1x. Recall that for «, 8 € P(X),

dom(aB) = (ranaNdom B)a~* C dom
ran(af) = (ranaNdom ) Cran 8 and
forx € X, v € dom(af) < z € doma and xa € dom g.

It is well-known that T(X) and P(X) are regular semigroups. A characterization of
regularity, left regularity and right regularity on subsemigroups of T'(X) have been widely
studied. See [1-8], for example.

For a nonempty subset S of X, let

Ts(X)={aeT(X)|Sa C S},
Ps(X) ={a e P(X)| (domansS)a C S}.

Then Ts(X) and Pg(X) are clearly subsemigroups of T'(X) and P(X), respectively. The
semigroup Ts(X) was introduced and studied by Magill [9] in 1966. In [1], Nenthein et
al. provided some characterizations of regular elements in Ts(X). The characterizations
of left regular and right regular elements on Ts(X) are given in [10].

For a nonempty subset S of X, let

Trs)(X) ={a e T(X) | za =z for all z € S},
Pr(s)(X) ={a € P(X) | za =z for all z € doma N S}.

Then T'r(s)(X) and Pr(g)(X) are subsemigroups of T's(X) and Ps(X), respectively. Also,
Trs)(X) is a subsemigroup of Pr(g)(X). We call Tr(g)(X) the full transformation
semigroup with a fived point set S and Prg)(X) the partial transformation semigroup
with a fived point set S. In 2013, Honyam and Sanwong [11] showed that T’ (g)(X) is a
regular semigroup.

In this paper, we give an example to show that the semigroup Pr(s)(X) need not be
regular and provide a necessary and sufficient condition for an element of Prg)(X) to
be regular. We also investigate a condition for which of the semigroup Pr(g)(X) to be
regular. In addition, we give a necessary and sufficient conditions for the elements of the
semigroups T'r(g)(X) and Pr(g)(X) to be left regular and right regular. These conditions
are then applied to determine the left regularity and right regularity of T'r(sy(X) and

Pr(s)(X).

2. REGULARITY OF Pr(g)(X)

It is obvious that if |X| = 1, then Pr(s)(X) is a regular semigroup. The following
example show that the semigroup Pr(g)(X) need not be regular when [X| > 1.
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Example 2.1. Let X = N and S = 2N. Define a € Pr(g)(X) by

T if x € {2,4,6},
z+1 if z€2N+1landzx>7.

ro =

Suppose that a = afa for some § € Pr(g)(X). Then 7a = 7Tafa = 8Ba. Since a is
injective, we get 83 = 7 which contradicts to the fact that 5 € Pr(g)(X). Hence a is not
a regular element of Pr(gy(X).

The following theorem gives a necessary and sufficient condition for an element of
Pr(5)(X) to be regular.

Theorem 2.2. For a € Pr(s)(X), a is regular if and only if doma NS =ranaNS.

Proof. To prove the forward implication, we assume that « is a regular element of
Pr(s)(X). Then there exists 3 € Pr(g)(X) such that a = afa. It is clear that
domansS C ranansS. Let y € rananNS. Then y = za for some z € doma.
Since x € doma = dom(afa), it follows that za € dom S and zaf € doma. Then
y =xa € dom S NS, so yB =y which implies that y = y8 = xaf € dom a. This shows
that rana NS C domanNS. Hence doma NS =rananS.

For the other implication, suppose that doma NS =rananNS. For each z € rana'\ S,
choose y, € dom « such that y,a = z. Define § : rana — X by

z if x€rananS=domanys,
zf = .
Yy, if x €rana\ S.

Clearly, 8 € Pr(s)(X) and ranfg C doma. Since (doma)a = rana = dom 3 and
ran 8 C dom q, it follows that dom o = dom(af«). Let z € dom a.

Case 1: za € S. Then za € ranaN S = doma NS, so (za)f = za = (za)a. Hence
rzafa = (za)a = za.
Case 2: zav ¢ S. Then za € rana\ S, 50 (z) = Ygo. Hence zafa = yzoo = za.

This shows that o = afa. Consequently, « is regular in Pr(g)(X). n
Next, we characterize when Pr(g)(X) is a regular semigroup where | X| > 1.
Theorem 2.3. Let |X| > 1. Then Pr(s)(X) is a regular semigroup if and only if S = X.

Proof. Suppose that S # X. Let x € X\ S and let s € S. Define o : {a} — X by za = s.
Then o € Pr(s)(X), doman S =0 and rana NS = {s}. It follows from Theorem 2.2
that « is not a regular element of Pr(g)(X). Hence Pr(g)(X) is not a regular semigroup.

Conversely, if S = X, then every element of Prg)(X) is idempotent and hence
Pr(s)(X) is a regular semigroup. ]

3. LEFT REGULARITY OF Tr(5)(X) AND Prg)(X)

Before we determine the left regular elements of T'7(g)(X) and Pr(g)(X), it is conve-
nient to have the following lemma.
Lemma 3.1. If « is a left regular element of P(X), then ran a = ran(a?).

Proof. Assume that « is left regular in P(X). Then a = Ba? for some 3 € P(X).
Clearly, ran(a?) C rana. Let y € rana. Then y = za for some x € doma. Since
x € dom a = dom(Ba?), we obtain z € dom(a?). Hence y = ra = z8a? € ran(a?). =
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Now, we investigate the condition under which an element of T’7(g)(X) is left regular.
Theorem 3.2. For a € Tr(s)(X), a is left reqular if and only if rana = ran(a?).

Proof. Assume that « is a left regular element of T'r(g)(X). Since T'r(g)(X) € T(X) C
P(X), we have « is left regular in P(X). By Lemma 3.1, ran o = ran(a?).

Conversely, suppose that rana = ran(a?). For each z € X = U ya~ !, choose
yEran o
Y. € rana such that z € y,a~!, that is, za = y,. Since ran a = ran(a?), we can choose
dy, € X such that d, a® = y,. Then we have d, a? = za. Define 3: X — X by

T ifxels,
zf = .
dy, ifzxeX\S.

Then 8 € Trs)(X). Let x € X. If x € S, then za = x = 23, so rfa? = ra? = (va)a =
za. If # ¢ S, then 28 = d,, which implies that z8a? = d,,a® = za. This shows that
a = fa?. Hence « is a left regular element of T'r(s)(X), completing the proof. m

Theorem 3.3. If |X| < 2, then Tr(g)(X) is a left reqular semigroup.

Proof. Assume that [X| < 2. If |[X| = 1, then T'z(g)(X) contains exactly one element. It
is clear that T'r(g)(X) is a left regular semigroup. Suppose that |X| = 2. Let X = {a, b}.
If S = X, then Tr(5)(X) = {1x} and hence T'r(s)(X) is left regular. Assume that S # X.

Case 1: S = {a}. Then we have

0 ={ (5 0)-(0 1)}

We sce that rana = ran(a?) for all a € Trg)(X). By Theorem 3.2, Tx(g)(X) is a left

regular semigroup.
a b a b
=12 ). )}

It is easy to see that T'r(g)(X) is a left regular semigroup by Theorem 3.2. ]

Case 2: S = {b}. Then

Next, we use Theorem 3.2 to investigate the condition under which the semigroup
Tr(s)(X) is left regular where |X| > 2.

Theorem 3.4. Let |X| > 2. Then Tr(s)(X) is a left reqular semigroup if and only if
S=Xor|X\S =1
Proof. Suppose that S # X and |X \ S| > 1. Let a,b € X \ S be such that a # b and let
c € S. Define a: X — X by

z ifzes,

za=<b ifr=a,

¢ otherwise.
Then o € Trg)(X),ranaw = S U {b} and ran(a?) = (S U {b})a = S. Since b ¢ S,
rana # ran(a?). Then a is not a left regular element of T (g)(X) by Theorem 3.2.
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For the converse, if S = X, then T'r(g)(X) = {1x} and hence T'r(gy(X) is a left regular
semigroup. Assume that [ X \ S| = 1. Let o € Tr(g)(X). Then rana = S or rana = X.
If ran o = S, then ran(a?) = (rana)a = S = § = ran o, so « is left regular in Tz (g (X)
by Theorem 3.2. If rana = X, then ran(a?) = (rana)a = Xa = ranaq, so « is left
regular in T'r(s)(X) by Theorem 3.2. Hence T'r(5)(X) is a left regular semigroup. m

Next, we give a characterization of the left regular elements in the semigroup Pr(g)(X).
Theorem 3.5. For a € Pr(s)(X), a is left reqular if and only if ran o = ran(a?).

Proof. Assume that « is a left regular element of Pr(g)(X). Since Pr(g)(X) € P(X), we
obtain « is left regular in P(X). By Lemma 3.1, ran o = ran(a?).

Conversely, suppose that ran o = ran(a?). For each z € doma = U ya~t, choose
y€E€ran o
Yz € rana such that o € yy,a~!. Since y, € rana = ran(a?), we can choose dy, €
dom(a?) such that dy, a® = y,. We then have d,, a? = xa. Define 8 : doma — X by

2B = T ifx € domanss,
~ld,, ifzedomals.

Then 3 € Prs)(X). If 2 € doma N S, then za = x € doma which implies that = €
dom(a?). Hence ran 8 C dom(a?). We then have dom(Ba?) = (ran 8 Ndom(a?))s~! =
(ran 8)3~! = dom 8 = doma. Let x € doma. If 2 € S, then za = x = 23, so xBa? =
ra? = (za)a = za. If 2 ¢ S, then 8 = d,, which implies that z8a? = d,, o® = za.
This shows that o = Sa?. Hence « is a left regular element of Pr(s)(X). [

It is easy to see that if | X| = 1, then Pr(g)(X) is a left regular semigroup. We end
this section by characterizing when Pr(g)(X) is a left regular semigroup where |X| > 1.

Theorem 3.6. Let |X| > 1. Then Pr(g)(X) is a left reqular semigroup if and only if
S=X.

Proof. Assume that S # X. Let a € S and b € X \ S. Define o : {b} — X by ba = a.
Then o € Prs)(X) and ran o # ran(a?), so « is not left regular in Pr(gy(X) by Theorem
3.5.

Conversely, if S = X, then every element of Prg)(X) is idempotent and hence
Prs)(X) is a left regular semigroup. ]

4. RIGHT REGULARITY OF Tr(g)(X) AND Prg)(X)

In this section, we give characterizations of the right regular elements of the semigroups
Trs)(X) and Pr(g)(X). In addition, the right regularity of T'r(s)(X) and Pr(g)(X) is
determined by making use of our characterizations.

The following lemma is needed to determine the right regular elements of T'r(g)(X)
and Pf(s)(X)

Lemma 4.1. If a is a right regular element of P(X), then rana C doma and «y,,  is
mjective.
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Proof. Assume that « is a right regular element of P(X). Then a = o?8 for some
B € P(X). Let y € ranaw. Then y = za for some z € doma. Since z € doma =
dom(a?B), we get y = za € doma. Hence rana C doma. Let x,y € rana be such
that za = ya. Then there are a,b € dom« such that = aa and y = ba. Thus
r = aa = ac®f = zaf = yaf = ba?B = ba: = y. This shows that Q... is injective. =

Now, we give a characterization of the right regular elements in Tx(gy(X).
Theorem 4.2. For a € Tr(s)(X), a is right regular if and only if o, is injective.

Proof. Assume that « is a right regular element of T'7(g)(X). Since Tr(s)(X) € P(X),
we have « is right regular in P(X). By Lemma 4.1, o . is injective.

Conversely, suppose that ay,,  is injective. For each x € ran(a?) = (rana)a, there is
a unique ¥y, € rana such that y,a = z. Define 8 : X — X by

5= yr if x € ran(a?),
R T € X \ ran(a?).
Let x € S C ran(a?). Then x = za € rana, so y, = = by the uniqueness of y,. Then
rf =y, = x. Hence 3 € Tr(g)(X). Let x € X. Since ra? € ran(a?) and za € ran « such
that (za)a = za?, we get Yrq2 = xa. Then za?B = y,q2 = va. We have that a = o?f.
This proves that « is a right regular element of T'r(g)(X). [

Theorem 4.3. If |X| <2, then Tr(g)(X) is a right regular semigroup.

Proof. Assume that |X| < 2. If |X| = 1, then T'r(g)(X) contains only one element
and hence it is a right regular semigroup. Suppose that |X| = 2. If S = X, then
Trs)(X) = {1x}, so it is right regular. If S # X, then we have

@ ={(o o) (0 3)) o o =105) 6 )}

where X = {a,b}. We see that o is injective for all a € T'r(s)(X). By Theorem 4.2.
Tr(s)(X) is a right regular semigroup. ]

Next, we characterize when Tr(g)(X) is a right regular semigroup where | X| > 2.

Theorem 4.4. Let |X| > 2. Then Trs)(X) is a right regular semigroup if and only if
S=Xor|X\S =1
Proof. Assume that S # X and | X \ S| > 1. Let a € S and let b,c € X \ S such that
b # c. Define ao: X — X by

x ifzxes,

rza=<qa ifx=0>,

b otherwise.

Then o € Tr(5)(X) and rana = SU{b}. Since a,b € rana and ac = a = ba but a # b, it

follows that . is not injective. Then « is not right regular in T'r(gy(X) by Theorem
4.2. Hence Tr(5)(X) is not a right regular semigroup.

Conversely, if S = X, then Tr(g)(X) = {1x} and hence Tr(g)(X) is a right regular
semigroup. Assume that | X \ S| =1. Let a € Tr(g)(X). Then a = 1x or rana = 5. It
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is easy to see that ), is injective. So « is right regular in T'z(g)(X) by Theorem 4.2.
Hence T'r(s)(X) is a right regular semigroup. ]

Theorem 4.5. For o € Pr(5)(X), a is right regular if and only if rana C doma and
O n o 18 injective.

Proof. Suppose that a is right regular in Prg)(X). Since Pr(g)(X) € P(X), we get «
is right regular in P(X). By Lemma 4.1, rana € dom« and «,,, is injective.

For the converse, assume that rana C doma and «y,,  is injective. Since rana C
dom «r, we get ran(a?) = (rana N doma)a = (rana)a. For each x € ran(a?), there is a
unique y, € rana such that y,a = x. Define 8 : ran(a?) — X by

xf =1y, for all z € ran(a?).

Let 2 € dom3 N S. Then z € ran(a?) N S. Since ran(a®) C rana C dom«, we have
z € rana and za = x. By the uniqueness of y,, we obtain y, = x. Then z8 =y, = .
Hence 8 € Pr(s)(X). Clearly, dom(a?8) C doma. If # € doma, then za € rana C
dom o and za? € ran(a?) = dom f3, so z € dom(a?3). It follows that dom o = dom(c?f3).
Let € doma. Since za? € ran(a?) and za € rana such that (za)a = za?, we get
Yooz = Ta. Then za?B = y,02 = xa. This shows that « = «?3. Hence « is a right
regular element of Pr(g)(X). ]

Clearly, Pr(g)(X) is right regular when |X| = 1. As a consequence of Theorem 4.5, a
necessary and sufficient condition for the semigroup Pr(g)(X) with |X| > 1 to be right
regular semigroup can be given as follows :

Theorem 4.6. Let |X| > 1. Then Pr(s)(X) is a right regular semigroup if and only if
S=X.

Proof. Assume that S # X. Let a € S and b € X \ S. Define o : {b} — X by ba = a.
Then a € Pr(g)(X) and rana ¢ dom a, so « is not right regular in Pr(gy(X) by Theorem
4.5.

Conversely, if S = X, then every element of Pr(g)(X) is idempotent and hence
Pr(5)(X) is a left regular semigroup. m
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