Thai Journal of Mathematics
Volume 18 Number 3 (2020)
Pages 1139-1147

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Dedicated to Prof. Suthep Suantai on the occasion of his 60*" anniversary

Approximation of Fixed Points for a Class of
Generalized Nonexpansive Mappings in Banach
Spaces

Kifayat Ullah'-*, Nawab Hussain?, Junaid Ahmad' and Muhammad Arshad?

1 Department of Mathematics, University of Science and Technology, Bannu 28100, Pakistan
e-mail : kifayatmath@yahoo.com (K. Ullah); ahmadjunaid436@gmail.com (J. Ahmad)

2 Department of Mathematics, King Abdulaziz University, PO. Box 80203, Jeddah, 21589, Saudi Arabia
e-mail : nhusain@kau.edu.sa (N. Hussain)

3 Department of Mathematics, International Islamic University, H-10 Islamabad, 44000, Pakistan

Abstract Recently, Patir et al. [B. Patir, N. Goswami, V.N. Mishra, Some results on fixed point
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1. INTRODUCTION

A mapping T on a subset D of a Banach space E is called contraction if and only if
there is a real number r € [0,1) such that

[|Tu — Tv|| <r|lu—0vl||, for all u,v € D. (1.1)

If (1.1) is hold at r» = 1, then T is called nonexpansive. A point p € D is called a
fixed point for T if and only if Tp = p. Throughtout the work, the notation fiz(T) will
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represent the set {p € D : Tp = p}. The mapping T is called quasi-nonexpansive if and
only if for each p € fiz(T) and u € D, we have
ITw = Tpl| < [|u—pl|.

It is now well-known that the set fiz(T) is nonempty if T acting on nonempty closed
bounded convex subset of a uniformly convex Banach space (see, Browder [1], Gohde [2]
and Kirk [3]).

In [1] Suzuki introduced a new class of mappings (which is the direct extension of the
class of nonexpansive mappings). A mapping T : D — D is said to be Suzuki mapping
(or satisfy condition (C)) if and only if

1
Sllu=Tull < lu—vl| = [[Tu—Tv[| < [fu -],

for each u,v € D.

Recently in 2018, Patir et al. [5] introduced new condition on mappings called condition
B, .. A mapping T : D — D is said to satisfy condition B, , (or Patir mapping) if and
only if there exists v € [0,1] and p € [0, 1] satisfying 2u < «y such that for each u,v € D,

Yu = Tul| < flu—ol| + pllv = Toll
implies ||Tu — Tw[| < (1 = )fu = vl[ + u([lu = Tv[| + [Jv = Tul]).

They also showed that, this new class of mappings is larger than the class of Suzuki
mappings.

Example 1.1. [5] Let D = [0,2]. Set T as follow:

{0 i w2
T“{1 if u=2.

Here T satisfies condition B, ,, but does not condition (C).

For fixed points investigation of contraction, nonexpansive and generalized nonexpan-

sive mappings, we often use the well-known Picard [6], Mann [7], Ishikawa [3], S [9],
Noor [10], Abbas [11], SP [12], S* [13], CR [14], Normal-S [15], Picard-Mann hybrid [10],
Picard-S [17] and Thakur et al. [18] iterative processes. For more details and some recent

literature on iteration processes, we refer the reader to [19-25]
The Picard iteration process [6] is defined as follow:

up € D,
Upt1 = TUup,n > 1, } (1.2)

The Mann iteration process [7] reads as follow:
(S D,
Unt1 = (1 — an)tn + anTup,n > 1, } (1.3)
where a,, € (0,1).

The Ishikawa iterative process [8] is the extension of Mann iterative process [7] from
one-step to two-steps:

uy € D,
U = (1 = bp)ty, + by T, (1.4)
Un+1 = (1 - an)un + ap,Tvp,n > 1,

where ay,, by, € (0,1).
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In 2007, Agarwal et al. [9] introduced the following new two-step iteration process
known as S iteration process, which converges faster than Picard, Mann and Ishikawa
iterations:
uy € D,
U = (1 = bp)ty + by T, (1.5)
Up41 = (1 - an)Tun + anTUna n Z 17

where ay,, by, € (0,1).

In 2014, Gursoy and Karakaya [17] introduced Picard-S hybrid iteration process, which
converges faster than all Picard, Mann, Ishikawa, Noor, SP, CR, S, S*, Abbas and Normal-
S iteration process:

uy € D,

wp, = (1 — bp)uy + by Ty,
Un = (1 - an)Tun + anTwna
Un41 = T’Un, n > 17

(1.6)

where a,, by, € (0,1).

In 2016, Thakur et al. [18] used a new iteration process. With the help of an numer-
ical example, they proved that this new process is faster than Picard, Mann, Ishikawa,
Agarwal, Noor and Abbas iteration processes:

uy € D,

wp, = (1 = bp)uy + by Tuy,
vp =T ((1 = ap)up + apwy,),
Upt1 = TVp,n > 1,

(1.7)

where a,,b, € (0,1).

Remark 1.2. The rate of convergence of iteration process (1.6) and (1.7) is almost same.

Recently in 2018, Hussain et al. [26] proposed the following new iteration process
so-called K iteration process:
uy € D,
Wp = (1 - bn)un + bnTun7
v =T((1 — ap)Tu, + a,Twy,),
Upt1 =T Vp,n > 1,

(1.8)

where a,, by, € (0,1).

They proved some weak and strong convergence results of K iteration process for the
class of Suzuki generalized nonexpansive mappings. Also, they proved numerically that
K iteration process is better than the leading three-step Picard-S and leading two-step S
iteration process.

In this article, we extend their results to the more general formulation of Patir gener-
alized nonexpansive mappings (mappings with B, , condition).
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2. PRELIMINARIES

Let D be a nonempty subset of a Banach space E and {x, } a bounded sequence in E.
For each u € E define:
(1) asymptotic radius of {u,} at u by A, (u,{u,}) :=limsup,,_, . [|u— u,||;
(2) asymptotic radius of {u,} relative to D by A,(D,{u,}) = inf{A4,(u,{u,}) :
u € D};
(3) asymptotic center of {u,} relative to D by
Ac(D {un}) ={u € D : Ap(u, {un}) = Ar(D, {un})}.
When the space E is uniformly convex [27], then the set A.(D,{uy}) is always singleton.
Notice also, the set A.(D, {u,}) is convex as well as nonempty provided that D is weakly
compact convex, (see e.g., [28, 29]).
We say that, a Banach space F has the Opial’s property if and only if for all {u,} in E
which weakly converges to u € F and for every v € E-{u}, one has limsup,, . ||u,—ul| <
limsup,,_, o ||un — v]].

Proposition 2.1. [5] Let D be a nonempty subset of a Banach space E having Opial
property. Let T : D — D satisfies the condition B., . If p is a fized point of T : D — D,
then for each uw € D

| Tp = Tull < [lp — ull.

From Proposition 2.1, we obtain the following facts.

Lemma 2.2. Let D be a nonempty subset of a Banach space E. Let T : D — D satisfies
the condition B, . Then the set fix(T) is closed. Moreover, if E is strictly convex and
D is convex then fix(T) is also conver.

Theorem 2.3. [5] Let D be a nonempty subset of a Banach space E having Opial property.
Let T : D — D satisfies the condition B . If {u,} is sequence in E such that
(i) {un} converges weakly to h,
(i) Ty, [Tt — o] = 0,
then Th = h.

Proposition 2.4. [5] Let D be a nonempty subset of a Banach space E. Let T : D — D
satisfies the condition B., . Then, for all u,v € D and ¢ € [0,1],
(i) [[Tu — T?ul| < [ju — Tul|,
(ii) at least one of the following ((a) and (b)) holds:
(a) 5llu—"Tul| < |ju—w|
(b) $||Tu —T?u|| < ||Tu— vl
The condition (a) implies ||Tu—Tv|| < (1—35)||[u—v||+p(||u—Tv|[+||[v—=Tul|) and
condition (b) implies ||T*u—Tv|| < (1= $)||Tu—v||4+ p(||[Tu—Tv||+||Jv—T?ul]).
(iii) [Ju—=To|| < (3= )llu—Tul| + (1 = 5) [Ju—vl| + p(2llu = Tu|| +[fu = Tv|| +
[lv — Tu|| + 2||Tu — T?ul|).

<
2

The following facts are in [30].

Lemma 2.5. Let E be a UCBS and 0 < p < ¢, < q <1 for everyn > 1. If {u,} and
{vn} are two sequences in E such that limsup,,_, . ||us|| < I, imsup,, . ||va]| <1 and
limy, o0 |[Entin + (1 = &x)vn|| =1 for some a > 0 then, lim, o0 ||ty — vp|| = 0.
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3. MAIN RESULTS

Lemma 3.1. Let D be a nonempty closed convex subset of a UCBS E andT : D — D be
a mapping satisfying condition B., ,, with fix(T) # 0. Let {u,} be a sequence generated
by (1.8), then lim, o ||un — p|| exists for all p € fix(T).

Proof. Let p € fix(T). By Proposition 2.1, we have

[[(1 = by)up + b Tupn — p|

(1 = bn)||un = pl| + bn || Tun — pl|
(1 = bn)||un — pl + bnllun — pl|
l[wn — pll,

[lwn — pll

IANIACIA

and

|T((1 = an)Tun + anTwy,) — pl|
[|(1 = an)Tup + anTw, — p||

(1 = an)[[Tup = pl[ + an|[Twy — pl|
(1 = an)l[un = pl| + anllw, = p|.

[l = pl]

IN A IA

They imply that

[ Tvn = pl < |lon — pl]

(1 = an)|lvn — pl[ + an||wn — pl|
(1 = an)|[un = pl| + anllun - p|
|[wn = pll.

|[wns1 = pl|

IAINCIA

Thus {||u,—p||} is non-increasing and bounded, which implies that lim,, o ||u,—p|| exists
for all p € fiz(T). m

Theorem 3.2. Let D be a nonempty closed convex subset of « UCBS E andT : D — D
be a mapping satisfying condition B, ,,. Let {u,} be a sequence generated by (1.8). Then,
fix(T) # 0 iof and only if {un} is bounded and lim,_ o |[Tuy — uy|| = 0.

Proof. Let fiz(T) # 0 and p € fiz(T). By Lemma 3.1, lim,,_, o0 ||uy, —pl|| exists and {u,, }
is bounded. Suppose

Jimffu, —pl| = 1. (3.1)
By the proof of Lemma 3.1 together with (3.1), we have

lim sup ||wy, — p|| < limsup ||u, — p|| = L. (3.2)
n—oo

n—oo

By Proposition 2.1, we have
limsup [|Tuy, — p|| < limsup ||u, — p|| = 1. (3.3)
n—oo n—oo
Again by the proof of Lemma 3.1, we have

||un+1 _pH < (1 _an)Hun _p” +anHwn _pH'
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It follows that
|[un+1 = pll = llun — p|

luns1 = pll = [lun —pl| < < fwn = pl| = [fun—pl|-
Qnp
So, we can get ||up+1 — p|| < ||wn — p||. Therefore,
I <liminf||jw, — p|]. (3.4)
n— oo
From (3.2) and (3.4), we obtain
= lim [|w, —pl|. (3.5)

From (3.5), we have
r = lim ||w, —p||
n— oo
= lim [|(1 = bp)tn + b Tu, — p||
n—oo
= lim (11 = b = p) + bu(Ts — ).
Hence,
Now from (3.1), (3.3) and (3.6) together with Lemma 2.5, we obtain
lim ||Tu, — uy|| = 0.
n—oo
Conversely, let p € A.(D, {uy,}). By Proposition 2.4(iii), for v = §, ¢ € [0, 1],
c
lun = Tpll < (3= O)llun = Tunll + (1= 2 ) llun = pll + pu(2in = T
+ Nun = Tpll + |lp = Tun|| + 2[|Tun — T?uy||)
c
< (3= lfun = Tunl| + (1= 5) llun = pll + (2w = Tun|
+ Nun = Tpl[ + [[un = pl| + [[un — Tun|| + 2[|un — Tun||)
(by Proposition 2.4(i))

. c .
= (1 — p)limsup ||u, — Tp|| < (1—§+u)hmsup||un—p||
n—oo

n—oo
L—5+p).
(12> lim sup ||u,, — p||
— M n— oo
lim sup ||u, — p||
n—oo

1—¢
(aswgl, forQ,uS'y:C)
1—p 2

IN

= limsup ||u, — Tp||
n—o0

IN

SoTp € A.(D,{uy}). Since E is uniformly convex Banach space, A.(D, {uy} is singleton.
Hence T'p = p. [

Theorem 3.3. Let D a nonempty closed convex subset of a UCBS E having the Opial
property and T : D — D be a mapping satisfying condition B.,, with fiz(T) # (. Then,
{un} generated by (1.8) converges weakly to an element of fix(T).
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Proof. By Theorem 3.2, {uy} is bounded and lim,, o ||Tt, —uy|| = 0. Since B is UCBS,
B is reflexive. Thus, we can find a subsequence {u,,} of {u,} such that {u,,} converges
weakly to some h; € D. By Theorem 2.3, we obtain hy € fix(T). It is suffice to prove
that {u,} converges weakly to h;. Indeed, if {u, } does not converge weakly to hi. Then,
we can find a subsequence {uy, } of {u,} and he € D such that {u,, } converges weakly
to he and hs # hy. Hence, hy € fixz(T) by Theorem 2.3. Opial condition and Lemma
3.1, gives us

lim ||u, —hil| = lim [|Ju,;, —he] < lim [|ug, — ha|
n—00 j—o0 j—o0
= lim ||up — ho|| = lm [||up, — hsl|
n—o00 k—o0
< lim ||up, —hi|| = Um ||un — ha]]-
k—o0 n—oo
This is a contradiction. So, hy = hs. n

Theorem 3.4. Let D be a nonempty closed conver subset of a UCBS E andT : D — D be
a mapping satisfying condition B., ,. If fix(T) # 0 and liminf,,_, dist(uy,, fiz(T)) = 0.
Let {u,} be the sequence generated by (1.8). Then {u,} converges strongly to fized point
of T.

Proof. By Lemma 3.1, lim,, o, ||u,—p|| exists, for all p € fix(T). So, lim,,_, dist(u,, fix(T))
exists, thus

lim dist(uy, fiz(T)) = 0.

n—oo

1

Thus, there exists subsequence {uy, } of {u,} and {wx} in fix(T) with ||un, —wi|| < 5.

k > 1. Moreover, {u,} is nonincreasing by the proof of Lemma 3.1. Hence

||unk+1 —(.dk|| < ||unk _WkH <

= ok
We prove that {wy} is a Cauchy sequence in fiz(T).
||w1€+1 - wk” < Hwarl - unk+1” + ||u’ﬂk+1 - wk“
1 1
< — < —— =0, as k — oo.

2k+1 92k — 9k—1

This shows that the sequence {wy} is Cauchy in fiz(T'). Since, fixz(T) is closed by Lemma
2.2. Therefore, w,, — p for some p € fiz(T). By Lemma 3.1, lim,_, ||u, — p|| exists. So
the proof is finished. n

Finally we prove the following strong of {u,} with the help of condition (I). Recall
that a self mapping T" on a subset D of a Banach space is said to satisfy the condition (I)
if and only if there exists a nondecreasing function = : [0, 00) — [0, 00) satisfying 70 = 0
and 7t > 0 for every ¢ > 0 such that

[|[Tu — || > wdist(u, fix(T)) for all u € D.

Theorem 3.5. Let D be a nonempty closed convex subset of a UCBS E andT : D — D be
a mapping satisfying condition B, with fix(T) # 0. Let {u,} be the sequence generated
by (1.8). If T satisfies condition (1) then {u,} converges strongly to the fized point of T
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Proof. From Theorem 3.2, it follows that
linrgngTun — upl|| = 0.

By condition (I), we have
linrgigf(dist(un, fiz(T))) = 0.

The conclusion follows from Theorem 3.4. n

4. EXAMPLE
In this section, we construct a new example of Patir mapping which is not Suzuki.

Example 4.1. We consider the subset D = [0, c0) of real line and set T on D as follow:

- 1
5 if u> 455-
= 100
. - L = L 5 L, — — _1 3 _ —
Choose u = =55 and v = g55. We see that, 5lu —Tu| = 555 < 5555 = |u — v| but
|Tu — Tv| = g5 > 555 = |u—v|. Thus T is not Suzuki mapping. Choose v = 1 and
W= %, we have
Case I:. For u,v < ﬁ, we have

(L =fu—v|+ p(lu—To|+ v —Tul) > 0 = [Tu — Tv|.

Case II: For u,v > L we have

4007
1
(1=lol+p(fu=Tol+lo~Tul) = 3 (fu—To| + o — Tu)
= 5 (=5l l-3D
- o\l
s 18w _3v
- 2 2 2
3 1
= i\u—v|2§|u—v\:|Tu—Tv|.
Case I1I: ForuZﬁandv<ﬁ,we have
1
(1=lu—vl+p(ju=To|+v=Tul) = o (ju—To|+ |v—Tul)

_ 1H+1 u’
I L N
1

Y

§\u| = |Tu—Twv|.

Hence, T' satisfies condition B, 1. Moreover, fiz(T) = {0}.

Take a,, = % and B, = % for n > 1. By choosing u; = 4 , we may observe in the Table
1 as well as in Figure 1 the behavior of K iterates with the leadings three-step Picard-S
and leading two step S iterates.
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TABLE 1. Sequences generated by K, Picard-S and S iteration processes

Ul
Uz
us
Ugq
Us
Ug
u7
us
Ug
u1io
U1
U2
Uuis
U14

Ups1

F1cUre 1. Convergence behavior of K, Picard-S and S iterates for map-

K

4
0.46000000000000
0.05290000000000
0.00608350000000

0

(==l e i e B e M e M e Ml e i e

15

0.5

Picard-S
4
0.92000000000000
0.21160000000000
0.04866800000000
0.01119364000000
0.00257453720000
0

O OO OO OO

S

4
1.84000000000000
0.84640000000000
0.38934400000000
0.17909824000000
0.08238519040000
0.03789718758400
0.01743270628864
0.00801904489277
0.00368876065067
0.00169682989931

0

0

0

ping T defined in Example 4.1 where u; = 4.
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