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1. INTRODUCTION

It is well known that many problems arising in applications of mathematics can be
formed as the finding a point that belongs to the nonempty intersection of finitely many
closed convex sets, or in general, the fixed point sets of nonlinear operators in a Hilbert
space H, see for instance [1-4]. Namely, let a finite family of nonlinear operators T; : H —
‘H with, the set of all fixed points of the operator T;, Fix T; := {z € H | Tjx = z} # (),
i =1,2,...,m, be given, the common fized point problem is to find a point z* € H such
that

z* € () Fix T3, (1.1)
i=1

provided that the intersection is nonempty.
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According to its fruitful applications, there is a vast literature on solving the com-
mon fixed point problem (1.1). Notable methods and applications are proposed in [5—9]
when dealing with the certain nonexpansivity of operators T;,7 = 1,2, ...,m. For more
approaches on wilder class of operators and many extrapolation variants, the reader can
be found, for example, in [10-18] and many references therein.

Since the fixed point set of a nonexpansive operator is convex, it is clear that the
intersection of such fixed point sets is also convex. This means that the problem (1.1)
might have infinitely many solutions, otherwise it has a unique common fixed point. In
this case it is customary to inquire that, under some prior criterion, which common fixed
point is the best or at least a better common fixed point. A classical strategy is the
minimal norm solution problem of finding a common fixed point in which it solves the
minimization problem

minimize 3 ||z||?

subject to  x € -, Fix T},
provided that the problem has a solution. A number of iterative schemes for finding this
minimal norm solution have been proposed, see for example, in [19-24] and references
therein.

Along the line of selecting a specific solution among the common fixed points, and
it is well known that the smooth convex optimization problem can be written as the
so-called wvariational inequality problem. These observations motivated the solving a vari-
ational inequality problem over the common fixed point sets formulated as follows: given

m
a monotone continuous operator F': H — H, find z* € [ Fix T; such that
i=1

(F(a*),x —2%) >0 Vze[|FixT. (1.2)
i=1

Clearly, the minimal norm solution problem is an example of the problem (1.2) when
F(z) is the gradient of 1| z|?.

Among popular methods for dealing with this variational inequality problem (1.2), we
underline, for instance, the classical work of Lions [25], where T;,7 = 1, ..., m are supposed
to be firmly nonexpansive and F := Id — a, for some a € H. After that, the case when
T;,i = 1,...,m are nonexpansive has been studied by Bauschke [26]. And, the most
remarkable method is the so-called hybrid steepest descent method proposed by Yamada
[27], where T;,i = 1,...,m are supposed to be nonexpansive and the operator F' is
generally supposed to be strongly monotone and Lipschitz continuous. This starting point
inspired many researchers to study in both generalizations of the problem setting and
accelerations of this introduced iterative scheme, see [28-38] for more insight developments
and applications.

In this paper, we deal with the variational inequality problem over the intersection of
fixed point sets of firmly nonexpansive operators. We present an iterative scheme for solv-
ing the investigated problem. The proposed algorithm can be viewed as a generalization
of the well-known hybrid steepest descent method in the allowance of adding appropri-
ated information when computing of operators values. We subsequently give sufficient
conditions for the convergence of the proposed method.

This paper is organized in the following way. We collect some technical definitions
and useful facts needed in the paper in Sect. 2. In Sect. 3, we state the problem of
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consideration, namely the variational inequality over the intersection of fixed point sets,
and discuss some remarkable examples. Whereas in Sect. 4, the proposed algorithm is
introduced and analyzed. Actually, to get on with the proving our main theorem, in
Subsect. 4.1 we prove several key tool lemmas, and subsequently establish the strong
convergence of the sequence generated by proposed algorithm in Subsect. 4.2.

2. PRELIMINARIES

Throughout the paper, H is always a real Hilbert space with an inner product (-, -)
and with the norm || - ||. The strong convergence and weak convergence of a sequence
{z™}5%, to x € H are indicated as 2" — x and a2 — x, respectively. Id denotes the
identity operator on H.

An operator F' : H — H is said to be k-Lipschitz continuous if there is a real number
K > 0 such that

1F(z) = Fy)ll < sllz -yl
for all x,y € H, and n-strongly monotone if there is a real number 7 > 0 such that
(F:v—Fy,x—y) > 77Hx_y||27

for all z,y € H.
Firstly, in order to prove our convergence result, we need the following proposition.
The proof of this result can be found in [27, Theorem 3.1].

Proposition 2.1. Suppose that F : H — H is k-Lipschitz continuous and n-strongly
monotone. If u € (0,2n/k%), then for each B € (0,1], the mapping U® = Id — uBF
satisfies

107z — Uyl < (1= Br)llz —yl.,
for all z,y € H, where T :=1 — /1 + p2x2 — 2un € (0, 1].

Next, we recall some noticeable operators. An operator T : H — H is said to be
p-strongly quasi-nonezpansive (SQNE), where p > 0, if Fix T # () and
1Tz — 2| < ||z — 2| = p|| Tz — 2|,

for all z € H and z € Fix T. If p > 0, we say that T is strongly quasi-nonexpansive. If
p =0, then T is said to be quasi-nonexpansive (QNE), that is

[Tz — 2| < [lz — =],

for all z € H and z € Fix T. An operator T : H — H is said to be nonexpansive (NE), if
T is 1-Lipschitz continuous, that is

[Tz =Ty <[l —yl,

for all z,y € H. It is clear that a nonexpansive operator with nonempty fixed point set
is quasi-nonexpansive. An operator T : H — H is said to be a cutter if Fix T # () and

(x —Tx,z—Tx) <0,

for all z € H and all z € Fix T'. Furthermore, an operator T : H — H is said to be firmly
nonezpansive (FNE), if

<T£L’ - Ty,iC - y> 2 ||T$ - Ty”za
for all z,y € H.
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Some important properties applied in the further part of this paper are stated as the
following facts which can be found in [3, Chapter 2].

Fact 2.2. Let T : H — H be a firmly nonexpansive operator. Then T' is nonexpansive
and it is a cutter, and hence quasi-nonexpansive.

Fact 2.3. If T : H — H is quasi-nonexpansive, then Fix T is closed and convex.

Fact 2.4. Let T : H — H be an operator. The following properties are equivalent:

(i) T is a cutter.
(ii) (Tx — 2,z —x) > ||[Tx — z||? for every x € H and z € Fix T
(iii) T is 1-strongly quasi-nonexpansive.

Below, we present further properties of a composition of strongly quasi-nonexpansive

operators.

m
Fact 2.5. Let T; : H — H,1 = 1,2, ..., m, be strongly quasi-nonexpansive with (| Fix T; #
i=1
(). Then a composition T' := T}, T},,_1 - -- T is also strongly quasi-nonexpansive and has
the property:

Fix (T) = Fix (T 1+ T1) = (| Fix T.
1=1

An operator T : H — H is said to satisfy the demi-closedness (DC) principle if T'—Id is
demi-closed at 0, i.e., for any weakly converging sequence {2"}>2 ; such that 2" —y € H
as n — oo with |Tz™ — 2™|| — 0 as n — oo, we have y € Fix T.

The following fact is well known and can be found in [2, Corollary 4.28].

Fact 2.6. If T : H — H is a nonexpansive operator with Fix T # (), then the operator
T — Id is demi-closed at 0.

In order to prove the convergence result, we need the following proposition which can
be found in [2, Corollary 2.15].

Proposition 2.7. The following equality holds for all x,y € H and X € R:
Az + (1= Xyl = Azl + (1 = Myl = 21 = Nz - y]*.

We close this section by presenting a special case of [39, Proposition 4.6] which plays
an important role in proving our convergence result.

Proposition 2.8. Let T; : H — H,i = 1,2,...,m, be cutter operators with (| Fix T; # (.
i=1
Denote the compositions T := TypyTy—1---T1, and S; == T;T;_1---T1, where Sy := Id.
Then, for any x € H and z € () Fix T;, it holds that
i=1

1 m
of 218w = Sicaal)* < [Tz — a, (2.1)
i=1

for any L > ||z — z||.
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3. PROBLEM STATEMENT
In this section, we state our main problem as follows:

Problem 3.1 (VIP). Assume that

m
(i) T;: H— H,i=1,2,...,m, are firmly nonexpansive with [ Fix T} # .
i=1
(ii) F :H — H is np-strongly monotone and k-Lipschitz continuous with k > 1 > 0.

The problem is to find a point z* € () Fix T; such that
i=1

(F(z*),z—2") >0 forallze ﬂFix T;.
i=1
Remark 3.2. By the assumptions (i) and (ii), we know from [10, Theorem 2.3.3] that
Problem (VIP) has the unique solution.

Problem (VIP) also lies in the models of the suitably selected choice among common
fixed point problems as the following few examples.

Now, let B : H = H be a set-valued operator. The monotone inclusion problem is to
find a point 2* € H such that

0 € B(z"),

provided it exists. Actually, we denote by Gr(B) := {(z,u) € H X H : u € Bz} its graph,
and zer(B) := {z € H : 0 € B(z)} the set of all zero points of the operator B. The set-
valued operator B is said to be monotone if (x—y,u—wv) > 0, for all (z,u), (y,v) € Gr(B),
and it is called mazimally monotone if its graph is not properly contained in the graph
of any other monotone operators. For a set-valued operator B : H = H, we define the
resolvent of B, Jg : H = H, by

Jp = (Id+ B)™ "
Note that if B is maximally monotone and r > 0, then the resolvent J,.p of rB is (single-
valued) FNE with
Fix J.p = zer(B),
see [2, Proposition 23.8, Proposition 23.38].
Thus, for a given r > 0 and a finitely many maximally monotone operators B; : H =
H,i=1,2,....,m, we put T; := J,p,,i = 1,2, ...,m, Problem (VIP) is nothing else than,
m
in particular, the problem of finding a point * € [ zer(B;) such that

i=1
(F(z*),x—2")>0 Vzxe ﬂ zer(B;).
i=1

Some interesting iterative methods for solving this type of problem and its particular
situations are investigated in [41-43].

Moreover, recalling that for a given r > 0 and a proper convex lower semicontinuous
function f : H — (—o0, +oc], we denote by prox,.;(z) the prowimal point of parameter r
of f at x, which is the unique optimal solution of the optimization problem

min{f(u) + 2—17n||u—x||2 cue 7—[}.
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It is known that prox,; = Jyo5 (see [2, Example 23.3]) which is FNE and Fix prox,,, =

argmin f := {x € H : f(z) < f(u),Yu € H}. Thus, for a finitely many proper convex

lower semicontinuous functions f; : H — (—oo,+00],i = 1,2,...,m and putting T; :=

prox,.;,, Problem (VIP) is reduced to the problem of finding a point x* € () argmin f;
i=1

1=

such that .
(F(z*),x—2*) >0 Vzxe ﬂ argmin f;,
i=1
see [36, 44] for more details about this problem. In these cases, Algorithm 1 and Theorem

4.2 below are also applicable for these two problems.

4. ALGORITHM AND ITS CONVERGENCE ANALYSIS

In this section, we will propose an algorithm for solving Problem (VIP) and subse-
quently analyze their convergence properties under some certain conditions.
Firstly, we now present an iterative method for solving Problem (VIP) as follows:

Algorithm 1 Sequential Constraint Method (in short, SCM)

Initialization: The positive real sequences {A,}22;, {8,}52, and real number .
Take an arbitrary z! € H.
Iterative Step: For a given current iterate " € H (n > 1), set

ep =" — pBuk(a").

Define
e =Tl 1 +el, i=1,...,m,
where e’ € H is added information when computing T} ;’s value. Compute
"= (1= X))ol + Al
Update n =n+ 1.

Remark 4.1. Some useful comments are in order:

(i) It is important to point out that the term el,i = 1...,m, can be viewed
as added information when computing the operator 1’s values, for instance, a
feasible like direction. Actually, in constrained optimization problem, we call
a vector d a feasible direction at the current iterate xj if the estimate x; + d
belongs to the constrained set. Notice that, in our situation, we can not ensure
that each estimate T} ; belongs to the fixed point set Fix T;. Thus, adding an
appropriated term e} possibly helps the estimate ¢} get closer to Fix T; so that
the convergence can be improved.

(ii) Apart from (i), the presence of added information el,i = 1...,m, can be
viewed as the allowance of possible numerical errors on the computations of T;’s
operator value. This situation may occur when the explicit form of 7T; is not
known, or even when T;’s operator value can be found approximately by solving
a subproblem, for instance a metric projection onto a nonempty closed convex
set, a proximity operator of a proper convex and lower semicontinuous function,
or even the resolvent operator of a maximally monotone operator.
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The main theorem of this section is as follows:
Theorem 4.2. Suppose that p € (0,2n/k%), {8,152, C (0,1] satisfies lim 3, =0 and
n—oo

&) (o)
> Bn =400, and { A\, }52, C [g,1—¢] for some constant € € (0,1/2]. If > |||l < +o0
n=1 n=1

fo? each i = 1,2,...,m, then the sequence {x"}52, generated by Algorz'th;z 1 converges
strongly to the unique solution to Problem (VIP).

Remark 4.3. It is worth underlining that the assumptions on step sizes sequence {8, }52;
hold true for several choices which include, for instance, 3, := 8/n,n > 1, for any choice
of 8 € (0,1]. Moreover, the parameter p, which is used in Theorem 4.2, need to be chosen
in the interval (0,27/x2) so that the operator Id— uf3, F is a contraction (see, Proposition
2.1) for any choice of the step sizes {8,}52 ;.

In order to proceed the convergence analyses, we will consider the following into 2
parts. Actually, we start in the first part with a series of preliminary convergence results,
and subsequently, present the main convergence proof of Theorem 4.2.

4.1. PRELIMINARY CONVERGENCE RESULTS

Before we present some useful lemmas used in proving Theorem 4.2, we make use of
the following notations: the compositions

T:=TnTm-1-- le

S() = Id, and SZ = ET’i_l--'Tl, i:l,Q,...,m.

Moreover, the iterate 2”1 is the combination
2"t =™ ", (4.1)
where
w" =g+ A(Teg —vp),
u = Al = Teg),
for all n > 1.

Now, we start the convergence proof with the following technical result.

o0
Lemma 4.4. The series Y ||u™|| converges.

n=1

m

Proof. Let z € (] Fix T; and n > 1 be fixed. By using the triangle inequality, we note
i=1

that

lz™ = 2]l = ™ + ™ = 2] < lw” = 2] + [lu”]- (4.2)
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By using Proposition 2.7 and the quasi-nonexpansitivity of T', we obtain

lw™ = 21" = ligg + Mn(Tef — 05) — 2II°

= ”)‘n(T‘Pg —z)+ (1 - /\n)‘Pg —(1- /\n)Z”2
= [ A(Teg — 2) + (1= M) (w5 — 2)II°
= allTeg — 2P+ (1 = An)llel — 201 = A (1=2n) [Tl — w52

IN

Ml = 2l + (1= An)lle = 217 = Aa(L=Au) I T05 5 |1

= leb — 21> = M(L=A)T0f — 5|12 (4.3)

Since the relaxation parameter {\,}52; C (0, 1), we obtain that

[w" = 2| < [leg — zll;
and, subsequently, the inequality (4.2) becomes

2" = 2l <l — 2 + [lu”]-

(4.4)

(4.5)

On the other hand, the nonexpansitivity of 73,7 = 1,...,m, and the triangle inequality

yield
[l = [IAn(em — Teo)l
< llem = Teoll
< lemll+1Tm (T (- - To(Tapg +e1) +ez -
< llemll+ [Tm—1 (- To(Trpn +e1) +ez -
<
m
< > llel
i=1
o0
Since, for each i = 1,...,m, > |e?]| < o0, we get
n=1
oo
D Il < oo,
n=1

as required.

[T (T (- - To(Trpo +ei) ez -+ ) tem—)tem—TmTm1 - Trg |

) tem—1) = TnTma - Tigo ||
)t em—1 = Tmor-- Tigg|

lemll + lem—ill + 1 Tm-1 (- - To(Trpo + 1) + ez -+ ) = T+ Tigg |

Before we proceed further convergence properties, we will show that the generated

sequences are bounded as the following lemma.

Lemma 4.5. The sequences {x"}22 1, {F(2™)}32, and {¢§}22, are bounded.

m
Proof. Let z € () Fix T; and n > 1 be fixed. By using Proposition 2.1, we note that
i=1

1=

")) = (2 = ufnF(2)) — ubn F(2)]|
2")) = (z = uBnF ()| + pbul F(2)]|

= |(Id = pppF)z" — (Id = pfn F)z|| + pbn | F(2)]]

leg =2l = [la" = pbuF (") — 2|
= " — pbnF ("
< IG&" = pBak(
<

(1= Bur)lle" = 2] + uBnll F(2)]], (4.6)



A Segential Constraint Method for Solving Variational Inequality ... 1113

where 7 =1 — /1 + p2k2 — 2un € (0,1].

Now, by using (4.5) together with the above inequality, we have

o™ =2l < il — 2l + "
< (L= Bum)lla” = 2l + uB | F (=) + "
n M n
< max{Jlo" — 2|, Z1F )} + ).

By the induction argument, we obtain that

n

lo™*t =2l < max{llat =L EIFGI + Y It e
i=1

o0
By Lemma 4.4, we know that ) ||[u™| < 400, we obtain that {z™}32; is bounded.

n=
Moreover, the use of Lipschitz continuity of the operator F' implies that {F(z™)}$2, is
bounded, and consequently, {pg}52; is also bounded. (]

m
For an element z € () Fix T; and all n > 1, we denote from this point onward that
i=1

w=2(wpw"—demF@W>+$mWﬂH<+w,
n>1 n>1

€n 1= 12 B IF (@™)|P + 2pBnlla™ = 2l F (™) | + vllu],

bu = 22 (I + 22 (F (@)~ F(2), )+ 0 = 2, ~F (=),

and
Qp = B, T.
Lemma 4.6. The limit lim,,_, &, = 0.

Proof. Invoking the boundedness of the sequences {z"}22 ; and {F(z™)}52 ;, Lemma 4.4,
and the assumption that lim, .. 8, = 0, we obtain

0 < & = p? BRI F(@")|* + 2uBn|2™ = 2ll| F(=™)] + v]u"] — 0,

as desired. n

The following lemma states a key tool inequality on the generated sequence which will
be formed the basis relation for our convergence results.

Lemma 4.7. The following statement holds:

2
, An(1=N,) [ ,
o+t st o — o7 - 2 (z 1568 - siw) ‘e
1=1

forall z€ N Fix T; and alln > 1.
i=1

1=
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Proof. Let z € (] Fix T; and n > 1 be fixed. From the inequality (4.6), we have
i=1

et — 2l < llz" =zl + pBnllF(2)]-
By using (4.2) together with (4.4) and the above inequality, we obtain that
n n ni2
&t =22 < (" = 2] + [lu™]])

lw™ = 2[|* + 2[lw™ — 2[lu]| + [lu"*

<t =2+ @lles = 2l ) lu]
< " =2+ 212" = 2l + pBall F ) + u™[] [l
<

nw”zn2+[2($u>uﬂzn+u|ﬁwan)+supnu”@nunn
n>1 n>1

lw™ = 2]+l (4.7)

where the fifth inequality holds from the assumption that {8,}52,; C (0,1] and the
boundedness of the sequences {z"}5; and {u™}52 ;.
Invoking the obtained inequality (4.7) in (4.3), we obtain

lz™ =2 <l — 2P = A = AT — @5 ° + vllu”|
= " —uBuF (@) =2|* =X (1=20) [Te0f =5 |I* +vllu”|
= o™ = 2 + 2 BLIIF (™) — 2B (a" — 2, F(2™))
(1= AT — 5 |17 + vllu”|
lz" = 2I* + @2 BRI F (2"™)|* + 2uBnllz” — 2| [ F (2™)
~An(1 = M) Te = 5> +vflu”|
= o™ =2l = ML = X T5 — @5 11” + &,

Putting L := sup,,>; [|#" — 2|, using the above inequality, and Proposition 2.8, we
arrive that

IN

2
M1 =) [ &

e 4Lz (Z 1Sivn — Si1w8||2> +&ns
i=1

which completes the proof. [

The following lemma shows that the weak cluster point of the generated sequences
belongs to the intersection of fixed point sets.

Lemma 4.8. If the sequence {@f }°2, satisfies ||Sipg —Si—1¢0|| = 0 foralli=1,...,m,

then the weak cluster point z € H of {pf}5L, belongs to () Fix T;.
i=1

Proof. Since {p§ 152, is bounded, we let z € H be a weak cluster point of {¢f}22,, and
let {@g" 152, C {ef}oe, be a subsequence such that ¢f* — z. Now, we note that

I(T4 = T | = Tl — it Il = IS16* — S| = 0.
Since T satisfies the DC principle, we obtain that

z € Fix Ty.
Note that

[(Trpg* —Tiz) = (eg* — 2)Il = [I(Ty — Id)eg* || — 0,
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and ¢p* — 2z together imply that
Tipyt =Tz = z.
But we know that
|(Ts — I T3 | = | ToTrpt — Troi | = ot — S0 = 0,
and, consequently, the DC principle of T3 yields that
z € Fix Ts.
By proceeding the above proving lines, we obtain that
zeFixT;, Vi=12,..,m,
which means that z € -, Fix T;. "

The following lemma presents the key relation for obtaining the strong convergence of
the generated sequence.

Lemma 4.9. The following statement holds:

lz™ = 2] < (1= ) [la™ = 2]1* + andn +v][u"]

for all z € ﬂ Fix T; and alln > 1.

=1

Proof. Let z € ﬂ Fix T; and n > 1 be fixed. By utilizing the inequalities (4.4), (4.7),

1=
and Proposition 2. 1 we note that
lz"* — 2|

—z lo™ = 2|* + vf|u”|

INIA

ot — 212 + vllu”|
= Hxn - HﬂnF(mn) —z+ MﬁnF(z) - NﬂnF(Z)HQ + ”HunH
(" — uBaF(2")) — (2 — uBuF(2))] — uBuF (=) + vl
= [|@" = pBaF(@")) — (z = uBaF ()| + |1BuF (2)|?
~2(2" — pBaF(x") — 2+ pBnF(2), uBaF(2)) + vllu”|
= ||(Id — pBuF)a" — (Id — pfuF)z|* + 2521 F(2)]*
~2((a" — 2) — (UBaF(2") — pBuF (2)), uBuF (2)) + v|u” |
(1= Bar)?llz" — 2|* + p2B2IF(2)]* + vflu”|
~2((a" — 2) — pBn(F(z") — F(2)), uBnF(2))
(1= Bam)llz" — 2|2 + B2 F () I? + vlju”|
—2ufn(@" — 2, F(2)) + 2% B (F(a") — F(2), F(2))
= (1= Bar)lz" = 2|” + vl
+Bn [12Bul F(2)? = 20(a" — 2, F(2)) + 20° Bu(F(2") = F(2), F(2))]
= (1= Bar)llz" — 2 + vl

B (IR +26* (F (") = F(2), F) + 2 (@ 2, ~F (=)

IN

IN

+BnT

= (1—an)llw = 2|I* + andn + vllu”l,

which completes the proof. [
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4.2. CONVERGENCE PROOF

In order to prove our main theorem, we need the following proposition which was
proven in [45].

Proposition 4.10. Let {a,}52; be a sequence of nonnegative real numbers satisfying the
inequality

Gpt1 < (1 - an)an + anﬁn + Yn,

(o)
where {an 102, C[0,1] with > o = 400, {Bn}52, is a sequence of real numbers such
n=1

o0
that limsup B, < 0 and {7,}52 is a sequence of real numbers such that > vy, < +o0.
n—0 n=1

Then lim a, = 0.
n—oo

We are now in a position to prove Theorem 4.2.

Proof. Let u be the unique solution to Problem (VIP). Then, @ € (-, Fix T} and all
above results hold true with replacing z = 4. Now, for simplicity, we denote a, :=
|z™ — @||?. Firstly, it should be remembered from Lemma 4.4 and Lemma 4.6 that
nll)ngov||u"|| =0 and lim,_,« &, = 0, respectively.

We will show that the generated sequence {z™}$2 ; converges strongly to @ by consid-
ering the two following cases.

Case 1. Suppose that {a,}32, is eventually decreasing, i.e., there exists ng > 1 such
that ap41 < an for all n > ng. In this case, {a,}32; must be convergent. Setting
lim a, =r. In view of Lemma 4.7 with z = % and using Lemma 4.6, we have

n— 00
M1 = N [ & ’
0 < limsu MG A Sl n*Si_ 2
< n~>oop 112 (; S0 190l >
< limsup(a, — apt1 + &) = lim a,— lim a,41+ lim &, =0,
n—oo n—o00 n—oo n—oo
and hence
2
. )\n(l - )\n) u n n
RV B <; 1Sig — Si—10 |2> =0.

Since {A\,}22, C [e,1 —¢], we have A, (1 — \,,) > &2 for all n > 1, and, consequently,

nhjgoz I1Sivg — Si—1¢511* = 0,
i=1
which implies that, for all : = 1,2,...,m,
Jim [|Sipg — Sicagg ]l = 0. (4.8)

On the other hand, since the sequence {©f }°° ; is bounded, we have {{ph—u, —F(1))}52,
is also bounded. Now, let {¢g*}%2, be a subsequence of {p§}52; such that

lim sup(ef —a, —F(w)) = lim (05" —a, ~F(w)).

n—oo
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Since {p*}72; is of course bounded, it indeed has a weakly cluster point z € H# and a

subsequence {py" 22, such that @y — z € H. Thus, it follows from Lemma 4.8 and

(4.8) that z € (-, Fix T;. Since @ is the unique solution to Problem (VIP), we have

limsup(py —a, —F(a)) = lim {po" —a, —F(a))
n—o0 —»00
= lim (g, — @, —F(@)) = (z — @, —F(a)) <0.  (4.9)
J—00

Now, let us note that

(b6 —u,=F(u) = (2" = pfpF (") —u,—F(u)
(z" —u, —F(a)) — pBn(F(z"), —F(a)),

and by setting p := sup || F(z")]| < 400, we have
n>1

<xn - u, —F(ﬂ» <90(T)L - u, —F(ﬂ)> + M/Bn<F('Tn)7 —F(’l]))
(po — @, —F (@) + pBu| F (™) — F(a))]|

(00 — 1, —F(w)) + pfnl | F(u)] sup £ (")

= (¢t — @, —F(w)) + ppfnl F(@)]].

Invoking the assumption lim S, = 0 and (4.9), we obtain
n—oo

limsup(z" — @, —F(u)) < limsup(py — @, —F()) + pp| F(@)| lim §, <0.  (4.10)

n—roo n—roo

INIA

In view of §,, with replacing z = u, we get

S = O (@) P2 (Pa) — F(@), F(@) + L 5, P (@)
< % (uQIF(U) 14242 sup(F(a")—F (a), F(u)>) +27” (z"— @i, — F (1))
1

- 24 _ _

= — (PIF@IP +20%q) B+ (2" — 5, —F (@),

where ¢ := sup(F(z") — F(a), F(a)) < +oo. Again, the assumption lim £, = 0 and
n>1 n—00

(4.10) yield that

1 2
lim sup 6, (12| F (@) ||*+ 212q) nhﬁngo ,Bn—k—ﬂlim sup(z" —a, —F(@))

n—o00 T T n—oo

2 lim sup(z" —u, —F(a)) <0. (4.11)

T n—oo

Finally, in view of Lemma 4.9 with z = @, we have

ap41 < (1 — an)an + apdp + UH’U,”H

Since ay, = B, 7, and we know that 7 < 1, we have {a,,}32; C (0,1]. Moreover, since
> Bn = 400, we have Y «a, =7 Y B, = +o0o. Hence, by using (4.11), Lemma 4.4,

n=1 n=1 n=1
and applying Proposition 4.10, we conclude that lim ||z™ — @l = 0.
n—oo
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Case 2. Suppose that {a,}°; is not eventually decreasing. Thus, we can find an
integer ng such that an,, < an,+1. Now, for each n > ng, we define

Jn =1k € no,n] : ar < agy1}.

Observe that ng € J,, i.e., J, is nonempty and satisfies J,, C J,,+1. For each n > ng, we
denote

v(n) := max Jy.
Note that v(n) — co as n — oo and {v(n)},>n, is nondecreasing. Furthermore, we have
Ayn) < Aymy+1 N = ng. (4.12)
Next, we will show that
an < Aymy+1 YN = no. (4.13)

For all n > ng, we have from the definition of J,, that it is either v(n) = n or v(n) < n.
Thus, in order to prove the above inequality, we consider these 2 cases:

For v(n) = n, we immediately get a,, = Ayn) < Ay(n)+1-

For v(n) < n, we notice that if v(n) = n — 1, then the inequality (4.13) is trivial
as @, = Gy(n)+1- S0, we suppose that v(n) < n —1. Note that a,(m)+1 > Gyn)42 >

- > ap_1 > ay, (otherwise, if a, ()41 < Gy(n)+2, then it means that v(n) 41 € J,, but
v(n) = max.J, which brings a contradiction, and the other terms are likewise), which
implies that the inequality (4.13) holds true.

On the other hand, invoking Lemma 4.7 and the inequality (4.12), we have for all
n > ng

2
Al/ n 1 )\V n vin n
0 Say(n)—H—av(n) S—% <Z HS(,O (m_ Si— 1900( )”2) +§u(n

and, consequently,

2
AI/n - Vn v(n v(n
{ )( ) (Z 1Si05 ™ — Si_1i0 )||2> < &u(n)-

Since lim &,(,) = lim &, =0, we get
n—oo n—oo

2
. /\V(n) - IJ(TL) v(n) v(n) 2
Jim. Z [Sipg ™ = Sicigg 7] <0

Since we know that A, () (1 — )\V(n)) > 2, it follows

g () v(n))| _ _
nh—{goHSl(po i—1pg =0 Vi=1,2,. (4.14)

Now, let {apg(n’“)}g‘;l - {gag(n)};’f:l be a subsequence such that

limsup(pg™ — @, —F (@) = lim (pg") —a,—F(a).

n—oo k—o0
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Following the same arguments as in Case 1, for a subsequence {(pg(nkj ) }32, of {gpg(n’“)}z":l
such that @S(nkj) — zeNit, Fix T; (by (4.14) and the DC principle of each T}), we have

limsup(py ™ — @, —F (@) = lim (g™ —a, —F(a))

n—roo k—oco
— 1lim (g " (@) = (z—1, ~F (1)) <0,
j—o0
and also obtain that
lim sup 6, () < 0. (4.15)

n—oo

Again, by using Lemma 4.9, we have
0 < aymyr1 < (1= Qum)) Guin) + Qi) dum) + vl ™),
and then
0 < ayyrr =~ o) < W) (Bum) = auimy) +ollu’™]|
= 7Bum) (Ouin) — Guiny) + vllu™|
7 (Gum) = @uimy) + vl ™.

IN

The fact that the constant 7 > 0 yields

v(n)

Note that lim v||u’(™]| = 0 and by utilizing this together with (4.15), we obtain
n—oo

vl ™|

0 <limsupa,(,) < hm sup dy(n) + lim <0,

n— oo n—0o0 T

and, this implies that
nl;m aym) = 0 and hm ( Ay(n)+1 — al,(n)) =0.

As we have shown that a, < a,(,)41, we note that

0 < limsup a, <limsup a, ()41 = hm bup [(al,(n)ﬂ — al,(n)) + a,,(n)] =0,

and, consequently, hm an, = 0. Therefore we can conclude that lim |2 — @l = 0,
n— oo
which completes the proof ]

Remark 4.11. Some useful remarks are in order:

(i) Let us take a look at Algorithm 1 when the operator F is identically zero.
Notice that it is related to [6, Algorithm 1.2] and [7, Iterative scheme (3.17)] for
solving the common fixed point problem (1.1). According to the absence of F,
the operator T;,7 = 1,...,m, considered in [7, Theorem 3.5] can be relaxed to
be in the class of averaged nonexpansive operators, whereas in our work we need
the use of Proposition 2.8 so that the firm nonexpansivity of T; must be assumed
here. To discuss Theorem 4.2 with these previous results, we derive in Theorem
4.2 the strong convergence of the generated sequence to the unique solution to
the variational inequality over the common fixed point sets, however the results
in [6] and [7] are weak convergences of the sequences provided that every weak
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cluster point of their generated sequences is in the intersection of fixed point sets.
To obtain strong convergence, the nonemptiness of interior of the common fixed
point set needs to be imposed in their works.

(ii) Algorithm 1 is related to the relaxed hybrid steepest descent method in [46] in
the sense that the added information terms e’,i = 1,...,m, are absent. One can
see that Algorithm 1 reduces to

$n+1 = (1 — An)xn + >\nT ('Tn - ,UJ/BnF(xn))

where the nonexpansive operator T is defined by T := T,,T,,_1 - - - 15T}, and the

convergence results can be followed the proving lines in [46, Theorem 3,1] with
the additional assumption lim,, 513—11 =1.

5. CONCLUSION

This paper discussed the variational inequality problem over the intersection of fixed
point sets of firmly nonexpansive operators. To solve the problem, we derived the so-
called sequential constraint method based on iterative technique of the celebrated hybrid
steepest descent method and presented its convergence analyses.
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