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1. INTRODUCTION

We focus on the split feasibility problem (SFP), introduced by Censor and Elfving [1],
which is to find a point

ue C such that Au € Q, (1.1)

where C and @ are nonempty closed convex subsets of RM and RV, and A is an M x N
matrix.

The CQ algorithm introduced by Byrne [2, 3] is a very successful method for solving the
SFP which generates a sequence {u,} as follows:
Unt1 = Po(un — \yA™(I — Pg)Au,,), (1.2)
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where P is the metric projections onto C. If the stepsize A, is chosen so that A, =\ €
(0,2[|A]|=2), then the CQ algorithm is weakly convergent to a solution of the SFP.

More specifically, C' and @) are respectively given by
C={ue€ H :c(u) <0},
and
Q= {v € Hy:q(v) <0},
where ¢ : H; — (—o00,+00] and g : Ho — (—00, +00] are two proper convex functions.

However, to implement the CQ algorithm, one has to compute or estimate the norm ||A||,
which is in general not an easy task in practice.

Yang [1] introduced the relaxed CQ algorithm, by replacing P and Py by P, and Py,
respectively, presented the relaxed CQ algorithm:

Unt1 = Po, (un — A\ Vhy (ug)), (1.3)
where

Cp ={u € Hy|c(un) + (Cn,u — upn) <0}, (1.4)
with ¢, € d¢(uy,), and

@Qn = {v € Ha[q(Aun) + (nn, v — Aupn) <0}, (1.5)

with 7, € dq(Auy,),

1
B (uy) = §||(I — Pg, )Au,|?, and Vh,(u,) = A*(I — Py, )Au,,. (1.6)

Fenghui Wang and Hai Yu [5] approximated the original convex subset by a sequence of
closed balls instead of half spaces and constructed C,, as

Co = {u € Hy |e(wn) + {Goytt = wa) + 5 [lu— wa* < 0}, (1.7)

where ¢, € Oc(w,). If o = 0, then C above is reduced to the half space (1.4).
The set Qvn is defined as

Qo= (v € Ha| g(Aw,) + (v — Awy) + 2o — w2 <0}, (18)

where n,, € 9q(Aw,,). If 5 =0, then @ above is reduced to the half space (1.5).

Here, for each n > 0, we define

5, )Au. (1.9)

1 *
hn(u) = SII(1 — Pg,)Aul?, and Vhy(u) = A*(I — Py
Lépez et al. [6] , to overcome this difficulty, introduced a new way to select the stepsize and
also practiced this way of selecting stepsizes for variants of the CQ algorithm, including
a relaxed CQ algorithm. They introduced the stepsize A, which is defined as follows:
Tnhn (Un)

A= W () 2 110
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where {7,,} is a sequence in (0, 4) such that inf,eyn7,(4 — 7,) > 0. It was proved that the
sequence {u,} generated by (1.3) with the stepsize defined by (1.10) converges weakly to
a solution of SFP. Many researchers extended to study SFP, i.e., [5-20].

Inspired by mentioned above, we propose a new relaxed CQ algorithm for SFP which is a
new method for choosing stepsizes and for creating relaxation the convex subsection was
developed.

2. PRELIMINARIES

Let H be a Hilbert space and C' is a nonempty closed convex subset in H. Recall that
a mapping S : C — H is said to be nonexpansive if

|Su—Sv|| < |lu—-v|, YuwveCl.
A mapping S : C — H is said to be firmly nonexpansive if
[ Su — Sv||? < (u — v, Su— Sv), Yu,veC.

A mapping S : C — H is said to be v-inverse strongly monotone (v-ism) if there is v > 0
such that

(Su — Sv,u—v) > v|Su— Sv|* Vu,veC.

The projection of a nonempty closed convex set C' onto H is defined as

Pou = argmin ||u — v||?, u € H.
vel

Lemma 2.1. [21] For all u,v € H and w € C, we have
(i) (u — Pou,w — Pou) < 0;
(ii) Po and I — Po are both 1-ism;
(iil) Po and I — Pe are both firmly nonexpansive.

Lemma 2.2. [22] Lett > 0 and x € H. Then u* solves SFP (1.1) if and only if u* solves
the fixed point equation:

u* = Po(u — tA*(I — Po)Au®).

A function h : H — (—o00,400] is is proper if
{u e H|h(u) < oo} #0.
A proper function h is convex if for each ¢ € (0,1),
h(tu+ (1 —t)v) < th(u)+ (1 —t)h(v), Y u,ve H.
A differentiable function A is convex if and only if there holds the inequality:
hw) > h(u) + (Vh(u),w —u) YV we H.
A function h : H — (—00, +00] is said to be weakly lower semi-continuous at w if u,, — u*
implies
h(u*) < liminf A(uy,).

n— oo

Lemma 2.3. [21] Let h: H — (—o00, +00] be a proper convex function. Then h is lower
semi-continuous if and only if it is weakly lower semi-continuous.
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Lemma 2.4. [21] Assume that {u,} is a sequence in H such that
(i) for each w € C, the limit of sequence {||lun, —w||} ezists;
(ii) any weak cluster point of sequence {u,} belongs to C.
Then the sequence {u,} is weakly convergent to w € C.
Lemma 2.5. [21] Let u,v € H. It then follows that
() llau +bv]|* = a(a + b)|jul® + b(a + b)[Jv[|* — abllu — v[|*,  a,b € R;
() (w,0) = gl + Sl — 5 llu — o]
(iii) [Ju+]* < [Jull® + 2(v, u 4 v).

Lemma 2.6. [23] Let {¢,} and {0,} be two nonnegative real sequences such that

Spn—l-l — ©n S an(ﬁan - Cpn—l) + 197” Zﬂn < +OO,

n=0

where {6, } C [0,0] with 0 < 0 < 1. Then the sequence {py} is convergent.

3. MAIN RESULTS

We next introduce a new CQ algorithm and derive the weakly convergence of the
proposed method.

Algorithm 1 : The proposed algorithm for a weak convergence.

Initial: Given {6,} C [0,0) for some 6 > 0 and ug,u; € H arbitrarily and n = 1.
Step 1. Compute

Wp, = Up + on(un - un—1)7
S = Wy, — A Vg (W),
Upt1 = Pg ($Sn — 0nVhy(sn)),
where C,, is given as (1.7),
nhn n
An Tnhn (0n) and 0, =-————“=,0<7, <4

B [V R (wi) ]2 B [V hn(sn)]1?
Set n =: n+ 1 and go back to Step 1.

Tnhn(sn)

In this paper, we denote S by the solution set of SFP and assume that S is nonempty.

Lemma 3.1. Suppose that the sequence {wy,} is generated by Algorithm 1. Then, hy(w,) =
0 if and only if || Vhy(wy)| = 0.

Proof. Tf h,(w,) = 0, then we obtain
IV ha (wi)|[* = [|A*(I = Py ) Aw,|?
< JAIPI(T - Py, ) Auw, 2 (3.1)

= 2||A|Phn (wn)-
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This yields ||Vh,(w,)|| = 0. To see the converse, let |[Vh,(w,)|| = 0 and u* € S. Using
Lemma 2.1(ii), we have

1
b (wy,) = 5”([ - Pén)AwnHQ

<{(I - Pén)Awn,Awn — Au*)
_ %(A*(I—P@n)Awmwn ) (3.2)
e R [
= 51wl = 7],
Hence, h,(w,) = 0. L]

Lemma 3.2. Suppose that the sequence {s,} is generated by Algorithm 1. Then, h,(s,) =
0 if and only if || Vhn(sn)|| = 0.

Proof. If hy,(s,) = 0, then we obtain
IVha(sn)I* = [|A*(I = Pg ) Asal®
< AP = Py, )Asal® (3.3)
= 2HAH2hn(3n)

This yields || Vh,(s,)|| = 0. To see the converse, let | Vh,(s,)|| = 0 and u* € S. Using
Lemma 2.1(ii), we have

a(sn) = 5II(T — Py, ) Asal?
<((I - Py )Asy, As, — Au")
- %<A*(I — Pg )Asn, sn —u”) (3.4)
< I = Py )Asal 30— "]
= SI9ha ()l n — u].
Hence, h,(s,) = 0. )

Lemma 3.3. Let {u,} be a sequence generated by Algorithm 1. Then, for any ¢ € (0,1]
and u* € S, it follows that

a1 = w12 < = w2 = (1= )3 = a2 = 7 (4 = )nvzz(uu)n

Tn h? (5n)

— Tn 4— =) ="
( ] )||th(5n)H2

(3.5)
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Proof. Let u* € §. From definition of s,,, we have

|80 — U*||2 = |lwn — AnVhp(wn) — U*||2 (3.6)
= [lwn = u* 12 + A2 IV (wn) |2 = 200 (Vi (wn), wn — u*). .
Using Lemma 2.1(ii), and Vh,(u*) = 0, we get
(Vhy(wy), w, —u*y = (Vhp(w,) — Vhe(2), 85 — u™)
= (A"(I — Pg,)Aw, — A*(I — Py, )Au™, w, — u™) 37
3.7
> ||(I = Pg,)Aw,|
= 2R, (wy,).
It also follows that
(Vhy(sn), sn —u*) > 2hn(sy). (3.8)
From (3.8), we get
[[$n — U*||2 < |lwn — U*H2 + )‘ELHth(wn)”Q — A\ hn (wy). (3.9)

From (3.8), we obtain

i1 — w2 = | P (50 — 62 Vha(s0)) — u*|1
< s = 62V hn(s) = 0 [|> = |80 = tng1 = 0, Vhn(sn)|?
= ||sn — U*H2 + O%Hth(Sn)”Q =26, (Vhn(sn), sn —u®)
— ||3n - Un+1||2 - 5721th(sn)||2
+ 2671||<th(371)) Sp — un+1> (310)
= [lsn = w*|* = llsn = tnt1]1* = 26, (Vhn(sn), 50 — u*)
+ 26, (Vhn(8n), Sn — Unt1)
<|lsn — U*”2 = lsn — un+1||2 — 46,hn(sn)

+ 20, (Vhy,(sn), Sn — Unt1)-
By Young’s inequality, we get

200 |(Vhn(8n), sn — unt1)| < 200 || Vhn(s)[[llsn — tnial

, 62 ) (3.11)
< 6"571 - un-ﬁ-lH + ?Hth(sn)H .
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From (3.6)-(3.10), we have
tnt1 — u*[* < lwp — u* |2+ X2 VA (wn)][> = 4An i (w)
- ||8n - un-‘r1||2 - 45nhn(3n)
2 6’% 2
+ 6|80 — unt1||” + ?Hth(sn)H

= llwn = w* = (1 = 8)[Isn — w41

72h2 (wy,) 47, h2 (wy,)
o [V (wn)[|? — o
([IVhn (wn)[?)? |V (wn)][2
4Tnh72L Sn Tghi Sn
N e 5([IVh b VR
[Vhn(sn)ll ([IVhn(sn)l?)
= [Jwn — uw*[|* = (1 = 8)llsn — tnya|? (3.12)
N 72h2 (wy,) B 47, h2 (wy,)
[Vhn(wa)l? [[Vhn(wn)]?
47, h2 (s5,) 72h2 (s,)

[Vha(sa)ll*  0[|Vhn(sn)?
= [lwn = u** = (1 = 8)|lsn — ups1]?
h%(wn)
IV hn (wi) |2
_ E)M
3 " [IVha(sn)l?

—Tn(d—Tp)

— (4
n

Lemma 3.4. Let {u,} and {s,} be the sequences generated by Algorithm 1. Suppose
that {u,} and {s,} are bounded such that

nhﬁn;o |tnt1 — snll = nl;ngo Isn — un|l = nl;ngo hn(sn) = 0. (3.13)

Then each weak cluster point of {u,} belongs to S.

Proof. Let u* € S. Because dc and 0q are bounded on bounded sets, we could suppose
that for all n > 0, there is M > 0 such that

Gall + 170 1* + ANl — u[| < M, G € De(sn), 1 € Da(Asy).

Let z be any weak cluster point of {u,}. Thus, there exists a subsequence {u,, } of {u,}
such that {u,,} — z. It follows from (3.13) that that {s,,} — z. Because A is linear
and bounded, this yields that {As,,} — Az. By the definition of C, and the fact that
Upt1 € én, and follow prove of [5], we have ¢(s,,) < M||sp — unt1]| = 0, and ¢ is weakly
semi-continuous, so ¢(z) < liminf; o ¢(sy,,) < 0, this is z € C. In fact, P@n (Asy) € va
it follows that q(As,) < M|[(I — Pg )Asn| — 0. Because ¢ is clearly weakly lower
semi-continuous, ¢(Az) < liminf; .. g(Asy,;) < 0. Hence, Az € Q. L]

Theorem 3.5. Suppose that inf, 7,(4 — 7,) > 0 and Y o, Op||un — up—1]|* < co. Then,
the sequence {un,} generated by Algorithm 1 converges weakly to a solution in S.
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Proof. Let u* € S. It follows from definition of w,,, we obtain
l|wn — U*HQ = [[un + On(tn — un—1) — U*||2
= ||un - U*H2 + 2<un - U*v on(un - un—1> + Hen(un - un—l)Hz

= |l — u*||* + 20, (up — u* U — 1) + 02 || Un — Un_1||*

(3.14)
Using Lemma 2.5(ii), we obtain
(= 0"t = 1) = 3t =0 2~ a7 = Sl =
(3.15)
Combining (3.14) and (3.15), we obtain
lwn = w*|* = [lun — w*||* + Opflun — || + 0plun — wn—1]]?
— Onllun—1 — U*H2 + QiHun - uanH2
(3.16)
< lun — w1 + Op(llun — w*|* = lun—1 —u*|?)
+ 20, [ty — w1 ||
From Lemma 3.3 with § = 1, we have
[unsr = u*[1? < flun = w|* + On(llun — w)|* = flup—1 —u*[|?)
h2 (wy,
2l = s = (4 = ) sar)
ha (5n)
TG G

Using condition Y-, 6y ||un — un—1]|> < 0o and Lemma 2.6 in (3.17), we obtain that
limy, o0 |Jtn, — u*|| exists and {u,} is bounded.

Using Lemma 3.4 and {u,} is bounded, and hence, the sequence {s,}. Therefore, we
could suppose that for all n > 0, there is M > 0 such that

8llun — w|| + AP [lsn — u*|| < M.
From (3.17) and our hypothesis on 7,,, we obtain
hi(wn)

lim ——mn) 3.18)
A ()P (
and
2
lim —n(n) (3.19)

n=o0 [|[Vhy(sn)]?
From definition of \,,, we have
() = /A [V () |
= VAlIVhn(wn) = Vi (u”)|
< VAP wn — |
< M\/E —0 as n— oo

(3.20)
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By condition Y07, 6, wn — us—1|* < o0, we have

lwn, — un||2 = 0,2L||un — un_le < Oplluy, — un_1||2 —0 as n— oo.

which implies
T g =2 = i flun — [ = 0
From definition of s,, and (3.20), we have
150 — wn|* = AN2||Vhn(w,)]]* =0 as n — oo.
From (3.9) and (3.22), we get
$n —u*||> =0 as n— oco.
Using (3.21) and (3.23), we get

Hun - SnH = Hun — W + Wy, — SnH

< |l — wy|| + ||wn — sn|| = 0 as n — oo.
From definition of d,,, we have
hn(sn) = V0n || Vha (sn)]|
= V0l Vhn(sn) = Vhy(u")]

< VOl Al |50 — u*||
< M/, —0 as n— oo.

Indeed, using Lemma 2.1, we get
($n — 0nVhn(8n) — Unt1, Uny1 —u™) >0,
which
(Unt1 = SnyUns1 — u*) < =6, (Vhn(8n), tny1 — u*).

From (3.28), we obtain

s = u*[* = llup4r — u||?

~ o~ o~ o~

|wnt1 — 5n||2
< (lsn — w*[1* = lunt1 — u*|?

< (s = w1* = w1 — u*|?

~— ~— ~— —

< (lsn = wlI* = llunsr = u[*) + M/6n.

+ 2{Up 4150, Unt1 — u™)
— 26, (Vhp(sp), tny1 — u*)
+ 20, [[(Vhn(sn) [ |ting1 — ||

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

Using (3.24) and (3.22), we obtain lim, o ||tn4+1 — $n|| = 0. By Lemma 3.4, we conclude
that each weak cluster point of {u,} belongs to S. Using Lemma 2.4 that the sequence

{un} converges weakly to a solution of SFP (1.1).
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4. APPLICATION

The compressed sensing can be modeled as the linear equation:
U =Tu+p, (4.1)

where u € RY is a recovered vector with m non-zero components, ¥ € RM is the observed
data with noisy ¢, and 7 : RN — RM(M < N). It is noted that (4.1) could be seen as
solving the LASSO problem:

1
urgﬂg}lv §||\I/ —Yu|* subject to ||ul; <t, (4.2)

where ¢t > 0. In particular, in case C = {u € RY : ||lu|; <t} and Q = {¥}, the LASSO
problem can be considered as the SFP(1.1). From this point of view, we could apply
the CQ algorithm to solve (4.2). In our experiment, let matrix ¥ € RM*¥ is generated
from a normal distribution with mean zero and invariance one. The observation ¥ is
generated by Gaussian noise distributed normally with mean 0 and variance 10~%. The
sparse vector u € RY is generated from uniform distribution in the interval [—1, 1] with
m nonzero elements.

The stopping criterion is defined by the mean square error (MSE):
1
MSE = NHu* —ull* <1075, (4.3)
where u* is an approximated signal of w.

We provide numerical experiments of the compressed sensing in signal recovery compare
our CQ algorithm with Wang and Yu [5] by 6, = 0.9 and 7,, = 2.

In our experiment, we test two cases as follows:

Case 1: N = 4096, M = 1024, and m = 10.

Case 2 : N = 4096, M = 1024, and m = 100. The numerical results show in Figure 1 and
Figure 2.

5. CONCLUSIONS

In this paper, we propose a new CQ algorithm with inertial extrapolation term and the
self-adaptive technique for solving the split feasibility problem in Hilbert space. Applying
our results in the compressed sensing problem comparing the proposed methods with
Wang and Yu’s algorithm. Our proposed algorithm has a better performance (MSE)
than algorithm above.
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FIGURE 1. Numerical results of Case 1.
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FIGURE 2. Numerical results of Case 2.

REFERENCES

[1] Y. Censor, T. Elfving, A multiprojection algorithm using Bregman projections in

product space, Numer. Algor. 8 (1994), 221-239.



1102 Thai J. Math. Vol. 18 (2020) /D. Kitkuan and K. Muangchoo

[2] C. Byrne, Iterative oblique projection onto convex sets and the split feasibility prob-
lem, Inverse Probl. 18 (2002) 441-453.

[3] C. Byrne, A unified treatment of some iterative algorithms in signal processing and
image reconstruction, Inverse Probl. 20 (2004) 103-120.

[4] Q. Yang, The relaxed CQ algorithm solving the split feasibility problem. Inverse
Probl. 20 (2004 1261-1266.

[5] F. Wang, H. Yu, An inertial relaxed CQ algorithm with an application to the LASSO
and elastic net, Optimization (2020) https://doi.org/10.1080/02331934.2020.1763989.

[6] G. Lépez, V. Martin-marquez, F. Wang, H.K. Xu, Solving the split feasibility prob-
lem without prior knowledge of matrix norms, Inverse Probl. 28 (2012) 085004.

[7] S. Kesornprom, P. Cholamjiak, On Inertial Relaxation CQ Algorithm for Split fea-
sibility problems, Communications in Mathematics and Applications 10 (2019) 245—
255.

[8] S. Kesornprom, N. Pholasa, P. Cholamjiak, On the convergence analysis of the
gradient-CQ algorithms for the split feasibility problem, Numer. Algor. 84 (2020)
997-1017.

[9] G.A. Okeke, M. Abbas, M. de la Sen, Inertial subgradient extragradient Methods for
solving variational inequality problems and fixed pointpProblems, Axioms 9 (2020)
51.

[10] S. Suantai, N. Eiamniran, N. Pholasa, P. Cholamjiak, Three-step projective methods
for solving the split feasibility problems, Mathematics 7 (2019) 712.

[11] A. Padcharoen, D. Kitkuan, W. Kumam, P. Kumam, Tseng methods with inertial for
solving inclusion problems and application to image deblurring and image recovery
problems, Computational and Mathematical Methods (2020) e1088.

[12] A. Padcharoen, P. Kumam, Y.J. Cho, Split common fixed point problems for demi-
contractive operators, Numer. Algor. 82 (2019) 297-320.

[13] S. Suantai, Y. Shehu, P. Cholamjiak, O.S. Iyiola, Strong convergence of a self-
adaptive method for the split feasibility problem in Banach spaces, J. Fixed Point
Theory Appl. (2018) 20:68 https://doi.org/10.1007/s11784-018-0549-y.

[14] A. Padcharoen, P. Kumam, Y.J. Cho, P. Thounthong, A modified iterative algorithm
for split feasibility problems of right Bregman strongly quasi-nonexpansive mappings
in Banach spaces with applications, Algorithms 9 (2016) 75.

[15] P. Cholamjiak, P. Sunthrayuth, A Halpern-type iteration for solving the split fea-
sibility problem and the fixed point problem of Bregman relatively nonexpansive
semigroup in Banach spaces, Filomat 32 (2018) 3211-3227.

[16] D. Kitkuan, P. Kumam, V. Berinde, A Padcharoen, Adaptive algorithm for solving
the SCFPP of demicontractive operators without a priori knowledge of operator
norms, Analele Universitatii” Ovidius” Constanta-Seria Matematica, 27 (2019) 153
175.



Inertial Relaxed CQ Algorithm with an Application to Signal Processing 1103

[17]

[18]
[19]

[20]

S. Suantai, N. Pholasa, P. Cholamjiak, The modified inertial relaxed CQ algorithm
for solving the split feasibility problems, J. Indust. Manag. Optim. 14 (2018) 1595—
1615.

A. Padcharoen, P. Sukprasert, Nonlinear operators as concerns convex programming
and applied to signal processing, Mathematics 7 (2019) 866.

N.T. Vinh, P. Cholamjiak, S. Suantai, A new CQ algorithm for solving split feasibility
problems in Hilbert spaces, Bull. Malays. Math. Sci. Soc. 42 (2019) 2517-2534.

S. Suantai, N. Pholasa and P. Cholamjiak, Relaxed CQ algorithms involving the
inertial technique for multiple-sets split feasibility problems, RACSAM. 113 (2019)
1081-1099.

H.H. Bauschke, P.L.. Combettes, Convex Analysis and Monotone Operator Theory
in Hilbert spaces, Gewerbestrasse: Springer-Verlag, 2011.

H.K. Xu, Iterative methods for the split feasibility problem in infinite-dimensional
Hilbert spaces, Inverse Probl. 26 (2010) 105018.

F. Alvarez, H. Attouch, An inertial proximal method for maximal monotone oper-
ators via discretization of a nonlinear oscillator with damping, Set-Valued Anal. 9
(2001) 3-11.



	Introduction
	Preliminaries
	Main Results
	Application
	Conclusions

