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1. INTRODUCTION

In these days, the robust optimization technique has been recognized as one of the
powerful deterministic methodologies that investigates an optimization problem with data
uncertainty within the objective or constraint functions. Employing this methodology,
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many interesting results are obtained for various sorts of uncertain optimization problems,
see, e.g., [1-10]. There have been proposed numerous ways to define robust solutions for
uncertain programming problems. Among the first one in all such notions is that the so-
called strictly robust solution also called minimax robust solution, which was introduced by
Soyster [11]. This concept is to have a solution that is feasible for all possible scenarios
and is obtained composed by minimizing the objective function within the worst-case
scenario. The notion of the strictly robust solution has been studied extensively from

different aspects (see, e.g., [12—16]). Another solution concept is that of a highly robust
solution which was introduced to study the various uncertain multiobjective programming
problems; see, e.g., [I7-19]. To the best of our knowledge, this notion for an uncertain

(single-objective) programming problem has been not shown so far. It is worth noting that
the notion of a strictly robust solution coincides therewith of the highly robust solution if
the objective function of single-objective programming problems is uncertainty-free; see,
e.g., [3, 8, 20, 21]. The notion of a highly robust solution is stricter than that of the strictly
robust solution when the objective function is in the face of data uncertainty. Nevertheless,
in many cases, it is enough to study the highly robust solution for an uncertain single-
objective programming problem; see, e.g., [18, 19, 22].

On the other hand, finding minimizers of optimization problems might not be always
possible, and then it leads to the notion of approximate solutions that play a crucial role in
the algorithmic study of optimization problems. Among such approximate solutions, the
notion of e-quasi solution first introduced by Loridan [23]. Since then many researchers
have studied the approximate solutions in optimization programming problems and ap-
proximate necessary conditions under different suitable constrained qualifications have
been established, see [21, 24-28] and also the references therein, for example.

To the best of our knowledge, there are only a few papers to deal with approximate
optimal solutions of optimization problems with data uncertainty in both objective and
constraint functions, for example, [29, 30]. More precisely, by virtue of the epigraphs of
the conjugates of the constraint functions, Sun et. al. [30] obtained some approximate
optimality conditions for the robust quasi approximate optimal solution of an uncertain
semi-infinite optimization problem. The notion of their obtained approximate solutions
is given to approximate the strictly robust solutions to the problems. However, as far as
we are concerned, the notion of approximate solutions to approximate the highly robust
solutions for uncertain optimization problems has been not presented so far. A natural
question is: “How about the study of approximate optimality conditions and approximate
duality theorems for an approzimate solution that approxzimates the highly robust solutions
to an uncertain convex optimizaion problem?”. This paper is an effort in this direction.

In this paper, we propose and analyse e-quasi highly robust solutions of single-objective
convex optimization problems with data uncertainty in both the objective and the con-
straint functions. Firstly, we introduce the concept of an e-quasi highly robust solution
for the problem. Then we establish highly robust approximate optimality theorems for
the problem under a robust characteristic cone constraint qualification, introduced in [3].
Furthermore, for such e-quasi highly robust solutions of the primal convex uncertain opti-
mization, we formulate a Wolfe type dual problem for the primal one. Then we propose a
highly robust approximate weak duality and a highly robust approximate strong duality
between the primal problem and its Wolfe type dual problem, and also give an example
to illustrate the approximate duality theorems.
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The organization of this paper is as follows. Section 2 collects some notations and exist-
ing results for their subsequent use. Section 3 establishes some highly robust approximate
optimality theorems for e-quasi highly robust solutions of convex optimization problems
with data uncertainty. In Section 4, highly robust approximate duality theorems in terms
of Wolfe type on e-quasi highly robust solutions of the problems are presented. Section 5
devotes to the conclusion.

2. PRELIMINARY

Let us first recall some notation and preliminary results which will be used throughout
this paper. Throughout the paper, let R",n € N, be the n-dimensional Euclidean space,
and the inner product and the norm of R™ are denoted respectively by (-,-) and || - ||.
The symbol B(x,r) stands for the open ball centered at x € R™ with the radius » > 0
while the B stands for the closed unit ball in R™. For a nonempty subset A C R", we
denote the notations of the closure, boundary and convex hull of A by clA, bdA, and
coA, respectively. Specially, when Az € A C R" for every A > 0 and every = € A, the set
A is said to be a cone. A dual cone A* of the cone A is given as A* := {z € R" : (z,y) >
0 for all y € A}. Observe that the dual cone A* is always closed and convex (regardless
of A).

For any extended real-valued function f : R® — R := [~o0, +oc] the following nota-
tions stand, respectively, for its effective domain and epigraph:

domf :={z e R": f(z) < +oo},
and
epif :={(z,7) e R" xR : f(x) <r}.

The function h is said to be a proper function if and only if f(z) > —oo for every x € R"
and domf is nonempty. Further, it is said to be a convex function if for any z,y € R"
and A € [0, 1],

fOz+ (1= Ny) < Af(z)+ (1= N f(y),

or equivalently, epif is convex. On the other hand, the function f is said to be a concave
function if and only if —f is a convex function. Simultaneously, the function f is called
a lower semicontinuous at x € R™ if for every sequence {z;} C R™ converging to x,

f(z) <liminf f(zy).
k—o0
Equivalently,
£(z) < liminf f(y),
y—)z

where the term on the right-hand side of the inequality denotes the lower limit of the
function & defined as

liminf f(y) = lim inf .
im inf f(y) ;fgye}gl%“)f(y)

For any proper and convex function f : R” — R, the subdifferential of f at Z € domf, is
defined by

of(z) ={£eR”: &z —T) < f(x) — f(Z),Yx € R"}.
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More generally, for each € > 0, the e-subdifferential of f at T € domf, is defined by
0.f(@) = {E €R" s (€, — 7) < f(z) — F(7) +&,Vu € R},
It is obvious that for € > ¢, we have 0., f(Z) C 0. f(Z). Specially, if f is a proper lower

semicontinuous convex function, then for every Z € domf, the e-subdifferential 0. f(Z) is
a nonempty closed convex set and

of(x) = () 0=f(2).

e>0

If z ¢ domf, then we set Of(x) = 0. B B
The Legendre-Fenchel conjugate function of f : R” — R is f* : R® — R defined by

fr(@%) = sup {(z", ) — f(2)}
zER™
for all z € R™. The function f* is lower semicontinuous convex irrespective of the nature
of f but for f* to be proper, we need f to be a proper convex function.

Now, we collect the following propositions and a constraint qualification which useful
in our later analysis.

Proposition 2.1. [31] Let f : R® — R be a proper lower semicontinuous convex function
and a € domf :={x € R": f(x) < +oo}. Then

epi f* = J{(v, (v, a) + e = f(a)) : v € Dcf(a)}.

e>0

Proposition 2.2. [32] Letf, g : R™ — R be proper lower semicontinuous convex functions.
If domf N domg # 0, then

epi (f +9)" = cl(epi f* + epi g").
Moreover, if one of the functions f and g is continuous, then
epi (f +9)" = cllepi [* + epi g").

Proposition 2.3. [3] Let g; : R* xRY — R,i = 1,...m be continuous functions. Suppose
that each V; CR%, i =1,...,m, is convez, for all v; € RY, g;(-,v;) is a convex function,

and for each x € R™, g;(x,-) is concave on V;. Then the cone U ept <Z )\igi(-,vi)>

v; €V, =1

;>0
18 convez.
Proposition 2.4. [3] Let g; : R* xRY — R,i = 1,...m be continuous functions. Suppose
that each V; CRYi =1,...,m, is compact and convez, for all v; € RY, g;(-,v;) is a convex

function, and there exists y € R™ such that g;(y,v;) < 0,Yv; € V;,4 € I. Then the cone

m *

U ept (Z )\igi(',vi)> is closed.
v; €V, =1

120
Proposition 2.5. [33] Let f : R™ — R be a convez function and let g; : R"xR? - R,i € [
be continuous functions such that for each v; € R, g(-,v;) is convex. Let V; CRY i€ ]
be compact and let K := {x € R™: g;(z,v;) < 0,Yv; € V;,i € I} # 0. Then the following
statements are equivalent:

(i) K C{x eR": f(z) > 0);
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m *
(i) (0,0) € epi f*+cl| co U ept (Z /\ig,;(~,v,;)>
v, €Vy, =1
Ai>
The following constraint qualification, which was introduced in [3], plays a key role in
obtaining results in the paper.

Definition 2.6. [3] Let ¢; : R™ x R? — R,i = 1,...m be functions such that for all
v; € RY,g;(-,v;) is convex. Then the robust characteristic cone constraint qualification

m *
(RCCCQ) is satisfied if the cone U epi <Z Xigi (-, vl)> is closed and convex.
v; €V, =1
120

To conclude this section, we recall concepts of a convex optimization problem with
data uncertainty and notions of its robust solutions as well as introduce a new concept
of approximate solution for the highly robust solutions of the problem. Firstly, we begin
by considering the following deterministic convex program:

Minimize f(x) subject to g;(z) <0,i=1,...,m, (P)

where f : R” — R, is a convex function and for each ¢ € I := {1,...,m},g; : R® = R
is a convex function. The following parameterized convex program is an analogue of the
deterministic convex program (P) if the objective as well as the constraints are uncertain:

Minimize f(x,u) subject to g;(x,v;) <0,i € I. (UP)

Here u is an uncertain parameter belonging to a compact convex uncertainty set & C R?,
for each v € U, f(-,u) : R™ — R is a convex function, and for each i € I,v; belongs
to a compact convex set V; C R, g;(-,v;) is convex. By enforcing the constraints for
all possible uncertainty within V;,i € I, the problem (UP) becomes an uncertain convex
semi-infinite program:

Minimize f(x,u) subject to g;(x,v;) < 0,Vv; € V;,4 € 1. (2.1)

In other words, we study the uncertain convex programming problem (UP) by examining
its robust (worst-case) counterpart. Let K := {x € R" : g;(z,v;) < 0,Yv; € V;,i € I},
then it is termed as the robust feasible set of (UP). To avoid triviality in (2.1), we always
assume that K # (.

In the literature, there are multiple ways of defining robust solutions for (UP). In
the following, we recall two concepts of the robust solutions of the uncertain program
(UP). The first notion commonly referred to as strictly robust solution or robust minimaz
solution, can be found in [2, 11]. This concept has been studied extensively by many
authors, see, e.g., [7, 10, 13, 19].

Definition 2.7. A feasible point Z € K is said to be a strictly robust solution for (UP)
if for each z € K,

> T .
max f(z,u) > max f(z,u)

The second one called highly robust solution can be found in Bitran [17]. This concept
was also investigated for different uncertain multiobjective optimization problems, see,

e.g., [18, 19].
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Definition 2.8. A feasible point Z € K is said to be a highly robust solution for (UP) if
for each u € 4 and z € K,

fx,u) > f(Z,u).

The following notion is a concept of approximate solution that approximates the strictly
robust solutions. It was investigated in a few papers, see, e.g. [30].

Definition 2.9. Let ¢ > 0 be given. A feasible point z € K is said to be an e-quasi
strictly robust solution (or a robust quasi € optimal solution) for (UP) if for each x € K,

—zll > T .
max f(x, u) + Vellz —z| > max f(Z, u)

Clearly, if ¢ = 0, then an e-quasi strictly robust solution for (UP) reduces to be a strictly
robust solution for (UP).

Now, we introduce a new concept of solution to approximate the highly robust solutions
for (UP).

Definition 2.10. Let € > 0 be given. A feasible point £ € K is said to be an e-quasi
highly robust solution (or a highly robust quasi e-optimal solution) for (UP) if for each
uel and x € K,

Clearly, if € = 0, then an e-quasi highly robust solution for (UP) reduces to be a highly
robust solution for (UP).

Remark 2.11.

(i) It is evident from Definition 2.7 and Definition 2.8 that a highly robust solution

for (UP) is a strictly robust solution for (UP), but the converse does not hold.
This means the highly robust solution is more immune to data uncertainty than
the strictly robust solution.

(ii) Also, it is evident from Definition 2.9 and Definition 2.10 that an e-highly
robust solution for (UP) is an e-strictly robust solution for (UP), but the converse
does not hold. Hence, the e-quasi highly robust solution is more immune to data
uncertainty than the e-quasi strictly robust solution.

The highly robust solution is more immune to data uncertainty than the strictly robust
solution and the e-quasi highly robust solution can reduce to be the highly robust solution.
Therefore, the e-quasi highly robust solution, which is more immune to data uncertainty
than the e-quasi strictly robust solution, is different from the strictly robust solution. The
following example sheds some light onto this fact.

Example 2.12. Consider an uncertain convex program with an uncertain objective and
uncertainty-free constraints:

Minimize ux + |z + 1| subject to z € R, (2.2)
where u € [—1,1]. Following the robust optimization of [2], the robust counterpart of
(2.2) reads

Minimize rr[lax ]ux +min |z + 1| subjectto z€R,

ue[—1,1

which is equivalent to min{|x| + |z + 1| : © € R}. Then it is easy to check that the set
of strictly robust solutions, denoted by S%%, for (2.2) is [~1, 0] while the set of solutions
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for (2.2) is (—oo, —1] if u =1, {—1} if uw € (—1,1), and [—1,00) if w = —1. So, the set of
highly robust solutions, denoted by S#%, for (2.2) is {—1}. Consider z := —3 € (—o0, —1]
with £ :=4 > 0. We can see that for any € R and w € [-1,1],

ur + |z + 1| + VE||z — 3| > uz + |7 — 1.

Thus, = —32 is an &-quasi highly robust solution of (2.2). Notice that z ¢ [—1,0] = S,

so, the e-quasi highly robust solution for (2.2) is different from strictly robust solutions
of (2.2), making it valuable to study the e-quasi highly robust solutions.

3. HiIGHLY ROBUST APPROXIMATE OPTIMALITY CONDITIONS FOR
e-QUASI HIGHLY ROBUST SOLUTIONS
In this section, we focus on highly robust approximate optimality conditions for an

e-quasi highly robust solution of (UP). Our desired results are established using a robust
optimization approach (worst-case approach).

Lemma 3.1. Letz € K and let f :R" xRP - R, g; : R" x R? —» R4 € I be continuous
functions such that for each u € RP, f(-,u) is convex on R™ and for each v; € RY, g; (-, v;)

m *
is convex on R™ and let A := U epi <Z )\igi(-,vi)> . Suppose that the constraint
i=1

Vi€V,
;>0

qualification (RCCCQ), defined in Definition 2.6, holds. Then the following statements
are equivalent:

(i) T is an e-quasi highly robust solution for (UP);
(i) there exist \; > 0 and 0; € V;,i € I such that for any x € R™ and v € U,

f(z,u) < f(z,u) + Z Xigi(z,0;) + Vel|lx — z|.
i=1

Proof. [(i) = (ii)] Assume that Z is an e-quasi highly robust solution for (UP). So for
any « € K, f(z,u) + ve|lx — Z|| > f(Z,u) for all u € U. Hence we obtain the inclusion
K C{z eR": h(z,u) > 0} where h(z,u) = f(z,u) +/cllx — Z|| — f(Z,u) for u € U. Due
to the Lemma 2.5,

(0,0) € epi h*(-,u) +cl (co A), where u € U.
Since A is closed and convex,
(0,0) € epi h*(-,u) + A, where u € U.
Hence, there exist \; > 0,7; € V; such that
m *
(0,0) € epi h*(-,u) + epi (Z )\igi(-,vi)> , where u € U. (3.1)
i=1

Let us prove that for any u € U,

epi 1" () = epi f*(-,u) + VEB + |f(7,u) + ]|, +00). (3.2)
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From Proposition 2.2, we have

epi (-, u) = epi [£(u) + V2] - =2 - f(@w)]
= epi £ (u) +epi [VEI -~ - f(@,0)] (3:3)

where u € RP. Observe that for any u € U,

Vel =l - £, w)] (=) = { if“;’;”) + VElz; '|'\’Z'|'| < \f[

By dealing with (3.3), we obtain
epi A (-, u) = epi f*(u) + VEB x | f(z,u) + VE]a]), +00)),
where u € U. Hence, it follows from (3.1) that for u € U,
m ~ *
i=1

This yields
(07 _f(fau) - \/‘g”j”) € epl f*(vu) + epi (Z )‘igi('vvi)> + \EB X RJm
=1

where u € U. Therefore, for each u € U, there exist u* € R",a > 0,v; € R™",3; > 0,7 €
I,w* € B and 7 € R} such that

(0, = f(Z,u) — Ve||z||) € (u", f*(u",u <Z v, g7 (vi', 0i) +Bz)
+ (Vew*,n).

Hence, we obtain
m
0=u*+ Z)\iv;‘ +Vew*, and
i=1

— f(@,u) = VElIZ] = 1 (u"u) + o+ Y Nilgh (o] B) + Bi) + . w €U

=1
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Thus, for any z € R™, u € U,
f(jvu):_f Zx gz 7]1,’1]1 +/81) W_\/gHj”

< - {(u x) } Z)\lgl v}, i) — Vel |Z||

m

:<§;x Ve e+ f() - g_j VA
(30 R+ (VB ) + fo ) — f; ~ Valal
<( X Awi @) + Vel llle — 2+l + £z u)

Y im0 - VI

<( XA x) + Velle - 7ll + flau) - > A

1 i=1

I 3
3

<( D)+ Vel — &+ flaw)

_Ki)\i (z,v;), > Z)\lglxvl}

=f(z,u) + Velz — z| + Z Nigi(x, 0i)-

i=1

o
Il
i

Thus, the statement (ii) is satisfied.

[(ii) = (i)] Suppose that there exist A;,> 0,v; € V;,i € I such that for any z € R™ and
u€EU,

Fle,u) +Velle =2l + ) Nigi(e, ) > f(z,u).

=1

So, for any feasible point x € K and v € U,

f(@,u) < flo,w) + Velz — 2l + ) Nigi(z, v:)

i=1

< fz,u) + Vellz — z.
Therefore, Z is an e-quasi highly robust solution of (UP). (]
Lemma 3.2. Let all assumptions of Lemma 3.2 be satisfied. Then, the following state-
ments are equivalent:

(i) T is an e-quasi highly robust solution for (UP);
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(ii) for any u € U,

(0, —f(@,u) = VEl|Z|)) € epi f*( )+ | epi <Z AiQi('v”i))
i=1

v; €V, A >0
+ \/gB X R+.

Proof. Clearly, (i) = (ii) is true by the proof of Lemma 3.1. Let us show (ii) = (i) now.
Suppose that for any v € U,

(0, f(&,u) = VEIZ]) € epi f*(-u) + A+ VB x Ry

Then, for any v € U, we obtain

(0,0) € epi f*(-u) + A+ VEB x [£(&,u) + VElja], +o0).
From the proof of Theorem 3.1, we knew that for any u € U, epi f*(-,u)++/eBx [f(i:, u)+
ﬁHJ’cH,—i—oo) = epi (f(,u) + el - -z — f(f,u)) . So, for any u € U, one has

(0,0) € epi (f(u) + VEI -~ - f(7,w)) +4
=ept (f(u) + VeI —all = f(@,w)) +cl(co 4).

Using the Lemma 2.5, for any u € U, we arrive

K {eeR": (f(,u)+ Vel 2] - f(@u)(@) = 0},
Thus, for any u € U and x € K,

f@,u) + Velz — ]| - f(z,u) > 0.
Hence, for any z € K and v € U,

f(@u) < fz,u) + Vellz — 2,
which means Z is an e-quasi highly robust solution of (UP). n
Theorem 3.3. (Highly robust approximate optimality theorem) Let T € K and let f :
R" x RP — R,g; : R" x RY — R,i € I be continuous functions such that for each
u € RP, f(-,u) is convex on R™ and for each v; € RY, g;(-,v;) is convex on R™. Suppose

that the constraint qualification (RCCCQ), defined in Definition 2.6, holds. Then the
following statements are equivalent:

(i) Z is an e-quasi highly robust solution for (UP);
(ii) for any u €U

(0, —f(2,u) = Vel|z]) € epi f*(,u)+ | epi (Z AiQi('a“i)) +VeB x Ry
v, €V, i=1
x>0

(iii) there exist v; € V; and \; > 0,0 € I such that for any u € U,

0€f(u)(@) + Y d(Nigi(-,v:)) (@) +VEB and Y Xigi(z, ;) = 0.
i=1 =1
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Proof. By Lemma 3.1 and Lemma 3.2, the statement [(i) < (ii)] is proved.
[(ii) = (iii)] Suppose that the statement (ii) holds, i.e., for any u € U,

(0, —f(z,u) — Ve|z]])
€ epi f*(au) + U epi (Z Algl(a Ul)) + \EB X R+
v; €V;,Ai >0 i=1

Therefore, for any u € U there exist A; > 0,9; € V;,4 € I such that
(0, = f(z,u) — VE|Z||) € epi f*(-,u) + epi (Z Xz—gi(«,m) +VEB x Ry.
i=1

By the continuity of g;(-,v;),i € I and Proposition 2.2, equivalently, for any u € U there
exist A\; > 0,v; € V;,1 € I such that

(0, = f(z,u) = Ve[z]) € epi f*( +Zep1 (Migi( 1)) + VEB x Ry
By Proposition 2.1, equivalently, for any uw € U there exist \; > 0,7; € V;,i € I and
€;>0,i=0,1,...,m such that
(0, —f(z,u) — Velzll)
& U {(wo, wo, 2) + 20— () : wo € 02, (- 0)(3) |

IS >0

+ Z U { Wy, wzv +51 - )\zgz(‘r Uz)) fw; € aSlj‘Zgl(aﬁl)(j)}

i=1¢;20
—+ \/gB X R+.

Hence, for any u € U, there exist \; > 0,9; € V;,w; € 0., \igi(,0:)(%),i € L,wg €
O f(,u)(Z),w* € B,n € Ry and g; > 0,i =0,1,...,m such that

(0, —f(z,u) — Ve|z|))
= (wo, (wo, ) + €0 — f(Z,u)) + Z(wm (wi, ) + & — ANigi (2, 0;))

T (e, ). i

It follows that, for any u € U, there exist A; > 0,7; € Vi, w; € 0., Xigi (-, ) (Z),i € I, wp €
Oz f(,u)(Z),w* € B,n € Ry and g; > 0,i =0,1,...,m such that

O—Zwl—&—\fw

=0



988 Thai J. Math. Vol. 18 (2020) /J. Kerdkaew et al.

Equivalently, for any u € U, there exist \; > 0,7; € Vi, w; € 9., Xigi(-,0:)(%),i € I,wq €
Oz f(,u)(Z),w* € B,n € Ry and g; > 0,i =0,1,...,m such that

igi(z, ;)

.pﬂg

ﬁ
Il
—

IxH+Z wi, T) + i) +1)

:x/EIIfHJrZEi—ﬁﬁw*@Hn
=0

> Vellzll + > e — Vellwt ||zl + 7
1=0

m
> e >0.
1=0

Hence, the statement (iii) holds.
[(ili) = (ii)] Suppose that the statement (iii) holds. Then for any u € U, there exist
Ai > 0,9; € Vi,w; € 0(Ngi)(+,0:)(Z),5 € I,wy € Of(-,u)(Z) and w* € B such that

0=mwo+ Y Nw; +ew" and > Xigi(z,v;) = 0.
i=1 i=1

This, together with the definition of the subdifferential of f(-,u) , yields that for any
re Kiuel,

f(‘r?u)*f(jau) > <w0,177.f>

Il
/l\
'

3/\
&

|
o
g*
IS

|

Kl
~

Therefore, for any x € K,u € U,

f(:f7u) S f(l‘,u) + \/g”‘r - 9_3”7
which means Z is an e-quasi highly robust solution of (UP). Thus, by Lemma 3.2, the
statement (ii) holds. n

Corollary 3.4. Letz € K andlet f : R"xXRP - R, g; : R*"xR? — R, i € I be continuous
functions such that for each w € RP, f(-,u) is convex on R™ and for each v; € RY, g;(-, v;)
is conver on R™. Suppose that for each x € R™, g;(x,-) is concave on V;,i € I and there
exists y € R™ such that g;(y,v;) < 0,Yv; € V;,i € I. Then the following statements are
equivalent:

(i) T is an e-quasi highly robust solution for (UP);
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(ii) for any u € U,

(0, —f(z,u) — Vel|z|) € epi f*(-,u) + U epi (Z /\igi(~,vi)> +VeB x R,.
v; €Vi, =1
A >0

(i4i) there exist v; € V; and \; > 0,i € I such that for any u € U,
0€edf(, +Za i9i(v))(@) + VEB and »_ Xigi(z,7;) = 0.

Proof. Tt follows from Proposition (2.4) and Proposition (2.3) that the constraint quali-
fication (RCCCQ), defined in Definition 2.6, holds. Then, all conditions of Theorem 3.3
are satisfied and so we finish this proof. =

4. HIGHLY ROBUST APPROXIMATE DUALITY THEOREMS FOR

e-QUuAsI HIGHLY ROBUST SOLUTIONS

In this section, we formulate a Wolfe type dual problem (UD) for the primal uncertain
convex optimization problem (UP). Then we propose a highly robust approximate weak
duality theorem and a highly robust approximate strong duality between the primal

problem and its Wolfe type dual problem.
Now we formulate a Wolfe dual problem (UD) for (UP) as follows:

Maximize f(y,u) + Z Xigi(y,v;)

subject to 0 € 9f(-, +Z@ ) (y) + VeB,
uGu,/\iZO,’UiGVi,ZEI,{:‘ZO. (UD)

Let Kp := {(y,v, AN ER"XVXRT :0€df(-,u)(y)+>imq 0 (Nigi) (-, 0i)(y) +vEB, A >
0,v; € Vi € I}, then it is termed as the robust feasible set of the dual problem (UD).

Definition 4.1. Let ¢ > 0 be given, then (7, A, 7) is said to be an e-quasi highly robust
solution of the dual problem (UD) if for any robust feasible solution (y,v,\) € Kp and
u€eU,

£ +ZAlgz 7,0:) > f(y,u +Z/\zg7 y,vi) — Vel —yll.
i=1
Let us move on the highly robust approximate weak duality theorem and the highly
robust approximate strong duality theorem for highly robust solutions. The following
theorem proposes a highly robust approximate weak duality between the primal problem
and its Wolfe type dual problem.

Theorem 4.2. (Highly robust approzimate weak duality theorem) Let € > 0 be given. For
any (z,u) € K xU and any (y,v,\) € Kp,

flz,u) = fy,u +Z>\zgz (y,vi) — Vellz =yl
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Proof. Let (z,u) € K xU and (y,v,\) € Kp, be arbitrary. Then, there exist wy €
Of (-, u)(y), w; € d(Nigi(-,vi)) (y),i € I and w* € B such that wo+ Y~ w; + /ew* = 0.
Hence, we obtain

f(:L' U Z)\'Lgl yavz
> w0773_ Z)\zgz y,vz
m

:<_Zwi_ﬁw*’x_y>_i>\i9i(y7vi)
<Zwl,x— > (Vew",z — >—§:)\igi(y,vi)
i=1

71

> _Z)\zgz T, v; +Z>\zgz yvi) = (Vew™,z —y) = Y Nigi(y, vi)
=1
= _Z)\zgz x, Uz \/‘EHx - y”
> —fo =yl
Thus, one has f(z,u) > f(y,u) + >, \igi(y, v;) — VE|x — y|| as desired. n

The following highly robust approximate strong duality theorem holds under the con-
straint qualification (RCCCQ).

Theorem 4.3. (Highly robust approximate strong duality theorem) Let f : R™ x RP —
R,g; : R® x R? — R, € I be continuous functions such that for each u € RP, f(-,u) is
convex on R™ and for each v; € RY, g;(-,v;) is convex on R™. Suppose that the constraint
qualification (RCCCQ), defined in Definition 2.6, holds. If T € K is an e-quasi highly
robust solution of the primal problem (UP), then there exist \ € R and v € RY such that
(z,0,\) is an e-quasi highly robust solution of the dual problem (UD).

Proof. Let ¥ € K be an e-quasi highly robust solution of (UP). Hence, by Theorem 3.3,
for any u € U, there exist v; € V;, \; > 0,4 € I such that

0€df(-,u)(x)+ Za(;\igi(',vi))(f) +veB and Zj\igi(ja@i) =0.

i=1

This means (7,9, \) is a feasible solution of (UD), i.e., (Z,9,A) € Kp. By Theorem 4.2,
for any u € U and (y,v,\) € Kp, we have

f(Z,u) = fy,u +Z>\zgz (y,vi) — Vellz =yl
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It follows that for any u € U and (y,v,\) € Kp,
fxu +Z)\zgzxvz |: +Z)\zgz yavz:|
=1

> —Vellz —yll + Zj\igi(fﬂ_)i)
i=1
= —Velz —yl|.
It yields, for any v € U and (y,v,\) € Kp,

ZX (z,7) > f(y,u JrZAzgzy,vz = Vellz —yl.

i=1

Therefore, (7,7, \) is an e-quasi highly robust solution of (UD) as desired. m
The following example illustrates Theorem 4.2 and Theorem 4.3.

Example 4.4. Let f : R? xU{ — R and g : R? x V — R be defined by

f(z,u) =uzx; +25 and g(x,v) = 27 — vay,

where U := [—1,1] and V := R. Consider the following convex optimization problem with
uncertainty:
Minimize f(z,u) subject to g(z,v) <0, v € W. (4.1)

Observe that the robust feasible set of (4.1) is the set
={(z1,72) € R? : 2] —vzy <0, v €V}
= {(v1,22) € R? 1 21 = 0,22 € R},
while the set of all e-quasi highly solution of (4.1) is
S = {(wn, ) € K ury + o < w93+ VEN ) — (@1,22)]),
(y1,92) € K,u € U}
= {(361,332) €K : u(0)+23 <u(0)+y5+ve[[(0,y2) — (0, 22)|, y2 ER,u € U}
= {(x1,x2) ER?: 2 = Q%ﬁ < g9 < %}

We can prove that the (RCCCQ) holds for (4.1). To show the cone (J,cy y>q€pi (Ag(+,v))*
is closed and convex, let v € V and A > 0 be given. Then, we have -

0; A =0,
Mag(- * *) * 2
o) @) =1 @ x?
4N
So, it can be seen that
: * . (z* + A\v)?
. = . >
U epi (Ag(-,v)) ({O} XR+> U U {(a: ,a) ta > o
vEV,A>0 vEV,A>0

:RXRJ’_.
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Next, we formulate a dual problem for (4.1) as follows:
Maximize f(y1,y2,u) + Ag(y1,y2,0)
Subjet to 0 S af(ﬂ u)(ylayQ) + a ()‘9(70)) (ylayQ) + \/EB,
ueEUN>0,veEV,e>0. (4.2)
Then the set Kp := {((yl,yg),v, Ay €R,(0,0) € Of (-, u)(y1, y2)+0 (Ag(-,v)) (y1,y2)+

VeByu e [-1,1],A > 0,v € R,e > O} is the robust feasible set of (4.2). We can calculate
the robust feasible set K as follows:

Kp 5:{((?;171/2),1/,/\) : (070) € af('?”)(ylva) + a()‘g(vv)) (ylayQ)
+VEByue[-1,1],A > 0,0 ER,EZO}
:{((yl,yz),v, A) sy € Rou+ 22Xy — v+ Vewy =0,
JE

Yo = —7,10% +ws <lu€[-1,1,A>0,0 €R,e> 0}.

Observe that for any u € U, (z1,22) € K and (y1,y2,v,\) € Kp,
F@rswa,u) = [Fyrv0w) + Ag(y1.92.) = VEl (@1, 2) = (y1,30) ]
=13 - [uyl +45 + Myt — doyr — Ve [y + (22 - yg)ﬂ

=23 —y3 — Ayi + (Mo — Wy + Ve yi + (z2 — y2)?

€ €
= 03— Sud 4 M VEwag VR BE  (e + wn)?
€ €
= (w2 + %wz)Q + M\yZ + Ve |:w1y1 — wa(x2 + \2[102)]
5
+ \@\/y‘f + (xo + %w@?

> /e [wlyl — wa(wg + \fwg)} + Ve y? + (xe + %U,@)Q

> —Vey/(—wi)? + wg\/y% + (22 + %wﬁ + e\ yt + (z2 + %wz)Q
>0

Hence, for any v € U, (z1,z2) € K and (y1,y2,v,A) € Kp,
f(ILanu) Z f(yl7y2au) + )\g(y17y27v) - \/EH(I']_,Z’Q) - (yhy?)”»

and so the conclusion of Theorem 4.2 (The highly robust approximate weak duality
theorem) holds. Let (Z1,Z2) € K be an e-quasi highly robust solution for (UP). So,

z; =0 and_—% < Zy < %_. By taking A := /2 and © = % + w1, we can see that
((Z1,Z2),0,A) € Kp. Indeed, A > 0,0 € R and

u+2)\x1—)\v+\/§w1:u—\/5(

u

\@—&—wl) +\ﬁw1:0.
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Besides, for any u € U and (y1,y2,v,A) € Kp,

f(jla (Z’Q,U) + 5\g(fhi.Q?/U) - f(yla y27u) + Ag(yhy27v):|
> —Ve|(z1,22) = (y1,92) | + Ag(21, Z2,0)
= —Vel[(z1,22) = (y1,92)]]-

Therefore, (Z1,T2) is an e-quasi highly robust solution of (4.2), and then the conclusion
of Theorem 4.3 (The highly robust approximate strong duality theorem) holds.

5. CONCLUSION

This paper devotes to the e-quasi highly robust solution for a robust convex optimiza-
tion problem in the face of data uncertainty in both objective and constraint functions.
The highly robust approximate optimality theorems for an e-quasi highly robust solution
of a robust convex optimization problem are established by using a robust optimization
approach (worst-case approach). Furthermore, by employing this approach, we obtain
highly robust approximate duality theorems in terms of Wolfe type on e-quasi highly
robust solution for the convex optimization problems with data uncertainty. In addition,
to illustrate or support this study, some examples are presented.
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