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Abstract In this paper, we extend and improve the concept of Almahalebi [M. Almahalebi, Stability
of a generalization of Cauchy’s and the quadratic functional equations, J. Fixed Point Theory Appl. 20
(12) (2018)] to qusic-Banach spaces by using the fixed point method. Second, we investigate the stability
of the following generalization of Cauchys and the quadratic functional equations

n—1

D @+ bry) = nf(@) + nf(y),

k=0
where n € Nabp = exp(2ink) for 0 < k < n — 1, in quasi-Banach spaces. Moreover, we obtain the
hyperstability results of this equation by using the fixed point method.
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1. INTRODUCTION

In linear algebra, functional analysis and related areas of mathematics, a quasinorm
is similar to a norm in that it satisfies the norm axioms, except that the triangle inequality
is replaced by

lz +yll < K(l|lz]| + [lyl)
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for some constants K > 0 (see [1-1]).

Definition 1.1. ([5, 6]) Let X be a real linear space. A quasi-norm is a real-valued
function on X satisfying the following:
(i) |lz|| = 0 for all z € X and ||z|| = 0 if and only if z = 0.
(i) ||Az||=| A |||z for all A € R and all A € R and all z € X.
(iii) There is a constant s > 1 such that ||z + y|| < s(||z|| + ||y||) for all z,y € X.

The pair (X, | -]|) is called a quasi-normed apace if || - || is a quasi-norm on X. A
quasi-normed || - || is called a p-norm (0 <p <1) is

[l +yl[” < [lz]” + llylI”
for all z,y € X. In this case, a quasi-Banach apace is called a p-quasi-Banach space.

Definition 1.2. ([5, 6]) Let X be a quasi-normed space.

(i) A sequence {z,} in X is called a quasi-convergent to a point z € X if and only if
|z — z|| — 0 as n — oo

(ii) A sequence {x,} in X is called a quasi-Cauchy sequence if and only if ||z, —
Tm|| —> 0 as n,m — oo;

(iii) Let {z,} is a sequence in normed space (X, || - ||). X is complete if for any quasi-
Cauchy sequence {x,} is quasi-convergent;

(iv) A complete quasi-normed space is called a quasi-Banach space.

In 1989, Bakhtin [7] developed the notion of b-metric space and established some fixed
point theorems in b-metric spaces. Subsequently, several results appeared in this direction
([3-17]) as follows:

Definition 1.3. [7] A b-metric on a set X is a mapping d : X x X — [0, +00) satisfying
the following conditions: for any z,y,z € X,

(b1) d(z,y) = 0 if and only if x = y;

(b2> d(l'vy) = d(ya x);

(b3) there exists s > 1 such that d(z,y) < s(d(z,2) + d(z,y)).
Then (X, d) is known as a b-metric space with coefficient s.

Note that every metric space is a b-metric space with s = 1. Some examples of
b-metric space are given below: Let X = E be a vecter space. Define a mapping
d: X x X —[0,00) by

d(z,y) = ||z -yl
for all x,y € X, where || - || : E — R in a quasi-norm function. Then (X, d) is a b-metric
space with coefficient s = K.

Throughout this paper, we will denote the set of natural numbers, nonnegative integers,
nonnegative real numbers, the set X \ {0} and the set of natural numbers greater than or
equal to m by N, Ng, Ry, Xy, N,,, respectively. And we use the notation B4 denotes
the family of all functions mapping a set A # @ into a set B # ().

Let X be a nonempty set, (Y,d) be a metric space, ¢ € Rf" and F', Fy be operators
mapping from a nonempty set D C YX into YX". We say that the operator equation

Fip(xy, .o, xpn) = Fop(a1, .y ), (@15 eey 2 € X) (1.1)
is e-hyperstable provided that every ¢y € D which satisfies

A(F100(x1, ooy Tn)y Fopo (1, ooy ) < (X1, oy Tp), (1, ey p € X) (1.2)
fulfills the (1.2).
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Our aim is to prove the stability and hyperstability results for the generalization of
Cauchys and the quadratic functional equations

n—1

D f@+biy) = nf(x) +nf(y), (1.3)

k=0

where n € Ny and by, = ea:p(w) for 0 < k < n —1, in Banach spaces using the fixed
point method, the general solutign and stability of this equation and its generalizations
were studied by numerous researchers (see, [18-22]).

Before proceeding to the main results, we state the following theorem which is useful
for our purpose.

On the other hand, Brzdek and et al. [23] proved a simple fixed point theorem for
some (not necessarily linear) operators and derived from it several quite general results
on the stability of a very wide class of functional equations in single variable in 2011 as
follows:

Theorem 1.4. Let X be a nonempty set, (Y,d) be a complete metric space, f1,..., fs :
X —- X and ILq,...Ls : X — Ry be given mappings. Let A : Rf — Rf be a linear
operator defined by

Ad(z) := ZLi(zﬁ(fz(x)), (1.4)

foré e Rf andx € X. If T : YX — YX is an operator satisfying the inequality
d(TE@), Tu(@) < Yoy Li@dE(fi@),n(fi@),  &uevXaeX,

and a function € : X — Ry and a mapping ¢ : X — 'Y satisfy

AT (), p(x)) < e(a), (& € X),

e*(z) =Y pe g APe(z) < o0, (z € X),
then for every x € X, the limit
() = limp 00 T™0(2),

exists and the function ¢ € YX so defined is the unique fized point of T with

d(p(z), ¥ (2)) < e*(z), (z € X).

In 2018, Almahalebi [24] investigated the stability of the following generalization of
Cauchys and the quadratic functional equations (1.4) in Banach spaces. Also, he proved
the hyperstability results of this equation by the fixed point method of the Brzdek’s [1]
results as follows:

Theorem 1.5. Let X be a C—normed space, Y be a Banach space, € 1 Xg x Xog — Ry
and
I(X) = {ue Aut(X) -/, (v — bru) € Aut(X),
n—1
ay = nA\(u") + nu' + Z Au' —bru) <1} #0

k=1

s an infinite set, where
AMu) :=inf {t € Ry : e(uzx,uy) < te(z,y),Vo,y € Xo}
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for alluw € Aut(X). Assume that f : X — 'Y satisfies the inequality

n—1

1f(@+9) = nf@) —nfy) + 3 fl@+ byl < (@)

k=1
for all x,y € Xosuch that x+bry # 0 for 0 < k <n—1. Then, for each nonempty subset
U C I(X) such that

uov=vou,Vu,v €U, (1.5)
there exists a unique function Q : X — Y satisfies the Eq. (1.2) and
[f(z) — Q)| <&(z) =z € Xo, (1.6)

where

(”“””) cuell  zeXo

a) =inf {————

In this paper, we extend and improve the concept of Almahalebi [24] to qusic-Banach

spaces by using the fixed point method. Second, we investigate the stability of the fol-
lowing generalization of Cauchys and the quadratic functional equations

Qg

n—1

> @+ bey) = nf(x) +nf(y),

k=0
where n € Nob, = exp(2irk) for 0 < k < n — 1, in quasi-Banach spaces. Moreover, we
obtain the hyperstability results of this equation by using the fixed point method.

2. A FixeD POINT APPROACH TO THE STABILITY

For our subsequent results, we take the following four hypotheses.
(H1) X is a nonempty set and (Y, d) is a complete b-metric space.
(H2) f1,..., fr : X = X and Ly, ..., L : X — R, are given maps.
(H3) 7 :YX - Y¥X isan operator satisfying the inequality

d((7¢€)(x) <ZL (@), u(fi(x), &EpeYX, zeX (2.1)

(H4) A is a linear operator defined by

k
= 3" Li@)o(fi() 22)

for 6 : X — R4 and = € X. Obviously, A is monotone with respect to the pointwise
ordering in Rf (provided that L; is nonnegative).

The basic tool in this paper is the following theorem which asserts the existence of a
unique fixed point of operator .7 : YX — VX,

Theorem 2.1. Assume that hypotheses (H1)-(Hj) are satisfied. Suppose that there are
functions e : X — Ry and ¢ : X =Y such that, for all x € X,

d(T¢)(x), p(x)) < e(x) (2.3)
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and
D sMTH(Ae) () = e%(z) < 00 (2.4)
n=0
hold. Then, for every x € X, the limit
b(2) = lm (77¢) () (2.5)

exists and the function ¥ : X =Y so defined is a unique fixed point of 7 with
d(e(x),P(x)) <e*(z), ze€X. (2.6)

Proof. First we show by induction that, for every n € N,
d(T"9)(@), (T e)(x)) < (A"e)(2), w€X. (2.7)

Clearly, by (2.5), the case n = 0 is trivial. Now fix n € N and suppose that (2.7) is
valid. Then, using hypothesis (H3) and the inductive assumption, for every x € X, we
get

k
d(T" ) (), (T™2p) () < Z Li(x)d((7"¢)(fi(2)), (T o) (fi(x))

k
< ZLi(w)(A"f)(fi(x)) = (A" e)(x)

completing the proof of (2.7). Therefore, for n,k € N4,k > 0,

k—1
d((T"¢) (@), (7" p)(x)) < Z s (T ) (), (T ) (@)
=
< Z s (Ae)(2) < e*(x), z€X. (2.8)

By the convergence of the series > (A"¢)(x), it follows from the above estimate that, for
every € X, ((I"¢)(x))nen is a Cauchy sequence and, as (Y, d) is complete, the limit
Y(x) exists for all x € X. Taking n = 0 and letting k¥ — oo in (2.8), we obtain that (2.6)
holds and, in view of (2.1), 7 (¢) = 9.

For the proof of the uniqueness of 1, suppose that ¥, 12 € YX are two fixed points of
T with d(¢(z), i (x)) < e*(x) for x € X, i = 1,2. We next prove that, for every m € N,

d(1(z), P2(2)) = d((T™ 1) (2), (T " p2)(x)) < 28 Z(Aif‘?)(fﬂ), reX. (29)
Clearly (for m = 0),

d(Y2(x), Y1(z)) < sld(¥1 (), () + d(Y(x), P2(x))] < 258" (), =€ X.

Now assume that (2.9) is valid for some m € Ny. Then, by (2.1), for every x € X we
obtain the following inequality:
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d((T" o) (@), (T 1) (2))

AT (T pa) (), T(T™p1) ()

gi T ) (). (T ()
<252L i N ((a)
< sz@L JWe)(fie >>>
gzsf: (Me)(x).

j=m+1

Thus we have proved that (2.9) holds for m € N;. Now letting m — oo, on account of
(2.4), we get 1 = 1o [

Directly from Theorem 2.1 we obtain the following corollary.

Corollary 2.2. Assume that hypotheses (H1)-(H4) are satisfied. Suppose that there exist
two functions e : X — Ry, : X =Y and a constant q € [0, ;) such that, for all z € X,
(2.3) and

(Ae)(z) < ge() (2.10)

hold. Then the limit (2.5) exists for every x € X and the function ¢ : X =Y so defined
is the unique fixed point of T with

d(p(x), ¥(x)) < sqss@c), e

S1C

Proof. Tterating inequality (2.10), for n € N and « € X, it follows that

(A"e)(@) < (7= )"ele).
Therefore, for all x € X,
e*(x) = Z(A"e)(sc) < Z re(x) = re(x),
n=0 n=0

where r = (2.4) holds and the statement follows from Theorem 2.1.
In fact the statement about the uniqueness is not the consequence of that of Theorem
2.1, however, the argument followed in the proof of Theorem 2.1 can easily be adjusted.

3. STABILITY OF A FUNCTIONAL EQUATION IN A QUASI-BANACH SPACE

We will denote by Aut(X) the family of all automorphisms of X. Moreover, for each
u € XX, we write ux := u(z) for + € X and we define @ by 1z := x — ux for z € X.
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The following theorem is the main result concerning the stability of the functional in
equation .

Theorem 3.1. Let X be a C—normed space, Y be a b-Banach space, € : Xg X Xg — Ry
and
U(X) :={ue Aut(X) : v/, (v — bru) € Aut(X),

n—1

ay = nA(u') + nu’ +Z)\u—bku)< }75(2) (3.1)
k=1

is an infinite set, where
Auw) :==inf {t € Ry : e(uz,uy) < te(x,y),Vz,y € Xo}
for allu € Aut(X). Assume that f: X — Y satisfies the inequality

n—1

I (@ +y) —nf(z) —nfy)+ Y flx+by)| <elz,y) (3.2)

k=1

for all x,y € Xosuch that x+bry # 0 for 0 < k <n—1. Then, for each nonempty subset
U C I(X) such that

uov=wvou, Yu,v€U, (3.3)

there exists a unique function Q : X — 'Y satisfies the equation (1.3) and

1f(x) = Q)| <&(z) =€ Xo, (3.4)

where

(um uzx)

g(x) := mf{ u €U}, z € Xo.

u

Proof. Let us fix u € U and replacing x with v'z and y with uz in inequality (3.2), we
get

n—1

If () = nf(u'z) = nf(uz) + Y f((u' = bpu)o)| < e(u'z,uz) = eu(x) (3.5)

k=1
for all z € Xo. Given u € U, we define the operators T, : Y X0 — Y Xo and
Ayt RYY = RY° by
Tuf(@) = né(u/'x) + né(ua) — 21 (0 = bru)z),
AuS(x) == ndé(u'z) + nd(ux) Z(S (v — bpu)r) (3.6)

for all z € Xo,& € V¥ and 6 € Rf". Then, the inequality (3.5) takes the form

/() = Tuf (@)]| < eu(x)



970 Thai J. Math. Vol. 18 (2020) /T. Bantaojai and C. Suanoom

for all z € Xj.

Observe that the operator A,, has the form given by (2.3) with s = n+1 and f,,11(z) =
ux, frn(x) =d'z, fi(x) = (v —bju)x, L,(x) = sn = Ly11(z), Li(x) = s,i € {1,2,....,n— 1}
for all z € Xo. Furthermore, for each z € Xg and &, 1 € Y5X, we obtain

17eé(x) = Tupl@)|| = [né (') + n(uz) — Sp2y &((u = bru)z)
—np(u'a) — npluz) + P (o = b)a)|
< sn|§(u'z) — p(u'z)|| + snl|{(ux) — p(uz)]
+ 002 sl = bru)z) — p((u' — bru)z))|
In view of the definition of A\(u), we note that
e(uz,uy) < Aue(z,y), =,y € Xo.
So, it is easy to show that
Ase,(z) < af (u'z, ux),
for all z € Xy and s € Ny, where

g = nAW) + nA(u) + 72 AW — byu).

Hence, we obtain

o0 o0 12
e*(x) == Z s e, () < se(u'w, uz) Z(sau)r = e%l(liii’;f) < 00 (3.7
r=0 r=0
for all x € Xy. Therefore, according to Theorem 2.1, there exists a unique solution
Qv : X = Y of the equation

Qu(®) = nQu(u'z) + nQy (uz) ZQu (v — bru)z) (3.8)
for allx € X, which is the fixed point of ’Tu such that
se(u'z, ux
[Qu(z) — f(2)|| < ﬁ, z € Xo. (3.9)

Moreover,

To prove that @, satisfies the functional (1.4) on X, we just prove the following inequal-
ity:

n—1
Ty f(z+y) = nTy f(2) =Ty fy) + > T fla+bpy)|| < afe(z,y) (3.10)
k=1

for all z,y € Xo and all r € Ny such that z + byy # 0 for 0 < k < n — 1. Since the case
r =0 1is just (3.2), take r € N and assume that (3.10) holds for all z,y € Xy and r € N.
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Then, using (3.6) and the triangle inequality in p-quasi-Banach, we get

ITo 1 f (@ 4 y) = nTyH fo) = n T+ f(y) + Spsy To f (o + biy) |17
= [nT (' (@ + ) + 0Ty flule + ) = Spot T (= b (z + )
—n? Ty f(w'x) = T fua) +n Y02y T f (0 — bu)a)
—n2T7 f(u'y) = n?T7 f(uy) +n 302y T (0 = byu)y)
+ CRC T (@ + bry)) + 0T (u(@ + bry)
— ShTt T f (0 = byw) (@ + by)) M|
<P | T f (! (@ +y) = 0T f(w'e) —nT7 f(u'y) + S0y To (' (@ = bey) |7
+nP | T3 f (u(@ +y)) = nT f(ux) =Ty f(uy) + 3320 T f(u(@ = bey)l|
+ SR I F = by (z + y)) = 0T f (0 = brw)a)
—n T F((u = bu)y) + SSR2) T f (0 = by (@ + b)) |7
< aiP (nPeP (u'm, u'y) + e (uz + uy) + Yy e ((u! = bew)w), (u' = byu)y)))
< aiP(nP N (') + PN (u) + SR M (u' = by))eP (., y)
< QP (nA(W) + nA(u) + 372y Mu' = byu) JPeP (2, y)

= o PeP (3, y).
Since 0 < p < 1, we get

T f @+ y) =Tyt f () = nTg T fy) + 02 Tt @+ b)) < ape(z, y).

Thus, by the mathematical induction, we have shown that (3.10) holds for all x,y € X,
and all € Ny such that x + bgy # 0 for 0 < k < n — 1. Letting » — oo in (3.10), we get

S0 Qu@ + by) = nQu(x) +1nQu(y),

for all z,y € X such that = + bry = 0 for 0 < k < n — 1. Thus, we have proved that for
each u € U, there exists a function @, : Xg — Y which is a solution of the functional
equation (1.4) on Xy and satisfies

1f(2) = Qu(@)|| < ———

for all z € Xj.
Next, we prove that each solution @ : X — Y of (1.3) satisfying the inequality

If(z) — Q(z)|| < Le(v'z,vz) x € Xp (3.11)
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with some L > 0 and v € U is equal to J,, for each w € U. So, fix v,w € U,L > 0 and
Q@ : X = Y asolution of (1.4) satisfying (3.11). Note that, by (3.9) and (3.11), there is
Ly > 0 such that

1Q(z) = Qu(2)|| < [|Q(z) = f(@)[| + [/ (z) = Qu(2)]l

oo

< Los(e(v'z,vx) + e(w'z, wr)) - Z(aws)r (3.12)
r=0

for x € Xy. In other side, @ and @,, are solutions of (3.8) because they satisfy (1.3). For
each 7 € N, we show that

1Q(x) — Qu ()| < Los(e(v'z,vx) + e(w'z, wx)) - Z(aws)r r € Xo. (3.13)

r=j

The case j = 0 is exactly (3.12). So fix v € Ny and assume that (3.13) holds for j = +.
Then, in view of the definition of A\(u), we obtain

1Q(x) = Qu(@)| = [nQ(w'z) + nQ(wy) — X1_} Q((w' — byw)a)
~nQu(W'z) = nQuy(wr) + 317} Qu((w' = byw)z)|
< nsl|Q(w'z) — Qu(w'z)| + ns|Q(wz) — Qu(wa)]
+8 30y 1T (w' = brw)x) = Ju((w' = byw)a)|
< s*nLo(e(v'w'z, vw'z) + e(w'w'z, ww'x)) - Z:i,y(aws)r
+8*nLo(e(v'wz, vwz) + e(w'wz, wwr)) - 02 (0ns)"

+5Lo Sop_1 (e(v' (W' — bpw)z, v(w' — byw)z)

+e(w' (0" — byw)z, w(w' — byw)r)) - 3277 (ys)”
< $2Lo(e(v'z,vx) + e(w'z, wz)) (nA(w') + nA(w)
+ Cho AW = b)) - o
= sLo(e(v'z,vr) +e(w'z,wa)) - 3772 L (0ns)"
Now, letting j — oo in (3.13) , we get
Q(z) = Qu(z) Ve Xo. (3.14)
In this way, we also have proved that Q, = Q,, for each u € U, which yields

!
Sl G

[1f(2) = Qu(=)]| <

1— say,

This implies (3.4) with @ := @Q,, and the uniqueness of @ is given by (3.14). n

ACKNOWLEDGEMENTS

The author would like to thank the anonymous referee who provided useful and detailed
comments on a previous/earlier version of the manuscript.



Stability of a Generalization of Cauchy’s and the Quadratic ... 973

REFERENCES

[1]
2]

[10]

[11]

[12]

[14]

[15]

[16]

C.E. Aull , R. Lowen, Handbook of the History of General Topology, Springer; 2001
ISBN 0-7923-6970-X.

J.B. Conway, A Course in Functional Analysis, Springer; 1990 ISBN 0-387-97245-5.

N. ski, N. Kapitonovich, Functional Analysis I: Linear Functional Analysis. Ency-
clopaedia of Mathematical Sciences, 19 Springer; 1992 ISBN 3-540-50584-9.

C. Swartz, An Introduction to Functional Analysis, CRC Press; 1992 ISBN 0-8247-
8643-2.

Y. Benyamini, J. Lindenstrauss, Geometric Nonlinear Functional Analysis, vol. 1,
Amer. Math. Soc. Collog. Publ, 48, Amer. Math. Soc., Providence, RI, 2000.

S. Rolewicz, Metric Linear Spaces, PWNPolish Sci. Publ.; Warszawa, 1984.

S. Czerwik, Contraction mapping in b-metric spaces, Acta Mathematica et Infor-
matica Universitatis Ostraviensis, 1 (1993) 5-11.

C. Mongkolkeha, Y.J. Cho, P. Kumam, Fixed point theorems for sim ulation func-
tions in b-metric spaces via the wt-distance, Applied General Topology, Universitat
Politcnica de Valncia, 18 (2017) 91-105.

W. Sintunavarat, P. Somyot, K. Phayap, Fixed point result and applications on a
b-metric space endowed with an arbitrary binary relation, Fixed Point Theory and
Applications. Springer (2013) DOI: 10.1186,/1687-1812-2013-296.

S. Phiangsungnoen, P. Kumam, On stability of fixed point inclusion for multivalued
type contraction mappings in dislocated b-metric spaces with application, Math.
Meth. Appl. Sci. 114 (2018) https://doi.org/10.1002/mma.4871.

C. Klin-eam, C. Suanoom, S. Suantai, Dislocated quasi-b-metric spaces and fixed
point theorems for cyclic weakly contractions, J. Nonlinear Sci. Appl. 9 (2016) 2779—
2780.

D. Singh, V. Chauhan, P. Kumam, Some applications of fixed point results for gen-
eralized two classes of Boyd-Wong’s F-contraction in partial b-metric spaces, Math
Sci. Springer 12 (2018) 111-127.

W. Kumam, P. Sukprasert, P. Kumam, A. Shoaib, A. Shahzad, Q. Mahmood, Some
fuzzy fixed point results for fuzzy mappings in complete b-metric spaces, Cogent
Mathematics & Statistics 5 (2018) https://doi.org/10.1080/25742558.2018.1458933.

P. Kumam, N.V. Dung, V.T.L. Hang, Some equivalences between cone b-metric
spaces and b-metric spaces, Abstract and Applied Analysis,(2013) Article ID 573740.

S. Phiangsungnoen, P. Kumam, Fuzzy fixed point theorems for multival ued fuzzy
contractions in b-metric spaces, J. Nonlinear Sci. Appl., emis.ams.org, 8 (2015) 55—
63.

H. Piri, P. Kumam, Fixed point theorems for generalized F-Suzuki contraction in
complete b-metric spaces, Fixed Point Theory and Applica tions, Springer 90 (2016)
doi: 10.1186/s13663-016-0577-5.

C. Klin-eam, C. Suanoom, Dislocated quasi-b-metric spaces and fixed point theorems
for cyclic contractions, Fixed Point Theory and Applications. Springer (2015) 1-3.



974

Thai J. Math. Vol. 18 (2020) /T. Bantaojai and C. Suanoom

18]
[19]
[20]
21]
[22)
23]

[24]

J.A. Baker, A general functional equation and its stability, Proc. Am. Math. Soc.
133 (2005) 1657-1664.

A. Chahbi, M. Almahalebi, A. Charifi, S. Kabbaj, Generalized Jensen functional
equation on restricted domain, Ann. West Univ. Timisoara-Math. 52 (2014) 29-39.
A. Chahbi, A. Charifi, B. Bouikhalene, S. Kabbaj, Nonarchimedean stability of a
Pexider K-quadratic functional equation, Arab J. Math. Sci. 21 (2015) 67-83.

R. Lukasik, Some generalization of Cauchys and the quadratic functional equations,
Aequ. Math. 83 (2012) 75-86.

H. Stetkr, Functional equations involving means of functions on the complex plane,
Aequ. Math. 55 (1998) 47-62.

J. Brzdek, J. Chudziak, Z. Pales, A fixed point approach to stability of functional
equations, Nonlinear Anal. 74 (2011) 6728-6732.

M. Almahalebi, Stability of a generalization of Cauchy’s and the quadratic func-
tional equations, J. Fixed Point Theory Appl. 20 (12) (2018) https://doi.org/
10.1007/s11784-018-0503-z.



	Introduction
	A Fixed Point Approach to the Stability
	Stability of a Functional Equation in a Quasi-Banach Space 

