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1. Introduction and Preliminaries

The theory of fixed point is an essential tool to tackle with many problems in math-
ematics. In this regards, Banach contraction principle [1] plays an important role in the
development of metric fixed point theory. Many authors have investigated this principle
due to its applicability (see e.g. [2–11]). In particular, Geraghty [12] obtained a general-
ization of the Banach contraction principle by considering an auxiliary function. Nadler
[13] generalized Banach contraction principle to multivalued mappings which opens new
doors in metric fixed point theory. Later on, this concept of Banach contraction is ex-
tended by using multivalued mappings and concept of the measure of non-compactness
(see e.g. [14–21]).
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Khojasteh et al. [22] introduced the notion of Z-contraction using a class of control
functions called simulation functions and presented a generalized version of Banach con-
traction principle. Olgun et al. [23] obtained some fixed point results for generalized
Z-contractions. De-Hierro et al. [24] enlarged the class of simulation functions for a pair
of mappings and obtained some coincidence point theorems. Later on Chandok et al. [25]
combined the idea of simulation functions with C-class functions and proved the existence
and uniqueness of point of coincidence which generalized the results in [22, 23].

On the other hand, Samet et al. [4] introduced the idea of α-admissibility and gen-
eralized the Banach contraction principle. Karapinar [26] introduced the notion of α-
admissible Z-contraction and generalized the results of Samet et al. [4] and Khojasteh
et al. [22]. Very recently, Patel [27] proved some fixed point theorems for multivalued
contractions via generalized simulation functions in α-complete metric spaces.

In 2015, Khojasteh et al. [22] introduced a class Ξ of functions ζ : [0,∞)× [0,∞)→ R,
satisfying the following assertions:

(ζ1): ζ(0, 0) = 0;
(ζ2): ζ(t, s) < s− t for all t, s > 0;
(ζ3): If {tn}, {sn} are sequences in (0,∞) such that lim

n→∞
tn = lim

n→∞
sn > 0 then

lim
n→∞

sup ζ(tn, sn) < 0

called the simulation functions and defined the notion of Z-contraction with respect to
the function ζ to generalized Banach contraction principle [1] and unify several known
contractions involving the combination of d(Tx, Ty) and d(x, y). Following Theorem is
due to Khojasteh et al. [22]:

Theorem 1.1 ([22]). Let (X, d) be a complete metric space and T : X → X be a mapping
satisfying

ζ(d(Tx, Ty), d(x, y)) ≥ 0 for all x, y ∈ X. (1.1)

where ζ ∈ Ξ. Then T has a unique fixed point u ∈ X and for every x0 ∈ X, the Picard
sequence {xn} where xn = Txn−1 for all n ∈ N converges to this fixed point of T .

Example 1.2 ([22]). Let ζi : [0,∞)× [0,∞)→ R, i = 1, 2, 3 be defined by

(i): ζ1(t, s) = λs− t, where λ ∈ (0, 1);
(ii): ζ2(t, s) = sϕ(s) − t, where ϕ : [0,∞) → [0, 1) is a mapping such that

lim
t→r+

sup ψ(t) < 1 for all r > 0;

(iii): ζ3 = s−ψ(s)− t, where ψ : [0,∞)→ [0,∞) is a continuous function such
that ψ(t) = 0 if and only if t = 0.

Then ζi for i = 1, 2, 3 are simulation functions.

Karapinar [26] presented some fixed point results in the setting of a complete metric
spaces by defining a new contractive condition via admissible mapping imbedded in sim-
ulation function. Hakan [28] et al. introduced the generalized simulation function on a
quasi metric space and presented a fixed point theorem. Roldán-López-de-Hierro et al.
[24] modified the notion of a simulation function by replacing (ζ3) by (ζ ′3),

(ζ ′3): : if {tn}, {sn} are sequences in (0,∞) such that lim
n→∞

tn = lim
n→∞

sn > 0

and tn < sn, then

lim
n→∞

supζ(tn, sn) < 0.
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The class of functions ζ : [0,∞) × [0,∞) → R satisfying (ζ1 − ζ2) and (ζ ′3) is called
simulation function in the sense of Roldán-López-de-Hierro and is denoted by Ω.

Definition 1.3 ([2]). A mapping G : [0,+∞)2 → R is called a C-class function if it is
continuous and satisfies the following conditions:

(1): G(s, t) ≤ s;
(2): G(s, t) = s implies that either s = 0 or t = 0, for all s, t ∈ [0,+∞).

Definition 1.4 ([7]). A mapping G : [0,+∞)2 → R has the property CG , if there exists
CG ≥ 0 such that

(G1): G(s, t) > CG implies s > t;
(G2): G(s, t) ≤ CG , for all t ∈ [0,+∞).

Some examples of C-class functions that have property CG are as follows:

(a): G(s, t) = s− t, CG = r, r ∈ [0,+∞);

(b): G(s, t) = s− (2 + t)t

(1 + t)
, CG = 0;

(c): G(s, t) =
s

1 + kt
, k ≥ 1, CG =

r

1 + k
, r ≥ 2.

For more examples of C-class functions that have property CG see [2, 7].

Definition 1.5 ([7]). A CG simulation function is a mapping G : [0,+∞)2 → R satisfying
the following conditions:

(1): ζ(t, s) < G(s, t) for all t, s > 0, where G : [0,+∞)2 → R is a C-class
function;

(2): if {tn}, {sn} are sequences in (0,+∞) such that lim
n→∞

tn = lim
n→∞

sn > 0,

and tn < sn, then lim
n→∞

sup ζ(tn, sn) < CG .

Some examples of simulation functions and CG-simulation functions are:

(1): ζ(t, s) =
s

s+ 1
− t for all t, s > 0.

(2): ζ(t, s) = s − φ(s) − t for all t, s > 0, where φ : [0,+∞) → [0,+∞) is a
lower semi continuous function and φ(t) = 0 if and only if t = 0.

For more examples of simulation functions and CG-simulation functions see [2, 7, 9, 22,
24, 29].

We denote F by the class of all functions β : [0,∞) → [0, 1) satisfying β(tn) → 1,
implies tn → 0 as n→∞.

Definition 1.6 ([12]). Let (X, d) be a metric space. A map T : X → X is called Geraghty
contraction if there exists β ∈ F such that for all x, y ∈ X,

d(Tx, Ty) ≤ β(d(x, y))d(x, y).

By using such maps, Geraghty et al. [12] proved the following fixed point result:

Theorem 1.7. Let (X, d) be a complete metric space. Mapping T : X → X is Geraghty
contraction. Then T has a fixed point x ∈ X, and {Tnx1} converges to x.

Definition 1.8 ([4]). Let T : X → X be a map and α : X ×X → R be a function. Then
T is said to be α-admissible if α(x, y) ≥ 1 implies α(Tx, Ty) ≥ 1.

Definition 1.9 ([6]). An α-admissible map T is said to be triangular α-admissible if
α(x, z) ≥ 1 and α(z, y) ≥ 1 implies α(x, y) ≥ 1



902 Thai J. Math. Vol. 18 (2020) /A. Hussain et al.

Cho et al. [30] generalized the concept of Geraghty contraction to α-Geraghty contrac-
tion and prove the fixed point theorem for such contraction.

Definition 1.10 ([30]). Let (X, d) be a metric space, and let α : X × X → R be a
function. A map T : X → X is called α-Geraghty contraction if there exists β ∈ F such
that for all x, y ∈ X,

α(x, y)d(Tx, Ty) ≤ β(d(x, y))d(x, y).

Theorem 1.11 ([30]). Let (X, d) be a complete metric space, α : X × X → R be a
function. Define a map T : X → X satisfying the following conditions:

(1) T is continuous α-Geraghty contraction;
(2) T be a triangular α-admissible;
(3) there exists x1 ∈ X such that α(x1, Tx1) ≥ 1;

Then T has a fixed point x ∈ X, and {Tnx1} converges to x.

For a non-empty set X, let P(X) denotes the power set of X. If (X, d) is a metric
space, then let

N (X) = P(X)− {∅},
CB(X) = {A ∈ N (X) : A is closed and bounded},
K(X) = {A ∈ N (X) : A is compact},

d(A,B) = inf{d(a, b) : a ∈ A and b ∈ B},
d(a,B) = inf{d(a, b), a ∈ X and b ∈ B},
H(A,B) = max{sup

a∈A
d(a,B), sup

b∈B
d(b, A)}.

Mohammadi et al. [31] introduced the concept of α-admissibility for multivalued map-
pings as follows:

Definition 1.12 ([31]). Let X be a non empty set, T : X → N (X) and α : X ×X →
[0,∞) be two mappings. Then T is said to be an α-admissible whenever for each x ∈ X
and y ∈ Tx

α(x, y) ≥ 1⇒ α(y, z) ≥ 1, for all z ∈ Ty.

Definition 1.13 ([32]). Let (X, d) be a metric space, α : X ×X → [0,∞). The metric
space (X, d) is said to be α-complete if and only if every Cauchy sequence {xn} with
α(xn, xn+1) ≥ 1 for all n ∈ N converges in X.

Definition 1.14 ([33]). Let (X, d) be a metric space, α : X × X → [0,∞) and T :
X → K(X) mappings. Then T is said to be an α-continuous multivalued mapping on
(K(X),H), if for all sequences {xn} with xn → x ∈ X as n → ∞, and α(xn, xn+1) ≥ 1
for all n ∈ N, we have Txn → Tx as n→∞, that is,

lim
n→∞

d(xn, x) = 0 and α(xn, xn+1) ≥ 1 for all n ∈ N⇒ lim
n→∞

H(Txn, Tx) = 0.

Definition 1.15 ([27]). LetX be a nonempty set, T : X → N (X) and α : X×X → [0,∞)
be two mappings. Then T is said to be triangular α-admissible if T is α-admissible and

α(x, y) ≥ 1 and α(y, z) ≥ 1⇒ α(x, z) ≥ 1, ∀ z ∈ Ty.

Lemma 1.16 ([27]). Let T : X → N (X) be a triangular α-admissible mapping. Assume
that there exists x0 ∈ X and x1 ∈ Tx0 such that α(x0, x1) ≥ 1. Then for a sequence {xn}
such that xn+1 ∈ Txn, we have α(xn, xm) ≥ 1 for all m,n ∈ N with n < m.
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Lemma 1.17 ([34]). Let (X, d) be a metric space and let {xn} be a sequence in X such
that

lim
n→∞

d(xn, xn+1) = 0. (1.2)

If {xn} is not a Cauchy sequence in X, then there exists ε > 0 and two sequences xm(k)

and xn(k) of positive integers such that xn(k) > xm(k) > k and the following sequences

tend to ε+ when k →∞:

d(xm(k), xn(k)), d(xm(k), xn(k)+1), d(xm(k)−1, xn(k)),

d(xm(k)−1, xn(k)+1), d(xm(k)+1, xn(k)+1).

The purpose of this paper is to prove some fixed point results for multivalued Gerghaty
contraction via simulation functions with C-class functions. Also, we give an example to
show the validity of our results. Moreover, as consequences we present some related
results endowed with graph.

2. Main Results

We begin with the following definition:

Definition 2.1. Let (X, d) be a metric space and T : X → K(X) and α : X×X → [0,∞)
be a function. We say T is Z(α,G) Geraghty multivalued contraction with respect to ζ
such that

ζ(α(x, y)H(Tx, Ty), β(M(x, y))M(x, y)) ≥ CG , (2.1)

for all x, y ∈ X with x 6= y, where

M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty)}.

Theorem 2.2. Let (X, d) be a metric space and T : X → K(X) be Z(α,G) Geraghty
multivalued contraction satisfying:

(1): (X, d) is an α-complete metric space;
(2): there exists x0 ∈ X and x1 ∈ Tx0 such that α(x0, x1) ≥ 1;
(3): T is triangular α-admissible;
(4): T is an α-continuous multivalued mapping.

Then T has a fixed point.

Proof. Let x0 ∈ X and x1 ∈ Tx0 such that α(x0, x1) ≥ 1. If x0 = x1 or x1 ∈ Tx1, then
x1 is a fixed point of T and proof is complete. Assume that x1 6∈ Tx1. Since T is Z(α,G)
Geraghty multivalued contraction therefore taking x = x0 and y = x1 in (2.1), we get

ζ(α(x0, x1)H(Tx0, Tx1), β(M(x0, x1))M(x0, x1)) ≥ CG .

Also we get that there exists x2 ∈ Tx1, x2 6= x1 such that

ζ(α(x1, x2)H(Tx1, Tx2), β(M(x1, x2))M(x1, x2)) ≥ CG
and α-admissibility of T gives α(x1, x2) ≥ 1. Repeating this process, we find that there
exists a sequence {xn} with initial point x0 such that xn+1 ∈ Txn, xn 6= xn+1 ∀ n ≥ 0,
we derive

α(xn, xn+1) ≥ 1 for all n ∈ N ∪ {0}. (2.2)
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By taking x = xn and y = xn+1 in (2.1), we get that

ζ(α(xn, xn+1)H(Txn, Txn+1), β(M(xn, xn+1))M(xn, xn+1)) ≥ CG .
Since T is Z(α,G) Geraghty multivalued contraction, we have

CG ≤ ζ(α(xn, xn+1)H(Txn, Txn+1), β(M(xn, xn+1))M(xn, xn+1))

< G(β(M(xn, xn+1))M(xn, xn+1), α(xn, xn+1)H(Txn, Txn+1)).

Using (G1), we get that

α(xn, xn+1)H(Txn, Txn+1) < β(M(xn, xn+1))M(xn, xn+1). (2.3)

Since T is compact, therefore

d(xn+1, xn+2) ≤ H(Txn, Txn+1). (2.4)

Thus, from inequalities (2.3) and (2.4) we have

d(xn+1, xn+2) ≤ α(xn, xn+1)H(Txn, Txn+1)

< β(M(xn, xn+1))M(xn, xn+1)

< M(xn, xn+1), (2.5)

where

M(xn, xn+1) = max{d(xn, xn+1), d(xn, Txn), d(xn+1, Txn+1)}
= max{d(xn, xn+1), d(xn+1, Txn+1)}.

If M(xn, xn+1) = d(xn+1, Txn+1), inequality (2.5) gives

d(xn+1, xn+2) < d(xn+1, Txn+1),

a contradiction. Hence M(xn, xn+1) = d(xn, xn+1), and consequently from (2.5), we have

d(xn+1, xn+2) < d(xn, xn+1).

Hance for all n ∈ N ∪ {0}, we have d(xn, xn+1) > d(xn+1, xn+2). Therefore, d(xn, xn+1)
is a decreasing sequence of non-negative real numbers, hence there exists L ≥ 0 such that

lim
n→∞

d(xn, xn+1) = lim
n→∞

M(xn, xn+1) = L.

Assume that L > 0. So by inequality (2.5) we obtain,

lim
n→∞

α(xn, xn+1)H(Txn, Txn+1) = L (2.6)

and

lim
n→∞

β(d(xn, xn+1))d(xn, xn+1) = L. (2.7)

Using (2.1) and (2) of Definition 1.5, we get

CG ≤ lim
n→∞

sup ζ(α(xn, xn+1)H(Txn, Txn+1), β(M(xn, xn+1))M(xn, xn+1))

= lim
n→∞

sup ζ(α(xn, xn+1)H(Txn, Txn+1), β(d(xn, xn+1))d(xn, xn+1))

< CG ,
which is a contradiction and hence L = 0. Now we show that {xn} is a Cauchy sequence.
Suppose on contrary that it is not, then by Lemma 1.17, we have

lim
k→∞

d(xm(k), xn(k)) = lim
k→∞

d(xm(k)+1, xn(k)+1) = ε (2.8)
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and consequently,

lim
k→∞

M(xm(k), xn(k)) = ε. (2.9)

Let x = xm(k), y = xn(k). Since T is triangular α-admissible, so by Lemma 1.16, we have
α(xm(k), xn(k)) ≥ 1. Then by (2.1),

CG ≤ ζ(α(xm(k), xn(k))H(Txm(k), Txn(k)), β(M(xm(k), xn(k)))M(xm(k), xn(k)))

< G(β(M(xm(k), xn(k)))M(xm(k), xn(k)), α(xm(k), xn(k))H(Txm(k), Txn(k))).

Here M(xm(k), xn(k)) = d(xm(k), xn(k)), by (G1), we get

d(xm(k)+1, xn(k)+1) ≤ α(xm(k), xn(k))H(Txm(k), Txn(k))

< β(M(xm(k), xn(k)))M(xm(k), xn(k))

< M(xm(k), xn(k))

= d(xm(k), xn(k)). (2.10)

Using (2.8) and (2.9) in (2.10), we get

lim
k→∞

α(xm(k), xn(k))H(Txm(k), Txn(k)) = ε,

and

lim
k→∞

β(M(xm(k), xn(k)))M(xm(k), xn(k)) = ε,

Therefore using (2.1) and (2) of Definition 1.5, we get

CG ≤ ζ(α(xm(k), xn(k))H(Txm(k), Txn(k)), β(M(xm(k), xn(k)))M(xm(k), xn(k))) < CG ,
which is a contradiction. Hence xn is a Cauchy sequence. From (2.2) and the α-
completeness of (X, d), there exists u ∈ X such that xn → u as n→∞. By α-continuity
of a multivalued mapping T , we get

lim
n→∞

α(xn, u)H(Txn, Tu) = 0. (2.11)

Thus we obtain

d(u, Tu) = lim
n→∞

d(xn+1, Tu) ≤ lim
n→∞

α(xn, u)H(Txn, Tu) = 0.

Therefore, u ∈ Tu and hence T has a fixed point.

Example 2.3. Let X = [−10, 10] with the metric d(x, y) = |x − y| and T : X → K(X)
be defined as:

Tx =



{0} if x ∈ (−10, 0),

[0,
1 + x

7
] if x ∈ [0, 2],

[
2x− 5

3
,

2x− 4

3
] if x ∈ (2, 5],

{5} if x ∈ (5, 10),

and a function α : X ×X → [0,∞) by

α(x, y) =

{
1 if x ∈ [0, 2],

0 otherwise.

Then the space (X, d) is α-complete and T is not continuous but it is α-continuous.
Also T is an triangular α-admissible multivalued mapping, since if α(x, y) ≥ 1, then we
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have x, y ∈ [0, 2], and so Tx ∈ [0,
1 + x

7
] and Ty ∈ [0,

1 + y

7
], which implies α(p, q) ≥ 1

for all p ∈ Tx and q ∈ Ty. Thus, T is α-admissible. Further, if α(x, y) ≥ 1, then

x, y ∈ [0, 2]. So x ∈ [0, 2] and Ty ∈ [0,
1 + y

7
]. Let z ∈ Ty. Then we have α(y, z) ≥ 1.

Finally, x ∈ [0, 2] and z ∈ [0,
1 + z

7
] gives α(x, z) ≥ 1. Hence T is an triangular α-

admissible. If we choose x0 = 2 then condition (2) of Theorem 2.2 holds. Consider

ζ ∈ Ω, G(s, t) = s − t and β(t) =
1

1 + t
for all t ≥ 0, then it is clear that β ∈ F . Then

for x, y ∈ [0, 2], x 6= y, α(x, y) = 1 and we will evaluate the values of H(Tx, Ty) and
M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty)}. So

ζ(α(x, y)H(Tx, Ty), β(M(x, y)M(x, y))) =
8

9

(
M(x, y)

1 +M(x, y)

)
−H(Tx, Ty) (2.12)

and

G(β(M(x, y)M(x, y)), α(x, y)H(Tx, Ty)) =

(
M(x, y)

1 +M(x, y)

)
−H(Tx, Ty). (2.13)

From (2.12) and (2.13), we obtain

0 < ζ(α(x, y)H(Tx, Ty), β(M(x, y)M(x, y)))

< G(β(M(x, y)M(x, y)), α(x, y)H(Tx, Ty)). (2.14)

Hence, from (2.14) it is clear that T is an Z(α,G) Geraghty multivalued contraction with
CG = 0. Thus all the conditions of Theorem 2.2 are satisfied. Consequently T has fixed
points in X.

The next results shows that the α-continuity of the mapping T can be relaxed by
assuming the condition (4) as follows.

Theorem 2.4. Let (X, d) be a metric space, and T : X → K(X) be generalized Z(α,G)
Geraghty multivalued contraction. Suppose the following conditions hold:

(1): (X, d) is an α-complete metric space;
(2): there exists x0 ∈ X and x1 ∈ Tx0 such that α(x0, x1) ≥ 1;
(3): T is triangular α-admissible;
(4): if xn is a sequence in X such that α(xn, xn+1) ≥ 1 for all n ∈ N and

xn → x ∈ X as n→∞, then we have α(xn, x) ≥ 1 for all n ∈ N.

Then T has a fixed point.

Proof. Following the proof of Theorem 2.2, we know that xn is a Cauchy sequence in X
such that xn → x ∈ X as n→∞ and α(xn, xn+1) ≥ 1 for all n ∈ N. From condition (4),
we get α(xn, x) ≥ 1 for all n ∈ N. By using (2.1), we have

ζ(α(xn, x)H(Txn, Tx), β(M(xn, x))M(xn, x)) ≥ CG (2.15)

where

M(xn, x) = max{d(xn, x), d(xn, Txn), d(x, Tx)}
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for all n ∈ N. Suppose that d(x, Tx) > 0. Let ε =
d(x, Tx)

2
. Since xn → x ∈ X as

n→∞, we can find n1 ∈ N such that

d(xn, x) <
d(x, Tx)

2
(2.16)

for all n ≥ n1. Also, as xn is a Cauchy sequence, then there exists n2 ∈ N such that

d(xn, Txn) ≤ d(xn, xn+1) <
d(x, Tx)

2
(2.17)

for all n ≥ n2. Thus, we get

M(xn, x) = d(x, Tx) (2.18)

for all n ≥ n0 = max{n1, n2}. Hence from (2.15), we have

CG ≤ ζ(α(xn, x)H(Txn, Tx), β(d(x, Tx))d(x, Tx))

< G(β(d(x, Tx))d(x, Tx), α(xn, x)H(Txn, Tx)).

Using G1, we get

α(xn, x)H(Txn, Tx) < β(d(x, Tx))d(x, Tx) < d(x, Tx).

Since we know that d(xn+1, Tx) ≤ H(Txn, Tx) and α(xn, x) ≥ 1, therefore

d(xn+1, Tx) ≤ α(xn, x)H(Txn, Tx).

So,

d(xn+1, Tx) ≤ α(xn, x)H(Txn, Tx) < β(d(x, Tx))d(x, Tx) < d(x, Tx). (2.19)

Letting n → ∞, we get d(x, Tx) < d(x, Tx), which is a contradiction. Therefore,
d(x, Tx) = 0, that is, x ∈ Tx. This completes the proof.

3. Consequences

In 2008, Jachymski [35] introduced the concept of G-contraction on a metric space
endowed with a graph and proved a fixed point theorem which extends the results of Ran
and Reurings [36]. Later on, results of Jachymski [35] have been extended to multivalued
mappings in [37, 38]. We present some consequences of our main result endowed with
graph. For this purpose, following notions are essential. Let (X, d) be metric space and
4 = {(x, x) : x ∈ X}. Consider a graph G a set V (G) of its vertices equal to X and the
set E(G) of its edges, that is (x, y), (y, x) ∈ E(G) implies that x = y. Also, G is directed
if the edges have a direction associated with them. Now, we can identify the graph G
with the pair (V (G), E(G)). Moreover, we may treat G as a weighted graph by assigning
to each edge the distance between its vertices.

Definition 3.1 ([27]). Let X be a non empty set endowed with a graph G and T : X →
N (X) be a multivalued mapping. Then T is said to be triangular edge preserving if for
each x ∈ X and y ∈ Tx with (x, y), (y, z) ∈ E(G), we have (x, z) ∈ E(G) for all z ∈ Ty.

Definition 3.2 ([27]). Let (X, d) be a metric space endowed with a graph G. The metric
space X is said to be E(G)-complete if and only if every Cauchy sequence {xn} in X with
(xn, xn+1) ∈ E(G) for all n ∈ N, converges in X.
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Definition 3.3 ([27]). Let (X, d) be a metric space endowed with a graph G. We say
that T : X → K(X) is an E(G)-continuous mapping to (K(X),H), if for given x ∈ X
and sequence {xn} with

lim
n→∞

d(xn, x) = 0 and (xn, xn+1) ∈ E(G) ∀ n ∈ N ⇒ lim
n→∞

H(Txn, Tx) = 0.

Definition 3.4. Let (X, d) be a metric space endowed with a graph G. A mapping
T : X → K(X) is said to be E(G)−ZG Geraghty multivalued contraction, if there exist
ζ ∈ ZG and α : X ×X → [0,∞} such that

x, y ∈ X, (x, y) ∈ E(G)⇒ ζ(α(x, y)H(Tx, Ty), β(d(x, y))d(x, y)) ≥ CG.
Similarly, by taking M(x, y) instead of d(x, y).

Theorem 3.5. Let (X, d) be a metric space endowed with a graph G, and T : X → K(X)
be ZG Geraghty multivalued contraction. Suppose the following conditions hold:

(1): (X, d) is an E(G)-complete metric space;
(2): there exist x0 ∈ X and x1 ∈ Tx0 such that α(x0, x1) ∈ E(G);
(3): T is triangular edge preserving;
(4): T is an E(G)-continuous multivalued mapping.

Then T has a fixed point.

Proof. This result can be obtained from Theorem 2.2 by defining a mapping α : X×X →
[0,∞}, such that

α(x, y) =

{
1 if (x, y) ∈ E(G)

0 otherwise.

Hence all the conditions of Theorem 2.2 are satisfied, therefore proof is completed. Thus
T has a fixed point in X.

By Theorem 2.4, we get the following result.

Theorem 3.6. Let (X, d) be a metric space endowed with a graph G, and T : X → K(X)
be ZG Geraghty multivalued mapping. Suppose the following conditions hold:

(1): (X, d) is an E(G)-complete metric space;
(2): there exist x0 ∈ X and x1 ∈ Tx0 such that α(x0, x1) ∈ E(G);
(3): T is triangular edge preserving;
(4): if xn is a sequence in X such that (xn, xn+1) ∈ E(G) for all n ∈ N and

xn → x ∈ X as n→∞, then we have (xn, x) ∈ E(G) for all n ∈ N.

Then T has a fixed point.

4. Conclusions

In this paper, we have presented some fixed point theorems for a class of multivalued
mappings via simulation functions with C-class functions. As consequences of obtained
results we established some fixed point results for multivalued mapping endowed with a
graph. Our results extended many existing results in the literature.
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