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1. INTRODUCTION AND PRELIMINARIES

The theory of fixed point is an essential tool to tackle with many problems in math-
ematics. In this regards, Banach contraction principle [1] plays an important role in the
development of metric fixed point theory. Many authors have investigated this principle
due to its applicability (see e.g. [2—11]). In particular, Geraghty [12] obtained a general-
ization of the Banach contraction principle by considering an auxiliary function. Nadler
[13] generalized Banach contraction principle to multivalued mappings which opens new
doors in metric fixed point theory. Later on, this concept of Banach contraction is ex-
tended by using multivalued mappings and concept of the measure of non-compactness

(see e.g. [14-21]).
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Khojasteh et al. [22] introduced the notion of Z-contraction using a class of control
functions called simulation functions and presented a generalized version of Banach con-
traction principle. Olgun et al. [23] obtained some fixed point results for generalized
Z-contractions. De-Hierro et al. [24] enlarged the class of simulation functions for a pair
of mappings and obtained some coincidence point theorems. Later on Chandok et al. [25]
combined the idea of simulation functions with C-class functions and proved the existence
and uniqueness of point of coincidence which generalized the results in [22, 23].

On the other hand, Samet et al. [1] introduced the idea of a-admissibility and gen-
eralized the Banach contraction principle. Karapinar [26] introduced the notion of a-
admissible Z-contraction and generalized the results of Samet et al. [4] and Khojasteh
et al. [22]. Very recently, Patel [27] proved some fixed point theorems for multivalued
contractions via generalized simulation functions in a-complete metric spaces.

In 2015, Khojasteh et al. [22] introduced a class E of functions ¢ : [0, 00) x [0,00) — R,
satisfying the following assertions:

(€1): €(0,0) =0;

(C2): C(t,8) < s—tforall t,s>0;

(¢3): If {tn}, {sn} are sequences in (0, c0) such that lim ¢, = lim s, > 0 then
n—oo n—oo

lim sup ((tn,sn) <0
n—oQ

called the simulation functions and defined the notion of Z-contraction with respect to
the function ¢ to generalized Banach contraction principle [1] and unify several known
contractions involving the combination of d(Tz,Ty) and d(x,y). Following Theorem is
due to Khojasteh et al. [22]:

Theorem 1.1 ([22]). Let (X, d) be a complete metric space and T : X — X be a mapping
satisfying

C(d(Tx,Ty),d(x,y)) >0 for all z,y € X. (1.1)

where ¢ € =. Then T has a unique fived point v € X and for every o € X, the Picard
sequence {x,} where x, = Tx,_1 for all n € N converges to this fized point of T.

Example 1.2 ([22]). Let ¢; : [0,00) x [0,00) = R, i =1,2,3 be defined by
(1): Ci(t,s) = As —t, where A € (0,1);
(i1): Ca(t,s) = sp(s) —t, where ¢ : [0,00) — [0,1) is a mapping such that
lim sup ¥(t) < 1 for all r > 0;
t—r

(#i): (3 = s—1(s) —t, where ¢ : [0,00) — [0, 00) is a continuous function such
that ¢(t) = 0 if and only if ¢ = 0.

Then ¢; for ¢+ = 1,2, 3 are simulation functions.

Karapinar [26] presented some fixed point results in the setting of a complete metric
spaces by defining a new contractive condition via admissible mapping imbedded in sim-
ulation function. Hakan [28] et al. introduced the generalized simulation function on a
quasi metric space and presented a fixed point theorem. Rolddn-Loépez-de-Hierro et al.

[24] modified the notion of a simulation function by replacing ((3) by ((5),
(¢4): « if {tn}, {sn} are sequences in (0,00) such that lim ¢, = lim s, > 0
n—oo n—oo

and t,, < s,, then
lim sup((tn,s,) < 0.
n— o0
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The class of functions ¢ : [0,00) x [0,00) — R satisfying ({1 — ¢2) and (¢}) is called
simulation function in the sense of Roldan-Lopez-de-Hierro and is denoted by 2.

Definition 1.3 ([2]). A mapping G : [0,4+00)? — R is called a C-class function if it is
continuous and satisfies the following conditions:

(1): G(s,t) <s;
(2): G(s,t) = s implies that either s =0 or t = 0, for all s,¢ € [0, +00).

Definition 1.4 ([7]). A mapping G : [0,4+00)? — R has the property Cg, if there exists
Cg > 0 such that

(G1): G(s,t) > Cg implies s > t;
(G2): G(s,t) <Cg, for all t € [0, +00).

Some examples of C-class functions that have property Cg are as follows:
(a): G(s,t)=s—t, Cg=r,r €[0,400);
(24 t)t
b): t)y=s5—
(b): Gs.8) =5 g
: = =—r>2
(c): G(s,t) 2

k>1,Cg
For more examples of C-class functions that have property Cg see [2, 7].

’ g:O;
_5
1+kt’ —

Definition 1.5 ([7]). A Cg simulation function is a mapping G : [0, +00)? — R satisfying
the following conditions:

(1): ¢(t,8) < G(s,t) for all t,s > 0, where G : [0,+00)®> — R is a C-class
function;
(2): if {t,},{sn} are sequences in (0,+o0) such that lim ¢, = lim s, > 0,
n—oo

n—oo
and t,, < s, then lim sup((t,,s,) < Cg.
n— oo
Some examples of simulation functions and Cg-simulation functions are:
(1): ¢(t,s) = % —tforallt,s>0.
s
(2): ¢(t,8) = s—¢(s) —t for all t,s > 0, where ¢ : [0,4+00) — [0,+00) is a
lower semi continuous function and ¢(¢) = 0 if and only if ¢ = 0.
For more examples of simulation functions and Cg-simulation functions see [2,

» 29].
We denote F by the class of all functions § : [0,00) — [0,1) satisfying 8(t,) — 1,
implies t,, — 0 as n — oo.

Definition 1.6 ([12]). Let (X, d) be a metric space. Amap T : X — X is called Geraghty
contraction if there exists § € F such that for all z,y € X,

d(Tz,Ty) < B(d(z,y))d(z,y).
By using such maps, Geraghty et al. [12] proved the following fixed point result:

) 7 3

Theorem 1.7. Let (X, d) be a complete metric space. Mapping T : X — X is Geraghty
contraction. Then T has a fized point x € X, and {T"x1} converges to x.

Definition 1.8 ([1]). Let T: X — X be a map and o : X X X — R be a function. Then
T is said to be a-admissible if a(x,y) > 1 implies «(Tz, Ty) > 1.

Definition 1.9 ([6]). An a-admissible map T is said to be triangular a-admissible if
a(z,z) > 1 and a(z,y) > 1 implies a(z,y) > 1
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Cho et al. [30] generalized the concept of Geraghty contraction to a-Geraghty contrac-
tion and prove the fixed point theorem for such contraction.

Definition 1.10 ([30]). Let (X,d) be a metric space, and let & : X x X — R be a
function. A map T : X — X is called a-Geraghty contraction if there exists 8 € F such
that for all z,y € X,

a(z,y)d(Tz, Ty) < fld(z,y))d(z, y).
Theorem 1.11 ([30]). Let (X,d) be a complete metric space, « : X x X — R be a
function. Define a map T : X — X satisfying the following conditions:

(1) T is continuous a-Geraghty contraction;
(2) T be a triangular a-admissible;
(8) there exists x1 € X such that a(zq,Tx1) > 1;

Then T has a fized point x € X, and {T"x1} converges to x.

For a non-empty set X, let P(X) denotes the power set of X. If (X,d) is a metric
space, then let

N(X) = PX)—{0},
CB(X) = {AeN(X):Ais closed and bounded},
K(X) = {AeN(X):Ais compact},
d(A,B) = inf{d(a,b):a € A and b € B},
d(a,B) = inf{d(a,b),a € X and b € B},
H(A,B) = max{supd(a,B),supd(b, A)}.
acA beB
Mohammadi et al. [31] introduced the concept of a-admissibility for multivalued map-

pings as follows:

Definition 1.12 ([31]). Let X be a non empty set, T : X — N(X) and a: X x X —
[0,00) be two mappings. Then T is said to be an a-admissible whenever for each 2 € X
and y € Tx

alz,y) > 1= aly,z) > 1, for all z€ Ty.

Definition 1.13 ([32]). Let (X, d) be a metric space, @ : X X X — [0,00). The metric
space (X,d) is said to be a-complete if and only if every Cauchy sequence {z,} with
a(zy, Tpe1) > 1 for all n € N converges in X.

Definition 1.14 ([33]). Let (X,d) be a metric space, o : X x X — [0,00) and T :
X — K(X) mappings. Then T is said to be an a-continuous multivalued mapping on
(K(X),H), if for all sequences {x,} with z, - z € X as n — oo, and a(zy, Tpt1) > 1
for all n € N, we have Tx,, - Tx as n — oo, that is,

lim d(z,,z) =0 and a(z,, zpy1) > 1 for alln € N= lim H(Tz,,Tz)=0.

n—oo n—oo

Definition 1.15 ([27]). Let X be a nonempty set, T : X — AN (X)and o : XXX — [0, 00)
be two mappings. Then T is said to be triangular a-admissible if T is a-admissible and

alz,y) > 1and a(y,z) > 1= a(z,z)>1, VzeTy.
Lemma 1.16 ([27]). Let T : X — N(X) be a triangular a-admissible mapping. Assume

that there exists g € X and x1 € Txg such that a(xg,z1) > 1. Then for a sequence {x,}
such that ,y1 € Tx,, we have a(Tp, Tm) > 1 for all m,n € N with n < m.
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Lemma 1.17 ([34]). Let (X,d) be a metric space and let {x,} be a sequence in X such
that

lim d(xn,zp+1) = 0. (1.2)

n—roo

If {xn} is not a Cauchy sequence in X, then there exists € > 0 and two sequences T, (k)
and T,y of positive integers such that Tpky > Tmrk) > k and the following sequences
tend to T when k — oo:

(T (ks Tr(k))s ATy Trik)+1), AZmk) =15 Tn(k)),
d(xm(k)fh xn(k)Jrl)a d(xm(k)Jrh l‘n(k)+1)~

The purpose of this paper is to prove some fixed point results for multivalued Gerghaty
contraction via simulation functions with C-class functions. Also, we give an example to
show the validity of our results. Moreover, as consequences we present some related
results endowed with graph.

2. MAIN RESULTS
We begin with the following definition:

Definition 2.1. Let (X, d) be a metric space and T': X — K(X) and o : X x X — [0, 00)
be a function. We say T is Z(,,g) Geraghty multivalued contraction with respect to ¢
such that

§(a(m,y)H(Tx7Ty),B(M(x,y))M(x,y)) > Cg, (2'1)
for all x,y € X with z # y, where
M(z,y) = max{d(z,y),d(z,Tz),d(y,Ty)}.

Theorem 2.2. Let (X,d) be a metric space and T : X — K(X) be Z(,,g) Geraghty
multivalued contraction satisfying:

(1): (X,d) is an a-complete metric space;

(2): there exists xg € X and x1 € Txy such that a(xg,z1) > 1;

(3): T is triangular a-admissible;

(4): T is an a-continuous multivalued mapping.

Then T has a fized point.

Proof. Let xg € X and 1 € Tz such that a(xg,z1) > 1. If g = x1 or 1 € Txq, then
x1 is a fixed point of 7" and proof is complete. Assume that z1 ¢ T'x;. Since T is Z(4,g)
Geraghty multivalued contraction therefore taking x = xg and y = z1 in (2.1), we get

C(OZ(IL’(), xl)H(T‘TOa T‘Tl)a 6(M(‘r07 xl))M(an $1)) > Cg.
Also we get that there exists xo € Tx1, 9 # 1 such that
C(a(zr, z2)H(Tx1, Tx2), B(M (21, 22)) M (71, 72)) > Cg

and a-admissibility of T" gives a(x1,x2) > 1. Repeating this process, we find that there
exists a sequence {x, } with initial point xg such that z,1 € Tap, 2y # Tpi1 V0 >0,
we derive

a(Tp,rpi1) > 1 for all n € NU{0}. (2.2)
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By taking @ = x,, and y = x4 in (2.1), we get that
C(O‘(xna $n+1)H(Tl‘n, T17n+1), ﬂ(M(xfu xn—i—l))M(zna xn-{-l)) > Cg~
Since T' is Z(4,g) Geraghty multivalued contraction, we have
Cg S C(OZ(!IJTL,(En+1)H(T(En,T$n+1),B(M($n7$n+1))M($n,fL'n+1))
< GBM (zn, Tnt1)) M (20, Tnt1), (Tn, T 1)) H(T 0, TTpy)).
Using (G1), we get that

(2, Ty 1 ) H (T2, Tng1) < BIM (20, Tpg1)) M (T, Tryr)- (2.3)
Since T is compact, therefore
d(Xpt1,Tny2) < H(Txn, TThi)- (2.4)

Thus, from inequalities (2.3) and (2.4) we have

d<$n+1,l‘n+2) < (xnaanrl) (TxnsznJrl)

< BM(zp,Tpi1))M(Tpn, Tnt1)
< M(mn,$n+1)7 (25)
where
M2, 2ny1) = max{d(n,Tns1), d(@n, TTpn), (i1, TTni1)}

)
= max{d(xn,Tni1),d(Tnt1, TTni1)}
If M(zp,xns1) = d(@ns1, Tnt1), inequality (2.5) gives
d(@nt1, Tnt2) < d(@ns1, T2p41),
a contradiction. Hence M (2, Xpt1) = d(zn, Tnt1), and consequently from (2.5), we have
d(Tnt1, Tnt2) < d(Tp, Tpy1).

Hance for all n € NU {0}, we have d(zn, Xnt1) > d(Xpni1,Tni2). Therefore, d(x,, Tni1)
is a decreasing sequence of non-negative real numbers, hence there exists L > 0 such that

lim d(z,,zn41) = hm M(xp, zpny1) = L.
n—00

Assume that L > 0. So by inequality (2.5) we obtain,

li_}In o(Tn, Tpy1)H(T T, Taps1) =L (2.6)
and
Tim B(d(w @)@, ) = L. (2.7

Using (2.1) and (2) of Definition 1.5, we get
Cg < lim sup((a(@n, ni ) H(T2n, Toni1), BIM (20, Tni1)) M (20, Tni1))
= nh_}n;o sup C(a(zp, Tn1 )H(Txn, Txni1), B(d(Tn, Tnt1))d(@n, Tni1))
< Cg,

which is a contradiction and hence L = 0. Now we show that {z,} is a Cauchy sequence.
Suppose on contrary that it is not, then by Lemma 1.17, we have

Jim (L (k)s Tr(k)) = Jim A( L (k)15 Tr(k)+1) = € (2.8)
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and consequently,

lim M(xm(k) xn(k)) g. (29)

k—o0

Let © = Xy k), ¥ = Tn(k). Since T is triangular a-admissible, so by Lemma 1.16, we have
(T (k), Tn(k)) > 1. Then by (2.1),

Co < ((a(zmmys Ta) ) H(TZmr) TZn(k))s BOM (Tin(r), Tn())) M (Zim(r)s Tuck)))

< GBM (Tm(rys Tn(r))) M (T (k) Trr))s A Zm(k)s L)) (T Ty, TTnr)))-

Here M (2, (ry; Zn(k)) = ATy, Tn(r)), Dy (G1), we get
(T (k) Tr(i)) H(T T (), T (k)
BIM (Zrm(k)s Tn(k))) M (Tm(k)s Tn(r))
M (% (k)s Tn(k))
(T (k) Tr(k))- (2.10)

d(Z (k)15 Tn(k)+1)

ANVANVAY

Using (2.8) and (2.9) in (2.10), we get

Jim AT (k)s Tr(k) ) H(T T () Tn(k)) = €,

and

lim B(M (2 k)s Trk))) M (Zm(k)s Tnk)) = €

k—o0

Therefore using (2.1) and (2) of Definition 1.5, we get
Co < C(a(@m@r), Tn(t) H(TT (k) TTn(r)), BIM (T () s Ta())) M (Zm (k) Tugry)) < Cg,

which is a contradiction. Hence z, is a Cauchy sequence. From (2.2) and the a-
completeness of (X, d), there exists u € X such that x,, — u as n — co. By a-continuity
of a multivalued mapping T, we get

le Ty, W)H(Txn, Tu) = 0. (2.11)
Thus we obtain
d(u,Tu) = lim d(zpy1,Tu) < lim a(z,, w)H(Tx,, Tu) = 0.

n—oo n—oo

Therefore, u € T'u and hence T has a fixed point. [

Example 2.3. Let X = [-10,10] with the metric d(z,y) = |z —y| and T : X — K(X)
be defined as:

{0} if x € (-10,0),

0,5 5] if e 0,2,
Tr=19 o7 "5 22 -4

E I e @)

{5} if = € (5,10),

and a function a: X x X — [0, 00) by
1 ifzel0,2,
a(r,y) = .
0 otherwise.

Then the space (X,d) is a-complete and T is not continuous but it is a-continuous.
Also T is an triangular a-admissible multivalued mapping, since if a(z,y) > 1, then we
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+x

1 1
have z,y € [0,2], and so Tz € [0, ] and Ty € [0, #], which implies a(p,q) > 1
for all p € Tz and ¢ € Ty. Thus, T is a-admissible. Further, if a(z,y) > 1, then
1
z,y € [0,2]. Soz € [0,2] and Ty € [0, #] Let z € Ty. Then we have a(y, z) > 1.

1
Finally, 2 € [0,2] and 2 € [0, 2

] gives a(z,z) > 1. Hence T is an triangular a-
admissible. If we choose o = 2 then condition (2) of Theorem 2.2 holds. Consider
¢ €N, G(s,t) =s—tand B(t) = 51 for all ¢ > 0, then it is clear that 8 € F. Then

for x,y € [0,2],  # y, a(x,y) = 1 and we will evaluate the values of H(Tz,Ty) and
M(z,y) = maz{d(z,y),d(z, Tz),d(y, Ty)}. So

(e, 9T, Ty), SO (a,) M () = S(%) ~H(T2,Ty) (212)
and
G(B(M (2, )M (z,9)). (e, y)H(T, T) = (%) —H(TrTy). (213

From (2.12) and (2.13), we obtain

0 < ((a(z,y)H(Tx,Ty), B(M(z,y)M(x,y)))
< GB(M(z,y)M(x,y)), a(x, y)H(Tz, Ty)). (2.14)

Hence, from (2.14) it is clear that T" is an Z(, gy Geraghty multivalued contraction with
Cg = 0. Thus all the conditions of Theorem 2.2 are satisfied. Consequently 7" has fixed
points in X.

The next results shows that the a-continuity of the mapping T can be relaxed by
assuming the condition (4) as follows.

Theorem 2.4. Let (X,d) be a metric space, and T : X — K(X) be generalized Z, g)
Geraghty multivalued contraction. Suppose the following conditions hold:
(1): (X,d) is an a-complete metric space;
(2): there exists xg € X and x1 € Txg such that a(xg,z1) > 1;
(3): T is triangular a-admissible;
(4): if x is a sequence in X such that a(xn,Tni1) > 1 for allm € N and
Tn = x € X asn — oo, then we have a(xy,,x) > 1 for alln € N.

Then T has a fized point.

Proof. Following the proof of Theorem 2.2, we know that z,, is a Cauchy sequence in X
such that z,, - = € X as n — oo and a(z,,x,+1) > 1 for all n € N. From condition (4),
we get oy, ) > 1 for all n € N. By using (2.1), we have

Claxn, 2)H(Txy, Tx), B(M (xp, x)) M (20, 2)) > Cg (2.15)

where
M(zp,x) = max{d(zp,x), d(xn, Txy,),d(x, Tx)}
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d(z, T
for all n € N. Suppose that d(z,Tx) > 0. Let ¢ = M

n — 0o, we can find n; € N such that

Since z, — = € X as

d(zy,x) < @ (2.16)
for all n > ny. Also, as z,, is a Cauchy sequence, then there exists no € N such that

d(xp, Txy) < d(Tp, Tpy1) < @ (2.17)
for all n > ny. Thus, we get

M(zp,x) =d(z,Tx) (2.18)

for all n > ng = max{ny, n2}. Hence from (2.15), we have

C¢ < (lafan,2)H(Txyn,Tx),S(d(z, Tx))d(z, Tx))
< GB(d(z, Tx))d(z,Tx), a(xp, z)H(Tx), TT)).

—_

Using G, we get
(X, V)YH(Txy, Tx) < fd(z, T2))d(z, Tz) < d(z,Tz).
Since we know that d(x,41,Tx) < H(Tzp, Tx) and a(z,,x) > 1, therefore
d(xps1,Tx) < oz, 2)H(Tx,, Tx).
So,
d(xpt1,Tx) < axn, 2)H(Txn, Tz) < f(d(z, Tx))d(x, Tx) < d(z, Tx). (2.19)

Letting n — oo, we get d(x,Tz) < d(x,Tx), which is a contradiction. Therefore,
d(x,Tx) = 0, that is, € Txz. This completes the proof. [

3. CONSEQUENCES

In 2008, Jachymski [35] introduced the concept of G-contraction on a metric space
endowed with a graph and proved a fixed point theorem which extends the results of Ran
and Reurings [36]. Later on, results of Jachymski [35] have been extended to multivalued
mappings in [37, 38]. We present some consequences of our main result endowed with
graph. For this purpose, following notions are essential. Let (X, d) be metric space and
A ={(z,z):x € X}. Consider a graph G a set V(G) of its vertices equal to X and the
set E(G) of its edges, that is (x,y), (y,2) € E(G) implies that = y. Also, G is directed
if the edges have a direction associated with them. Now, we can identify the graph G
with the pair (V(G), E(G)). Moreover, we may treat GG as a weighted graph by assigning
to each edge the distance between its vertices.

Definition 3.1 ([27]). Let X be a non empty set endowed with a graph G and T': X —
N(X) be a multivalued mapping. Then T is said to be triangular edge preserving if for
each z € X and y € Tz with (z,y), (v, 2) € E(G), we have (z,z) € E(G) for all z € Ty.

Definition 3.2 ([27]). Let (X, d) be a metric space endowed with a graph G. The metric
space X is said to be E(G)-complete if and only if every Cauchy sequence {z,,} in X with
(Zn, Tnt1) € E(Q) for all n € N, converges in X.
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Definition 3.3 ([27]). Let (X,d) be a metric space endowed with a graph G. We say
that T : X — K(X) is an E(G)-continuous mapping to (K(X),H), if for given z € X
and sequence {x, } with

lim d(z,,z) =0and (z,,2n41) € E(G) VneN = ILm H(Tx,, Tz) =0.
n o0

n—oo
Definition 3.4. Let (X,d) be a metric space endowed with a graph G. A mapping
T:X — K(X) is said to be E(G) — Z5 Geraghty multivalued contraction, if there exist
(€ Zgand a: X x X — [0,00} such that

z,y € X, (z,y) € B(G) = ((a(z,y)H(Tx, Ty), B(d(z,y))d(z,y)) = Ca-
Similarly, by taking M (z,y) instead of d(z,y).
Theorem 3.5. Let (X, d) be a metric space endowed with a graph G, and T : X — K(X)
be Zg Geraghty multivalued contraction. Suppose the following conditions hold:

(1): (X,d) is an E(G)-complete metric space;

(2): there exist xg € X and x1 € Txg such that a(xg,z1) € E(G);

(3): T is triangular edge preserving;

(4): T is an E(G)-continuous multivalued mapping.
Then T has a fized point.

Proof. This result can be obtained from Theorem 2.2 by defining a mapping o : X x X —
[0, 00}, such that
1 if (z,y) € E(G
o(z,y) = (z,y) € B(G)
0 otherwise.

Hence all the conditions of Theorem 2.2 are satisfied, therefore proof is completed. Thus
T has a fixed point in X. [

By Theorem 2.4, we get the following result.

Theorem 3.6. Let (X,d) be a metric space endowed with a graph G, and T : X — K(X)
be Zg Geraghty multivalued mapping. Suppose the following conditions hold:

(1): (X,d) is an E(G)-complete metric space;

(2): there exist xg € X and x1 € Txg such that a(xg,z1) € E(G);

(3): T is triangular edge preserving;

(4): if x,, is a sequence in X such that (zy,2nt1) € E(G) for alln € N and

Tn =z € X asn — 0o, then we have (zn,x) € E(G) for alln € N.

Then T has a fized point.

4. CONCLUSIONS

In this paper, we have presented some fixed point theorems for a class of multivalued
mappings via simulation functions with C-class functions. As consequences of obtained
results we established some fixed point results for multivalued mapping endowed with a
graph. Our results extended many existing results in the literature.
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