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On the Hyers-Ulam-Rassias Stability of
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Abstract : In this paper, we prove the Hyers-Ulam-Rassias stability of the fol-
lowing n-dimensional additive functional equation

f (Zﬂ) = Zf(l“i) +Zf(33i —Ti-1)

where g = x,, and n > 1.
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1 Introduction

In 1940 S.M. Ulam [8] proposed the famous Ulam stability problem of linear map-
pings. In 1941 D.H. Hyers [1] considered the case of approximately additive map-
pings f : E — E’ where E and E’ are Banach spaces and [ satisfies inequality
If(x +y) — flz) — f(y)|]| < € for all z,y € E. It was shown that the limit
L(z) = nh_)rréo 27" f(2"x) exists for all x € E and that L : E — E’ is the unique
additive mapping satisfying || f(z) — L(z)|| < e. The stability problem of various
functional equations has been studied by a number of authors ([2]-[7]) since then.
In this paper, we propose an n-dimensional additive functional equation

n n n
f (Z $z> =Y fl@)+ > flai—wi)
i=1 i=1 i=1
where g = x,, and n > 1, and investigate its Hyers-Ulam-Rassias stability.

2 The Solution

The following theorem establishes the equivalence of the proposed functional equa-
tion and the Cauchy functional equation.
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Theorem 2.1. Let X and Y be vector spaces. A mapping [ : X — Y satisfies
the functional equation

f (Z%) = Zf(xz‘) +Zf(93i —Ti-1) (2.1)

where Ty = x, and n > 1, for all x1,x9,...,x, € X if and only if it satisfies the
Cauchy functional equation

fla+y)=fl)+ fy) (2.2)
forallx,y € X.

Proof. Suppose a mapping f : X — Y satisfies the Cauchy functional equation.
Then it is straightforward to show that

7(5n) - Sse

and
n

Z fleg—xio1) = Z (f(z:i) = f(ziz1)) = 0.

2

Hence, f satisfies (2.1).
Suppose a mapping f : X — Y satisfies (2.1). Settingx1 = x9 =--- =2, =0,
we can see that f(0) = 0. Settings 1 =z and 29 =23 = --- =z, = 0, we have

f(@) = f(@) + (f(z) + f(==)),

which shows that f(—z) = —f(z) for all z € X.
If n = 2, then (2.1) reduces to

flet+y) =)+ fy)+ flz—y) + fly — )

Noting the oddness of f, the above equation simplifies to the Cauchy functional
equation.
If n > 2, then we substitute (1,29, ...,2,) = (2,y,0,...,0) and (2.1) becomes

flx+y) = f@)+ fly) + (flz —y)+ fly) + f(=2)).

Again, by the oddness of f, the above equation reduces to

fl@+y) = fle—y) =2f(y).
Observing that the right-hand side is independent of x, we have

Hry)ry) 1 (rg)—3) =2 () =1 (Gry) 1 (5-3)

or f(x +y) = f(x) + f(y) as desired. This completes the proof. O
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3 The Hyers-Ulam-Rassias Stability

The following theorem gives a condition for which a linear mapping exists near an
approximately linear mapping.

Theorem 3.1. Let p # 1 be a positive real number and 6 > 0 be a real number.
Let X be a real vector space and Y be a Banach space. If a mapping f: X — Y
satisfies the inequality

Zf(fz) +Zf($z —zio1) — f (Z%)
i=1

i=1 i=1

<6+0) il (31)
i=1

forall x1,x9,...,2, € X, and § =0 when p > 1, then there exists a unique linear
mapping L : X — Y such that L satisfies the functional equation given by (2.1),
and satisfies the inequality

4n 30
p
o+ o] llz|l (3.2)

I£() = L)) < 5756+ 15

for all x € X. The mapping L is given by

lim 27" f(2"z) if 0<p<1

L(z) = ™M _ . (3.3)
lim 2™ f(27"x) if p>1
m—0o0

forallx € X.
Proof. Setting 1 = 29 = -+- = x, = 0 in (3.1), we have ||[(2n — 1)f(0)| < §.
Thus,
170)] < 5
~2n -1
Setting x1 = x and x93 = x3 = --- = x,, = 0, we have

1(f(2) + (n = 1)£(0)) + (f(x) + f(=2) + (n = 2).£(0)) = f(2)[| <0+ 0|,
which simplifies to
1(2n = 3)£(0) + f(z) + f(—2)|| < 6+ 0||z||".
Ifn>2, weset oy =z = and 23 = 24 = --- = x, = 0, then
1(2f(2) + (n = 2)£(0)) + (f(z) + f(=2) + (n — 2)£(0)) = f(22)|| < 0+ 20|,
or simply

1=£(0) + (2n = 3)£(0) + f(2) + f(=)) + 2f (x) — f(22)|| < & + 20|,
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Thus,
12f () = fe)| < (IO + (6 + 0l|2[") + (6 + 20]|<[[") = | F(O)]| + 26 + 36][|"-
If n =2, we set 1 = 22 = = in (3.1), then

12 () +2£(0) = f(2x)[ <& + 20[|([".

It follows that
12f(z) — f(22)|| < 2[|£(0)]| + 0 + 20| [|”.

Hence, we determine that

12f(2) = f22)l < 2([f(O)] + 20 + 30]||]”

2
< 2 p
< <2n 1+ >5+30||x||
4n
< 6 0|z ||P
< b+ 30l

We first consider the case when 0 < p < 1. Rewrite the above inequality as
4in

If(z) =271 f22)] < 4 5+*|| 7. (3-4)

For every positive integer m,

m—1

Z ( i f(2ix) i+1)f(2i+1x))||

-1 HQ_if(zix) _ 2—(i+1)f(2i+1x)H
i=0

[f(z) =27 f2m2)|| =

IN

= 2 270 || f(2%x) — 27 f(2- 2) |

i=0
Applying (3.4) with appropriate values of x’s, we have

m—1

Dot Y- 20,

=0

/(@) =27 f(272)

Consider the sequence {27™ f(2™x)}. For all positive integers k < [, we have

[27F f(2%2) — 27 f(2'2)|| = 2”“Ilf(2’“fzr)—2’””%”(21”“-2’“x)||
l—k—1 I—k—1
—k i k i(p—1)
27 2 p 2
(4n_2az + Piztatr 3 2]
n 4, —i | Yy ka-p) i(p—1)
pr— 522 P ||x||p;2 p=1),

IN

IA
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The right-hand side of the above inequality approaches 0 as k tends to infinity.
Since Y is a Banach space and {27™ f(2™x)} is a Cauchy sequence, we let

L(z) = lim 27™f(2™x).

m— 00
It follows that
n  ~._; 30 N (o
[f(z) — L(z)[| < 522 +*IISEIIPZ2(” 2
dn—2 2 gt
4n 30
= p
10 T ol

From (3.1), we have

Z f2mxi) + Zf(mei =2z 1)) — f (Z 2m$i> H

i=1

<o (6 0y ||2mxill”> =220 il

i=1 =1

27771

As m tends to infinity, the right-hand side of the above inequality approaches 0;

hence,
ZL(JJZ) + ZL(&?Z — xi_l)) =L <Z xl>

which reveals that L satisfies (2.1).

To prove the uniqueness of L, suppose there is a mapping L' : X — Y such
that L' satisfies (2.1) and the condition (3.2). Then, the linearity of (2.1) as
asserted by Theorem 2.1 implies

[1L(x) = L' ()] 27|L(2" ) — L2 )|

2L ) - (27 )|| + 27 L (2T ) — f(27 )|

4n 36
“m »
2 2<2n_15+2_2p||x||>.

The right-hand side of the above inequality approaches 0 as m tends to infinity;
so, we conclude that L(z) = L'(z) for all z € X.
The proof for the case when p > 1 starts by replacing (3.4) with

A

IN

4n
n—1

If (@) —2f 27 )l < 5 &+ 30||127 =,

and the rest of the proof can be reproduced accordingly. O

The following corollary gives the Hyers-Ulam stability of the functional equa-
tion given by (2.1).
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Corollary 3.2. Let X be a real vector space and Y be a Banach space. If a
mapping [+ X — Y satisfies the inequality

Zf(%) + Zf(xz —xio1) — f (Z%)
i=1

i=1 =1

<4

for all x1,xs,...,x, € X, then there exists a unique linear mapping L : X —
Y such that L satisfies the functional equation given by (2.1), and satisfies the
inequality

4an
—L < 0
17) = L)l € 5
forallx € X.
Proof. Lettingd =0and p = % in Theorem 3.1, we immediately obtain the desired
result. O
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