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Abstract In this paper, we studied the option price of stock from the Black-Scholes equation and
discovered some parameter A which is the generalizztion of the interest r. Such A is the first that named
the parametric interest which is new the results. Morever we found that such A gives the conditions for

the solution of the Black-Scholes equation which may be weak or strong solution.
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1. INTRODUCTION

It is well known that the the Black-Scholes equation plays an important role in solving
the option price of the stock which is call the Black-Scholes formula (see [1, pp. 637-659]).
The Black-Scholes equation is given by

0 1 5 5 02 0

au(s t)+ O' s ﬁu(s t) +rsa—u(s t) —ru(s,t) =0 (1.1)
with the call payoff

u(sr,T) = (st — p)" = max(sr —p,0) (1.2)

for 0 < t < T where u(s,t) is the option price at time ¢, sp is the price of stock at the
expiration time 7', s is the price of stock at time ¢, r is the interest rate, ¢ is the volatility
of stock price and p is the strike price.

They obtained the solution wu(s,t) of (1.1) which is called the Black-Scholes formula
and satisfies (1.2) of the form

u(s,t) = sN(dy) — pe " T=I N (dy) (1.3)
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see [2, pp. 90-91] where

S

" In (p) + (r+ %02)(T —t)
oVT —1

1 ¥ y?
and N(J}') = \/7/ e_Tdy.
T J—-—

In this work, we studied the solution of (1.1) in the other form which is the generaliza-
tion of (1.3). Starting with changing the variable u(s,t) = V(R,t) where R = Ins. Then
(1.1) is transformed to equation

9] a? 02 a? 0

with the call payoff in (1.2)
V(Rr,T) = (7 — p)* (15)

where Ry = In sy. Then we obtained the solution of (1.4) in the form
AT —t)

u(s, t,\) = (s7 — p) "

mﬁ_l(fa) (1.6)

where £71(£%) is the inverse Laplace transform of €% and X (In s7) is the function of In st
and « is the real number that can be obtained from the equation

o?a® + (302 — 2r)a+ (202 —4r +2)) =0 (1.7)
with A\ is the parametric interest.

Now consider the following cases.

(i) Suppose a = m where m is nonnegative integer then we obtained the solution in
(1.6) as the weak solution of the form

(s, t,\) = (s7 —p)* e__t)5<m>(s) (1.8)

where 6(™ (s) is the Dirac-delta function with m-derivative with §(°)(s) = §(s) and the
parametric interest A can be obtained from (1.7) as
m2+3m+2 ,
2 7

(#i) Suppose « is a negative real number, that is o < 0 then we obtained the solution
is (1.6) as the strong solution or the classical solution of the form

A=Ar,o) = (m+2)r— (1.9)

AT—t) —a—1

u(s, t,A) = (s7 — P)err(_a)

(1.10)
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where I'(—«) is the Gamma function of —a. In particular, if @« = —n for some positive
integer n then (1.10) reduces to
n—1
u(s, t,\) = (sp —p)Te M (;) (1.11)
T

with the parametric interest
n? —3n+2
7( 5 )02.

We see that (1.8) and (1.10) are the other solutions of the Black-Scholes solution in (1.1).
Particularly, for n = 1 in (1.12) we have A = r that means the parametric interest A is
the interest rate r of the option price of stock. It follows that from (1.11)

U(S, t7 T) = (St - p)+67T(T7t)

and at t = T we obtained u(st,T,r) = (s — p)™ which is the call payoff in (1.2). Also
for the case n = 2 in (1.12) we have A = 0. It follows that from (1.11)

u(s,t,0) = (sp —p) T’ (;T) = (s7—p)* (;T)

and at t =T, u(st,T,0) = (s7 —p)* (ST) = (s7 —p)* which is the call payoff in (1.2).
st

A=(2—n)r— (1.12)

2. PRELIMINARIES
The following definition and lemma are needed.

Definition 2.1. Given f is piescewise continuous on the interval 0 < ¢t < A for any
positive A and if there exists the real constant K, a and M such that

|f(t)| < Ke* for t > M.
Then the Laplace transform of the f(t), denoted by Lf(t) is defined by

LIt = F(€) = / e iyt (2.1)

and the inverse Laplace transform of F(£) is defined by

c+ioco
f() =L P = - / F(€)estde. (2.2)

27 ico

Lemma 2.2. [3]
(i) L6(t) = 1 where 6(t) is the Dirac-delta function.
(i) Eé(k)( ) = &F where §)(t) is the Dirac-delta function with k-derivative and
5O (t) = 6(t) and € > 0.

(iii) L(tP) = F(€p+1) forp > —1 and € > 0 where I'(p+1) is the Gamma function.

If p is positive number n then L(t") =

(iv) Lt* ()] = (=1)FF® ().
(v) LIFP(@)] = P ().

gn}lvf > 0.
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3. MAIN RESULTS
Theorem 3.1. Recall the Black-Scholes equation in (1.1) that

gu(s t)+ 102528—211(5 t) + Tsﬁu(s t) —ru(s,t) =0 (3.1)
ot 2 9s2 ds e '
and the call payoff in (1.2) that
u(s,T) = (st —p)* (3.2)
then in (1.6)
e T
t,\) = — —L (& 3.3
st ) = (57 = ) s 7€) (33)
is the solution of (3.1) with the parametric interest
243 2
A= (a+2)r— %02. (3.4)
In particular if « = m where m is nonnegative integer then (3.3) becomes
+ e AT (m)
t,A) = — -\ .
u(s..0) = (o7 = ) S €7 0) (35)
with the parametric interest
24+ 3m+2
A= (m+2)r — %02. (3.6)
Also for the case « is negative real number, that is o < 0 then (3.3) becomes
+e—)\(T—t) g—o—1
S,t,\) = — —_— . 3.7
(St A) = (1 =P S T ) (3.7)
In particular, if « is negative integer and suppose o = —n then (3.7) reduces to
n—1
u(s, t,\) = (sp — p)Te NI <S> (3.8)
st
with the parametric interest
2
— 2
Ao (2o pyy o B0 d2 (3.9)

2

Proof. By changing the variable u(s,t) = V(R,T) where R = Ins then (3.1) is trans-
formed to the equation

0 1, 92 0%, 0

By the method of separation of variable, let V(R,t) = X(R)U(t), then %V(R7 t) =
X(R)U'(t), ZV(R,t) = X'(R)U(t) and ZV(R,t) = X"()U(t) then substitute into
(3.10). Then we obtained

o2

X(R)U'() + %UQX”(R)U(t) = DOX(RU() ~ rX(RU() = 0



On the Parametric Interest of the Option Price of Stock ... 835

U'(t) 1 ,X"(R) o2 X'(R)

o T2 xm T ) xm) T
Let

U'(t) 1 ,X"(R) 2 X'(R)

oo T2 xm T xm A

where A is a parameter.

U'(t
Now consider U((t)) = )\ then U(t) = Ce*. Now we compute the constant C.

Since u(s,t) = V(R,t) = X(R)U(t) and the call payoff u(sr,T) = (sr — p)*, hence

U(T) (sp —p)*
- _ AT — =
X(Insp)U(T) = (s7—p)t and U(T) = Ce*T. Tt follows that C' = T X(Insp)e
Thus we have

_Gr=pt e (sr—p)T 1o
ult) = X(InSr) T X(InSy) ' (3.11)
. 1 ,X"(R) o X'(R) B B B
Next consider Pl X(R + (r— ?) X —r+A=0andlet X(R) = X(Ins) = y(s).

)
dy(s) _ dy(s) ds 2,1

Then X'(R) = — =sy/(s) and X"(R) = s*y"(s) + sy'(s) thus

o?[s*y" (s) + sy (s)] + (2r — 0%)sy/(s) — (2r — 2A)y(s) = 0

o2s%y"(s) + 2rsy’(s) — (2r — 2\)y(s) = 0. (3.12)

The equation (3.12) is the Euler’s equation of order 2. Take the Laplace transform of
(2.1) to (3. 12) and use (iv) and (v) of Lemma 2.2. Where Ly(s) = Y (§) then

[52 O+ (= )27‘*[§Y(€)] —(2r=20Y(§) =0

df de? d§

a2E2Y"(€) + (402 — 2r)EY"(€) + (207 —dr +20)Y () =0 (3.13)

which is also the Euler’s equation of order 2. Let y(§) = £* and substitute into (3.13)
then

[02a(a — 1) + (40% — 2r)a + (207 — 4r 4+ 2))]€* = 0.
Thus we have

o?a? + (307 — 2r)a + (20 — 4r + 2)) = 0. (3.14)

The real number o and the parametric interest A can be obtained from (3.14). Since
Y (€) = €%, hence y(s) = L71Y(€) = L71(£) where £71 is the inverse Laplace transform.
Since u(s,t) = V(R,t) = X(Ins)U(t) = y(s)U(t), thus from (3.11)
e~ MT—1)

uls,t,N) = (57— p) P e £71(€%) (3.15)

X(lnsy)



836 Thai J. Math. Vol. 18 (2020) /A. Kananthai et al.

where u(s,t, A) is the function of s, t and A.
Thus we obtained (3.3) as required.

Now for the case & = m where m is nonnegative integer and from (ii) of Lemma 2.2
L5 (s) = €™, Thus §0™)(s) = L71(¢™). Tt follows that
e~ AT 1)
X(ln ST)

Thus we obtained (3.5) as required.
Next for the case a < 0 and from (iii) of Lemma 2.2

U(S, tv >‘) = (ST - p)Jr 5(m) (3)

I'(p+1 L
LsP = (fpﬂ) =T(p+1)ePt for p> —1.
Let « = —p — 1 then p = —a — 1. Thus £(s~*7!) = I'(—a)&“. Tt follows that £L71(£Y) =
—a—1
E(—a)' Thus from (3.5),

ef/\(Tft) g—a—1

S,t,\) = )
U( y Uy ) (ST p) X(IIIST) F(—Oé)

Thus we obtained (3.7) as required. In particular, if « is negative integer and suppose

ef)\(Tft) gn—1

X(lnsr) T(n)’

e~ MT—=T) gn—1

a = —n then u(s,t,\) = (sp —p)* Since the call payoff u(sr,T,\) =

(ST - p)+ at ¢t = T hence (ST — p>+)((TS)I€n) = ( — p)Jr It follows that
X(lnsr) = 5 Thus we have u(s,t,3) = (s7 — p)* S > L0 et o (s, 1,
nsy) = ——. Thus we have u(s,t,\) = (sp — —_— rou(s,t,\) =
T F(n) T—P F(n) S% 1S

n—1
(sp —p)Te MT-0 <:) with the parametric interest from (3.14) with a« = —n
T

23 2
(n n+ )02.

A=(2—n)r— 5

Thus we obtained (3.8) as required. Now consider the call payoff u(sy,T,A) at ¢t = T
then from (3.8),

n—1
u(sr, T, \) = (sp —p)Te XD <ST) =(sr—p)*
ST
with the same as the call payoff in (1.2)

u(sy,T) = (sv —p)*.

We see that even u(s,t) in (1.3) is different from wu(s,¢,A) in (1.11) but they have the
same call payoff.

Now consider (3.8) with n = 1 and we have A = r in (3.9) with n = 1. Then (3.8)
reduces to

U(S, t7 T) = (ST - p)+e*T(T*t)
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with call payoff u(sr,T,r) = (sp —p)T at t =1T.
Moreover for n =2 in (3.9) A = 0 and again from (3.8)
s
.0 = or =) ()
st
with the call payoff
s
wor,70) = (o7 =" () = (o1 - )"
T
We see that the parametric interest A is the generalization of the interest rate r that
appears in the option price u(S,t). n

4. CONCLUSION

The main point of this research is focusing on the parametric interest A which gives
the conditions of the solutions of the Black-Scholes equation to be weak or strong solution
that appear in (1.8), (1.10) and (1.11) of the Introduction part.

Moreover A is the generalization of the interest rate r. Thus from (3.9) for n = 1 we
have A = r. Thus we obtained from (3.8)

u(s,t,r) = (st —p)+e_T(T_t)

or (sp —p)t =u(s,t,r)e" T, That means the call payoff (s — p)* is equal to the the
option price u(s,t,7) put in the bank with the interest rate r at the time T — ¢.
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