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1. INTRODUCTION

Let A denote the class of functions of the form

f(z)=z+ Z anz" (1.1)

n=2
which are analytic in the open unit disc
U={z:|z| < 1}.
Denote by S the subclass of A consisting functions of the form (1.1) that are normalized
by
f0)=0=f(0)—1
and are univalent in U.
If f and g are analytic functions in U = {z : |z| < 1}, following MacGregor [1], we say

that f is majorized by g in U that is f(z) < g(2), (¢ € U) if there exists a function ¢(z),
analytic in U, such that

lp(2)] < 1 and f(z) = ¢(2)g(2), z € U.
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It is interested to note that the notation of majorization is closely related to the concept
of quasi-subordination between analytic functions.

For two analytic functions f,g € A we say that f is subordinate to g denoted by
f =< g if there exists a Schwar’z function w(z) which is analytic in U with w(0) = 0 and
lw(z)] < 1 for all z € U, such that f(z) = g(w(z)) and z € U.

Note that, if the function g is univalent in U, due to Miller and Mocanu [2] we have

f(2) < g(2) <= f(0) = g(0) and f(U) C g(U).

Denote by §*(y) and C(7) the class of starlike and convex functions of complex order
~v(v € C\ {0}, satisfying the following conditions

@ 7£Oand3?<1+i [ZJ;(S))) 1D 7

and

1 [2f"(2))
(= Oand%(l—i—[ >0,(z€U
7'(2) # e (=€)
respectively. Further,
S*((1 — a)cosh e™™) = S* (o, \), |A| < %; 0<a<l
and

S*(cosh ™) = S*(\), |\ < g; 0<a<l

where denotes S*(a, A) the class of A— Spiral-like function of order « investigated by
Libera [3] and §*()) the class of Spiral-like functions introduced by Spacek [4] (see [5]).
We recall the Wright generalized hypergeometric function [6]

l\I/S[(a17A1)7 sy (Oél,Al); (61a Bl)7 seeey (6‘% BS)7 Z]

- lq/s[(ama Am)l,l ) (Bma Bm)l,s ) Z]
is defined by

lqjs[(am» Am)l,l 5 (ﬂm7 Bm)l,s 5 Z]

n

9] l s -1
= Z <H T + nAm)> (H T(Bm + an)> %, (z € U). (1.2)
n=0 \m=1 m=1 :
If A, =1m=1,..,1) and B,, =1(m =1,..,s), we have the relationship
Q lqls[(an,l)l,l 3 (ﬂn,l)l,s; Z] = lFs(al, ~~-aal;617 "'7Bs; Z)a (13)

where, | Fs(a1,...,a0; 01, ..., Bs ; z) is the generalized hypergeometric function and

l -1 s
Q= <H F(am)> (H F(ﬁm)> . (1.4)

Let M), be the class of meromorphic functions which are analytic in the punctured
open unit disk U* = {z: 2 € C: 0 < |z| < 1} of the form

FE) = =+ ane. (1.5)
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For given g(z) = & + 3 b,2" 7P € M,, the Hadamard product of f and g is denoted by

n=1

(F29)(2) = o+ D anbaz™ = (g5 F)(2), (1.6

note that f * g € M, which are meromorphic in the open disc U*.

Recently, following Dziok and Raina [7] Murugusundaramoorthy and Aouf [8] defined
a linear operator for p—valently meromorphic functions as

Wy lan, Ailf(2) = Wyl(an, Ar), ooy (s A1) (Bry Br)s ooy (B, Bo)] : My = M, (L.7)
defined by the Hadamard product
Wylaa, Al f(2) == Wyl(am, Amiss (B, Bin)i,si 2] * f(2). (1.8)
If f € M, and is given by (1.5), then we have

+ndn) _
bolas, A — 10 o 2P (L
Wy lar, Al f( >+ anl (o + 1By anz" 7P, ze€U*,  (1.9)

where ) is given in (1.4). It is easy to verify that
AL (Wylar, Al f(2)) = aaWplan + 1, A1l f(2) — (a1 +pA) Wy [on, A f(2). (1.10)
From (1.10), we have the following recurrence relation for the operator Wi*

ZA1(W;;’S[041, A f(z)) T

= o (W ar + 1, A4]f(2))7 — (o1 + A1 (j + p)) Wy [an, Av] (). (1.11)
In particular, for A,, = B,, =1 (m =1,..,l,m=1,..,s), we get the linear operator
L Lo fon] f 4P (1.12)

Z Hm 1 Bm n' fn®
introduced and studied by Liu and Srivastava [9]. It is easy to verify from (1.12) that
2(Hy*lon] f(2)) = aaMy®lan + 1] f(2) — (e +p)Hp*[aa] f(2). (1.13)

It is of interest to note that for the suitable choices of [, s in turn it includes various
operators (also see [10-12]).0Obviously, for | =2,s =1,as = 1 and p = 1, we get

Clon Bl ) =L+ Y (30, (1.14)

Majorization problems for the class $* = §*(0) had been investigated by MacGregor
[1], further Altintas et al. [13] investigated a majorization problem for the class S(vy) and
recently using linear operators by [14]. Very recently Goyal and Goswami [15] extended
these results for meromorphic functions . In the present paper we introduce a new subclass
of p—valently meromorphic starlike functions of complex order associated with Wright
hypergeometric functions given by (1.9) and investigate a majorization problem for the
function class .
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2. MAJORIZATION PROBLEM FOR THE CLASSJW?%V)

Definition 2.1. A function f(z) € M,, is said to in the class le,j () of univalent function
of complex order v # 0 in U* if and only if
) >0 (2.1)

. (1 1 [l Al ()
v

" — +j+Dp
Wy *lan, A f(2)7

where z € U*,j e N =NU{0},] <s+ 1,7 € C\ {0}.

Theorem 2.2. Let f(z) € M, and g(z) € Mé‘; () if WE*len, A1l f(2))7 is majorized by
(Wh#lon, Ailg(2))? in U* then
OV, A F(2))] < IOV, Adlg())7], [2] < 7, (2.2
where r1 = r1(A, B, aq, A1, 7, p) is the smallest root of the equation
loy B—A1y(A—B)|r3 —[a142pA; |B|]r? —[|a1 B— A1y (A— B)|+2pA;]r+a; = 0. (2.3)
Proof. Let
1 [ 2000 far, Adlg(=)) !

M) =1- TEERTAY +i+pl. (2.4)

Since g(z) € le);('y), we have R(h(z)) > 0 and
14 Aw(z)
Mz) = 1+ Bw(z)’
where
w(z) =crz+cz? + ...

and w denotes the well known class of bounded analytic functions in U* and satisfies the
conditions w(0) = 0, and |w(z)| < |z|, (z € U*) making use of (2.4) and (2.5), we get

2Wylan, Adg(2))™ (B(j +p) +7(A = B)(w(2)) + (j +p)

W'lorn Adg(2)? 1+ B(2) ' (20
Hence
o Al 411+ |B]}e) o e o
V5o Aol2))] € =B G [ GOV o+ 1 Ada(2)) .
(2.7)
Since (Wh*[a1, A1]f(2))7 is majorized by (W}*lon, A1]g(2))7 in U*, then
Wy lan, AF(2)) = 6(=) Wy [, Arlg(2))? (28)

and
2(Wylan, A f () = 20/ (2) Wy [an, Aulg(2)) +20(2) (W, [, Adlg(2))H.
Noting that the Schwarz function ¢(z) satisfies

1o

|96 < T (2.9
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and using (1.10), (2.7) and (2.9) in (2.8) we have

aq s i 1—|¢(2)]? A1 (1+|B||z
2, W'l + LA @) < (1)1 + "R s ey
1% ) .
X | Wplan + 1, Adg()) |

Setting |z| = r and |¢(z)| =p, 0 < p <1

a1
Ay

Lsp,, Y b(p)| G W [ar + 1, Ai]g(2))7 |
(Wp [ + 1, A1) f(2))? | < (1—712)(ay — |a1B — (A7 (A — B)[r)’

where
¥(p) = p(1 = 1*) (1 — |1 B = (A1y(A = B)|r) + (1 — p*) Ay (1 + |Blr)r

takes its maximum value at p = 1. Furthermore, if 0 < o < ry, the function ¢(p) defined
by

o(p) = p(1 — ®)(en — o1 B — (Ay7(A — B)lo) + (1 — /%) Ay (1 + | Blo)o
is an increasing function if
(1 -0 (ay — |1 B — (A1y(A — B)|o) > 2pA;(1 + |B|o)o
(0 < p<1),so that
o) < p(1) = (1 o) — [axB — (Ar3(A— B)lo), 0< p< 1, 0< 0 <rp. (211)

Therefore, from this fact (2.10) gives the inequality (2.2). This completes the proof of
Theorem 2.2. [

3. CONSEQUENCES AND COROLLARIES

By taking A = 1 and B = —1 and p = 1 in Theorem 2.2, we state the following
corollary without proof.

Corollary 3.1. Let the function f € M, and g(z) € Méj(v) if Wh*lan, Ailf(2))7 is
magorized by (Wh*[aa, A1]g(2))? in U then

(Wyslan, Al f(2))] < (W% laa, Adlg(2))], [z] <y
where 1 = 11 (a1, A1,7y) is the smallest positive root of the equation

{|Ot1 + 2A1"}/|}7‘3 — {Oél + 2A1}7’2 — {|O¢1 + 2A1"}/| + 2A1}T + o = 0,

— Ly — \/L% — 40[1|Oé1 +2A1’7‘
! 2|0¢1 —|—2A1’y‘

and Ll =1 + 2A1 + |011 + 2A1")/|

Since, Wé;s[l, 1]f(z) = f(z) from Corollary 3.1, we state the following corollary.

Corollary 3.2. Let the function f € M, and g(z) € M, ;(7) if (f(2)Y9) is majorized by
(9(2))9) in U* then

(FENV < 19D, 2] < 7
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where ro = 19(1,1,7) is the smallest positive root of the equation

{4291} = 3% — {1+ 29| +2}r +1 =0,

Ly — /IZ —4[1 + 29

2/1 + 29|
and Ly =3+ |1 + 27|.

ro =

(3.2)

By setting @y = 1,A; = 1 and v = p — ¢ in Corollary 3.1, we state the following
corollary.

Corollary 3.3. Let the function f € M, and g(z) € M;j () if (f(2))Y) is majorized by
(g(2))Y) in U*, then

(FENV < 19D, 2] < 7,

where r3 =r3(1,1, (p — 9)) is the smallest positive root of the equation

[1+2(p = 0)r" =14 2(p = 0)r* = {[1 +2(p = 9)| + 2}r +1 =0,

I VLE—41+2(p—9)|
3 201+ 2(p— )|

and Ly =3+ |1+ 2(p — 0)|.

(3.3)

By taking j =1, Corollary 3.3 yields results of Goyal and Gosami [15].
By taking v = (p — &)cos Ae™™ ((|]A] < %,6(0 < 8 < p),) in Corollary 3.1, we state the
following corollary without proof.

Corollary 3.4. Let f € M), and g(z) € M;Ji‘;()\,é) if (Wzl;s[al,Al]f(z))(j) is majorized
by (Wll,’s[ozl,Al]g(z))(j) in U*, then

(V5 F)D] < (WP g(2) W), 2] < (3.4)
where r4 = r4(Lg, N) is given by

_ Ly— \/LZ — 4oy |ar 4+ 2A1(p — d)cosh e~
2|lag + 241 (p — §)cosh e~

T4

(3.5)

and
Ly = (a1 +241) + |ag + 241 (p — 5)803/\67“\‘,
the smallest positive Toot of the equation
|y + 241 (p — 8)cosh e |13 — oy 4 24,72
— |ag + 241 (p — O)cosh e + 2417+ a1 = 0.

CONCLUDING REMARKS

Further specializing the parameters [, s one can define the various other interesting
subclasses of M, involving the various differential operators (see [9-12]) and the corre-
sponding corollaries as mentioned above can be derived easily.
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