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1. INTRODUCTION

Fractional calculus is an important and useful branch of mathematics having a broad
range of applications at almost every branch of sciences. Techniques of fractional calculus
have been employed at the modeling of many different phenomena in engineering, physics
and in mathematics. Problem in fractional calculus is not only important but also quite
challenging which usually involves hard mathematical solution techniques. However a
general solution theory for almost each problem in this area has yet to be established.
Each application has developed its own approaches and implementations. As a conse-
quence, a single standard method for the problems in fractional calculus has not emerged
yet. Therefore, funding reliable and efficient solution techniques along with fast imple-
mentation methods are significantly important and active research areas.

Further, It is also realized that the operators of fractional integration and derivation
have physical and geometric interpretations, which essentially streamline along their uti-
lization for related issues in various fields of science (see [I-5]). Moreover, the fractional
differential calculus on a differential manifold is studied in ([6, 7]). Even though fractional
calculus is a highly useful and important topic, however the research on the geometric
interpretation and applications are limited and not many in current literature. Thus in
the this study we focus on the area and volume on fractional differentiable manifolds and
discussed some related properties. We also give some examples.
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2. PRELIMINARIES

Let M be an n-dimensional differential manifold (U, z;) a local coordinate system on
Mand Uy ={z€U:0<x; <b;,i =1,2,...,n}, see [0].

For a function f: Uy — R the fractional derivative with respect to z;:

alaf(x) _ 1 8;” Ti f(ajl, ey Li—1,8,Tit1, ,xn) — f(xl, ...,xi_1,0,l‘i+1, ...,afn)ds,
I'(m—a) ), (x; — s)a—m+l
where 9 = 520 22 o ...0 52 (m times, i is fixed, a > 0).

For o € (0,1),v > —1,
I'l+79) -«

g ) = ——————2 o)
a7. (ml) F(1—|—’}/—(X)xz

;02 (2) = T(1 + )d).
A fractional vector field U C M is an object of the form X = X*0% , where X €
Sy(M) i=1,..,n.
We denote by xf; the fractional vector fields on U.xf; is generated by the operators
0%, =1,2,...,n. If c: x = x(t),t € I is a parametrized curve in U, then the fractional
tangent vector field of ¢ is

1

z(t) = maf‘xi(t)af.

A fractional covariant derivative is given by
Ve Y = XPOPY) + DRIV,

where X, Y% € x¢; and I f,ij the functions defining the coefficients of a fractional linear
connection on M. They are determined by the relations

a Qo _ 1ol o
Vagak =TIy aj'

3. SPECIALIZED DEFINITION OF FRACTIONAL CURVATURE

Let y(x) any smooth path. Fractional curvature measures the rate which the tangent
line turns per unit distance moved a long the path, which implies that it is the rate of
change of the path. Let p; and ps be two points on a curve, separated by an arc of length
A s (Figure 1). Then, the average fractional curvature of the arc from p; to ps is

Ay

As
where A ¢ = 1 — g, is the angle turned through by the tangent lines L, 0 < a@ < 1
moving from p; to ps. Then,

is the fractional curvature at point p; and
d%p _ d%p d“z
d®s  dvzr d“s
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and since

then we have

w1 1
T des -
d®s G 1+ (%)2
1d* 1
Since dy = adx—gdxa, and dr = mxl_adxa, then
d d
tan p = di =(1- a)!x"_ldz—z
where 0 < a < 1, then
d()l
= arctan ((1 - a)!xo‘_ldag).
de d* dz© dz®
Moreover, P dxi"‘d‘%c’ and d‘%@ = (1 —a)!z®"!, then we obtain
d%p d*

g = dpo (arctan ((1 - a)!xo‘*ly(o‘))) (1 —a)lz>?

r'l—ow) (1 — a)lze—lyl)

I'l-—a) (1 — a)lze—ly(®)

Then,
- d%pd%z
c-4raer
dez d*s
_ wma_l arctan((1 — a)!xa—ly(a)) l—a
- I(l-a) (1 — a)lzo-1y@
Sy £ T )ty [ (dy” T
(1+ (1 = apwory@)?)” dox
(A =a))? -y (arctan((1 — a)lz®y(@) 1o
T TI-a) " (1—a)lze—Ty(@)
y 6ia7rx71y(oz) + F(l _ a)xafly(ﬁ)
ati ?
(1 ((1 = eyt 1y *)
d® de Jde
where y(®) = CY ondsf =

dge YT g dge Y

(=) (arctan((l — a)!xa_ly(a)))la (=1)*z 1y 4+ T(1 — @)z 1y®
(1 + ((1- a)!xafly(“)f)a

(1= a))? pa-1 (arctan((l - a)!xaly(a)))l_a e Ty L (1 — a)x 1y
(1 + ((1 - oz)!mo‘—ly(a))Q)a
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F1GURE 1. Graph of tangent lines L,,0 < a < 1 moving from p; to ps

Example 3.1. The fractional curvature of the function y = 23 at (1.1) is computed as
follows:

y(© = Goha?e, then y(@) = G at o =1,

y# = Mm“, then y(#) = % at x = 1.

al

(1 - a)l(3a)!

Also, arctan ((1 - a)!x(’_ly(o‘)) = arctan { 20!

}atleand

T - ' 2\~ (o+3)
ey L P(1—a)zty® e (3a)! (B T'(1—w) < Ba)!l(1—a)! >
— = + R
(1+((1fa)!:z:a—ly(")f)a+§ ( (2a) ol ) ( (20)! )

at x = 1.

fx)=x"0.3
flxFx"0.6
fx)=="0.9
flxFx"1.2
fx}=x"1.5
flxF="1.8
fx}=x"2.1
flxFn"2.4

fx)=="2.7

Ch__
.

fmEx"3

FIGURE 2. Graphof y =23* (0 < a < 1)
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4. AREA ON A FRACTIONAL DIFFERENTIABLE MANIFOLDS

The differential of area on the manifolds produced by M (u7,us) characterized as (see

[7):
dA = |dM,, A dM,,|

1 0°M o -
M, = ] s (du;)*,i=1,2,
then we have
1 |o*M 0°M
dA = du)*(dug)®.
(ah)? | Ou§ ous (duy)*(duz)
Therefore, we obtain
1 oM  O0°M
A= dup)*(dug)®.
(a!)? /D ou ous (du1)® (duz)

Example 4.1. Let us compute the area of helicoid is given by

M (u,v) = (u® cos® v,u®sin® v,vY),u > 0,v € R,

then
oM
Sue = (a! cos™ v, a!'sin® v, 0)
*M
a@v“ = ((-1)%a!u® sin® v, alu® cos® v, a!)
and
*M *M
aaua A %Ua = ((a@!)?sin® v, —(a!)? cos® v, (a!)*u®(cos®* v — (—1) sin** v))
oM o0*M 1
‘ 5o A S | = (a!)? [sinza v 4 €05 v 4+ u?*(cos?® v — (—1)% sin>* v)*]?
therefore,
1
A= / [sin®* v + cos®® v + u?¥(cos®* v — (—1)* sin®* v)?] 2 (du)* (dv)®.
D
Hence
. 1
A= / [sin®* v + cos® v + u?*(cos®® v — €' sin®* v)?] ? (du)* (dv)*.
D
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T N

a=0.1 0.9050682874 [sin'2 v + cos? v 4 u2(cos? v — isin? v)?]2
a=0.2 0.8430338395 [sin? v + cos* v + u(cost v — sint v)?]2
a=03] 08054536507 [sin® v + cos® v 4+ u(cos® v — isin® v)?]
a=04| 0.7872370818 [sin® v + cos® v + uB(cos® v — sin® v)?]
a=0.5 0.7853981635 [sin v + cos v + u(cosv — isinv)?]z
a=0.6| 0.7983696794 [sin'? v + cos’? v + u'?(cos!? v — sin'?)?v]
a=0.7| 0.8256243469 [sin'* v + cos’* v + u'*4(cos'* v — isin'*)%v)
o= 0.8 | 0.8674757289 [sin'® v + cos! S v + u'(cos! v — sin' 0 v)?
= 0.9 | 0.9249935154 [sin'® v + cos' v 4+ u'S(cos'® v — isin' S w)
a=1 EREE

NG

(M

[N

"
oiH - NIH ol

no
—

FIGURE 3. a =1 FIGURE 4. = 0.5

FIGURE 5. o« = 0.9 FIGURE 6. a = 0.1

Example 4.2. Consider
M (u,v) = (u” cos® v, u® sin® v).

Now, if @ = 1, then this is circle with radius u. If a = %, it is a diamond with vertices

(£u,0) and (0, £u). Thus the regular parametrization of torus and then the area of it is

given by
A= 1 / o*M  0*M
(a1)? Jp

ou®™ A ove

(du)®(dv)®.
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Then,
o*M
= | @ | gin®
S ((a)! cos™ v, ()! sin® v)
[“)6](\!/[ = ((—D)%u%()!sin® v, u®(a)! cos® v)
v
o*M  9°M
— 1, 200, ( 1\@ 1200
e = Foa () u®(cos™ v — (—1)? sin“* v)]
therefore,
1
A:—/ u®(cos?® v — (—1)%sin? du)®(dv)®.
b (1) sin®* )] (d)*(do)
Hence 1
A= —/ u®(cos?® v — "™ sin®* )] (du)®(dv)®.
[ )] (du)” do)

Then, we have the following table and the figure.

0%M A 0YM
ou® ove

a=0.1{ 0.9513507699[u’'(cos’? v — (0.9510565163 + 0.3090169944i

sm

a=03] 0.8974706963[u’3(cos’® v — (0.5877852523 + 0.8090169944i

blIl

[u®(

a=02 0.9181687424[u (cos0 Ty —(0.8090169944 + 0.5877852523i
[u*(
[

a=0.4| 0.8872638175[u’*(cos’® v — (0.3090169944 + 0.9510565163:

SlIl

)
) sm
)
)

a=05 0. 8862269255[ “(cosv — isinv)]

a = 0.6 | 0.8935153493[u"%(cos™ 2 v — (—0.3090169944 + 0.95105651637) bln v)]
a = 0.7 | 0.9086387329[u" 7 (cos' ¥ v — (—0.5877852523 + 0.80901699447) s1n )]
a = 0.8 | 0.9313837710[u"®(cos® v — (—0.8090169944 + 0.58778525237) sm )]
a=0.9 | 0.9617658319[u" (cos® v — (—0.9510565163 + 0.30901699447) sin"® v)]

a=1 u

FIGURE 7. Graph of M(u,v) = (u®cos®v,u®sin®v), a = 1, a = 0.3,

a=04,a=05 a=0.8
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5. VOLUME ELEMENT IN FRACTIONAL RIEMANNIAN MANIFOLDS

Similarly, to the above section, in this section we study volume. Since
1 1
Gij = €i€j = TR5€i€j = 7@,)291'3',

(al)?

then

Jdetg = (a%\/detg(darl)o‘(darg)“...(dxn)"‘

therefore, the volume element in n-dimensional fractional differentiable Riemannian man-
ifold with metric ' = gd“x;d*x; is defined by

@\/@(dwl)”(dm)a...(dmn)a,

Then,
- 1 N § ) )
V:W/A det §(dz1)® (dzo)?...(dxy )",

where A is a domain in the fractional Riemannian manifolds. In particular, if n = 1, the
volume is just length and if n = 2, the volume is area. Now, if « = 1, one can recover the
classical well known formula.

5.1. INVARIANCE OF VOLUME ELEMENT UNDER CHANGING OF COORDINATES

Let y1,92, ..., yn be new coordinates: 1 = y;, 22 = i, ..., Tn, = ¥Y;i,% = 1,2,...,n and
G;3(y) matrix of the metric in new coordinates:

Oxe ox§
s — 7Z~i' €T —_—, 5.1

then
det §;;(z)(dx1)“(dz2)®...(dxy)* = 4 /det g;j(y)(dyl)o‘(dyg)a...(dyn)o‘. (5.2)

This follows from (5.1). Namely

o ox®

det g;; () (dyr)™ (dy2)® - (dyn)™ = \ | det (gz;ﬁij(m(y))ayf )(dyl)a(dyz)“-~-(dyn)a-

J
By using the fact that det(A; A2 As) = det(A;) det(Az) det(As) and by letting
002\ _ qor (222
det ( ) = det (6?]% ), then we have

oy

2

det gy () (dy )™ (dya)” . (dyn)*

= <det <gz§ ) > det gij (z(y))(dy1)* (dy2)*...(dyn)*
oz
oy

7

= 4/det g;;z(y) det ( ) (dy1)*(dy2)”...(dyn)®.
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Now, note that

det Oz;
Y.
then

\/det g;;z(y) det <8z

Thus, we come to (5.2).

=R

(o)

SR

) (dy1)*(dy2)®...(dyn)® = (dx1)*(dz)*...(dxp)",

Q

=R

=R

)dyl (dy2)®...(dyn)* = y/det gijz(y)(de1)* (da2)®...(dzy )"

Example 5.1. “Segment of the sphere”. Consider spherical coordinates {r,8, ¢} in a
domain A = {z1,29,23: 1 > 0,22 > 0,23 > 0} of R? defined as

1 = r%sin®fdcos” ¢,
To = r%sin®#sin® ¢,
r3 = r%cos*0.
Then, it follows that
0%z
3 al = a!sin® # cos® ¢,
,
0%z
890‘1 = alr® cos® 0 cos™ ¢,
aOt
8;;‘1 = (—=1)%alr®sin® @ sin® ¢.
Similarly, we have
80&
3 522 = alsin® #sin® ¢,
,
80&
69522 = alr® cos® #sin® ¢,
80&
a(;iz = alr®sin® 0 cos® ¢.
Also, we get
0%z
5 a3 = alcos“0,
,
0%z
80‘3“3 = (=1)%alr®sin® 6,
aaéﬂg -0
0P '

Now, if we let
X = (r*sin® 0 cos® ¢, r* sin® #sin® ¢, r cos™ 9),

then it follows that
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0 X
ore
0 X
00~
0 X
Op™

= al(sin® 0 cos® ¢, sin® sin® ¢, cos® 0),

= al(r® cos® 6 cos™ ¢,r* cos™ §sin® ¢, (—1)%r*sin® 0),

= al((=1)%r“sin® fsin® ¢, sin® @ cos” ¢, 0).

oy (X X

I = Vg e
*X 0°X

gi2 = (%, %> = (a!)?r(sin® 0 cos® O(cos>*¢ + sin*¢) + (—1)* sin®f cos*) = Go;.

r

*X 0°X
J13 = (86?, %W> = (a!)?r*sin?® O(sin® ¢ cos™ ¢ + (—1)* cos® psin® ¢) = §a1.

) = (a!)?sin®* f(cos®* ¢ + sin®* ¢) + cos®™ 0.

Similarly, we have

_ 0°X 0°X
22 = <W’ W)
_ 0°X 0°X
923 = <W’ %>
= (a!)?r**(sin® @ sin® ¢ cos® f cos® ¢ + (—1)* sin® fsin® ¢ cos™ § cos® P) = G-

= (a!)®r**(cos®™ O(cos®* ¢ + sin®* @) + (—1)*“sin®* 6).

g33 = (8875, %) = (a!)?r**sin®* (cos®™ ¢ + (—1)2*sin** ).

Then, in general we have
det(gi;)
= (al)® {r16a4 [sin* O(cos® O(cos® ¢ + sin®* @) + (—1)>* sin®* 0)(cos™ ¢ + (—1)** sin>* ¢)
— (sin® @sin® ¢ cos™ O cos® ¢ + (—1)* sin® O sin® ¢ cos™ 6 cos™ ¢)2] 2
+ 74" sin*” 0 [(sin® O sin® ¢ cos® O cos™ ¢ + (—1)* sin® O sin® ¢ cos® O cos® @)
(sin® cos®p + (—1) cos® ¢ sin®¢) — (sin®6 cos“(cos>* ¢ + sin®* @) + (—1)* sin®6 cos™0)
(cos™ ¢+ (—1)** sin** )]
4t [(sin® 0 cos™ 0(cos™ ¢ + sin®* ¢) + (—1) sin® 0 cos™ 0)
(sin® 0 sin® ¢ cos® 6 cos™ ¢ + (—1)% sin® @ sin® ¢ cos™ O cos™ @)
— sin®® 0(cos> 0(cos> ¢ + sin®* ¢) + (—1)>* sin>* 0)(sin® ¢ cos® ¢ + (—1)” cos” psin® ¢)] 2}

=H.
Then, the volume element is given by

av =
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FIGURE 8. a =1 FIGURE 9. a«=0.5

FIGURE 10. a = 0.8 FIGURE 11. aa =10.2
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