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Abstract In this paper we study the restricted isometry property for g-frames, we will show how to
use tight g-frames that have the restricted isometry property to construct fusion frames. We also study
the conditions which under removing some element from a g-frame, again we obtain another g-frame so
that Theorem 4.3 obtained in [M.S. Asgari, On the stability of fusion frames (frames of subspaces), Acta
Math. Sci. (Ser. B) 31 (4) (2011) 1633-1642] is a special case of it.
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1. INTRODUCTION

The g-frame theory is an emerging mathematical theory that provides a natural frame-
work for performing hierarchical data processing. A g-frame is a frame-like collection of
operators on a Hilbert space, thereby generalizing the concept of a frame for signal rep-
resentation. Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [1],
reintroduced in 1986 by Daubechies, Grossmann, and Meyer [2]. Frames are a generaliza-
tion of the orthonormal bases and g-frames are a generalization of frames in Hilbert spaces
which were introduced by W. Sun in [3]. Related approaches with a different focus were
undertaken by Casazza and Kutyniok in [4]. G-Frames and fusion frames play important
roles in many applications in mathematics, science, and engineering, including coding
theory [5], compressed sensing [6], filter bank theory [7], applications to sensor networks
[8], construction methods [9-11], and many other areas. The restricted isometry property
is one of the cornerstones of compressed sensing. Today, compressed sensing is one of the
most active areas of research in applied analysis and so we refer the reader to the tutorials
[12] and their references for a background in the area. Our goal here is to use tools from
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compressed sensing, namely operators with the restricted isometry property, to construct
fusion frames with very strong properties.

The paper is organized as follows: Section 2, contains an extension of the restricted
isometry property to the g-frame situation. In this section, we will show how to use
tight g-frames which have the restricted isometry property to construct fusion frames. In
Section 3, we study the conditions which under removing some element from a g-frame,
again we obtain another g-frame.

Throughout this paper, H, K are separable Hilbert spaces and I3 is the identity oper-
ator on ‘H. I,J,J; denote the countable (or finite) index sets and {W; };cs is a sequence
of closed subspaces of K. Also B(H,W;) is the collection of all bounded linear operators
from H into W;.

We start by recalling the definition of frames for H. A frame for H is an indexed set
of vectors {f; : i € I} C H for which there exist positive constants 0 < A < B < 00 so
that for all f € H we have

AIFIP < DI falP < BIFIP. (L.1)

iel

The numbers A, B are called lower (respectively, upper) frame bounds for the frame. If we
only have the right-hand inequality of (1.1), then F is called a Bessel sequence. If A = B
it is an A-tight frame, and if A = B = 1, it is a Parseval frame. If || f;|| = ¢ for all ¢ € I this
is an equal norm frame, and if ¢ = 1 it is a unit norm frame. The synthesis operator for
F is the bounded linear operator Tr : *(I) — H, given by Tr({ci}ier) = > ;e ¢ifi- The
analysis operator for F is T3 and is given by T f = {(f, fi) }icr. The frame operator is the
positive self-adjoint invertible operator Sy = T#T% and satisfies Srf = >,/ (f, fi) fi-
Reconstruction is given by

P =S 08 = S SF NS S Ve,

iel i€l
_1
In particular, {S72 fi}icr is a Parseval frame for H.

Definition 1.1. Let A, € B(H,W;) for all i € I. Then a family of operators A = {A; }e;
is called a g-frame for H with respect to {W;};c if there exist constants 0 < C < D < o0
such that

CIFIP <Y IAfI> < DIFI>  Vf e (1.2)

i€l

The constants C' and D are called g-frame bounds and sup;c; A; is the multiplicity of A.
A g-frame is called tight if C' and D can be chosen to be equal, Parseval if C = D = 1 and
e-g-frame if C' = 1%_5 and D =1+ ¢ for some € > 0. If the right-hand side of (1.2) holds,
then A is said a g-Bessel sequence for H with respect to {W;};c;. Moreover if {W;},c;r be
a family of closed subspaces of H and A; = 7w, be the orthogonal projection of H onto
W; for all ¢ € I. Then {W,};cs is said a fusion frame for . The representation space

associated with a g-Bessel sequence A = {A;};cs is defined by

(;@Wi)p = {{ohierlgi € Wi and 3" flgil* < oo}, (1.3)

iel
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The synthesis operator of A given by

TA : <Z EBWi)[Q —H {gz}zel ZA Gi-

el iel

The adjoint operator of T, which is called the analysis operator also obtain as follows

T (Yew),  Tif = {Afher

il

By composing T with its adjoint T}, we obtain the fusion frame operator

Sa:H—H Saf=TATif =Y AjA:f,

icl

which is a bounded, self-adjoint, positive and invertible - operator and CI;.L < SpA < DIy.

The canonical dual g-frame for {A;};er is defined by {A;}ier where A; = A;Sy!, which
is also a g-frame for H with g-frame bounds 1 and , respectively. Also we have

F=Y MNAf=) NANf Ve
el i€l
For more details about the theory and applications of frames we refer the readers to
[1, 2, 13, 14] and for fusion frames to [4, 11], about g-frames to [3, 15].

2. G-FRAMES WITH THE RESTRICTED ISOMETRY PROPERTY

In this section we generalize the restricted isometry property for g-frames, we will show
how to use tight g-frames which have the e-restricted isometry property to construct fusion
frames. We denote H  for a Hilbert space with dimension N and {e; };V:I an orthonormal
basis for Hp. Moreover, the Hilbert-Schmidt norm of operator T' € B(Hy, K) is defined

N
by || T|%s = Zj:l [ Te;|?.
Proposition 2.1. Let {A;}icr be a g-Bessel sequence for H with respect to {W;}icr.
Then
(i) If H is finite-dimensional, then {||A;||%g}icr is summable.
(it) If H is finite-dimensional and o = ||A;|| = ||Aj| for alli,j € I. Then {A;}icr
s a finite sequence.
(w5i) If H is finite-dimensional and A = {A;}ier is a g-frame for H with g-frame
bounds A and B. Then
e Al
A< =l E2 < B,
- dimH -
Proof. (i) Let B be the g-Bessel bound for {A;};cr and let {e; j»vzl be an orthonormal
basis for H. Then we have

N N
Do MAilks =30 e 2 =0 > llAes

iel i€l j=1 j=14€el

N
<BY el =
j=1
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(#4) Since ||A;]|rs > ||Ai|| = o hence from the part (i) follows that {A;};¢cr is finite.
(#i) Since Y,/ [N 136 = Z;y:1<SAej,eJ> and Aly < Sp < BIy thus we obtain

N N N
AdimH =AY e <> (Saejie;) <B Y lejl* = Bdim .
j=1 j=1

j=1

This yields

AdimH <) [[Ai]|}s < BdimH.
el

From this the claim follows immediately. L]

Theorem 2.2. Let A = {A;}M, be a g-frame for Hy with respect to {W;},. Then

(i) The optimal bounds of A are the smallest and biggest eigenvalues of g-frame
operator Sy .
(id) If {\;}, is a representation of eigenvalues of Sy. Then

N M M
2 2
DN =2 lillks and A= |,
j=1 i=1 i=1
where {eJ} . is the orthonormal basis consisting of eigenvectors of Sa.
Proof. To prove (i) see that since Sp is a self-adjoint operator on Hy, thus Hx has
an orthonormal basis include eigenvectors of Sy. Let {e; }§V21 be an orthogonal basis of

Hy include of eigenvectors of Sy. Let {); }jvzl be eigenvalues of {e; }é\'zl Then for any
f € Hn we have

N
ZHA FIP = (Safs £) = (D _(fre5)8ae;, f)

=1
N ’ N
:Z<faej><s/\€j’f Z >‘ i€js >
j=1 j=1
N
=D Nlifeen.

.
I
=

Since for any 1 <4 < N we have Apin < A; < Amax, thus

M
)‘min||f||2 < Z HAsz2 < )‘maX||fH2~

i=1
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To prove (ii) we have:

N N N
DA =D (Neje) =Y (Saejieg)
j=1 j=1 j=1
N M M N
= ZZ Aies 12 = [Aies))?
i=1i=1 i=1 j=1
M
= lAillFrs-
=1
Also we obtain
Z”A e]” (Saej,e5) = (Njej,e5) = A;. .

Corollary 2.3. Let {A\;}M | be a A-tight g-frame with unit Hilbert-Schmidt norm for Hy
with respect to {W;}M,, then A= 2L

Proof. This is a direct result from section (4i7) in Proposition 2.1. L]

Definition 2.4. Let A; € B(H,W;) for all i € I. Then

(1) {Ai}tier is called an orthonormal g-system for H with respect to {W,}cr, if
AlA;g] = 5ijgj for all i,j € I,gj S Wj.
(i3) If H = span{A;(W;)}icr, then we say that {A;};cr is g-complete.
(13i) We say that {A;}ier is a g-orthonormal basis for H with respect to {W; }ier,
if it is a g-orthonormal g-complete system for H with respect to {W;},c.
(iv) If {A;}ier is g-complete and there are positive constants A and B such that
for any finite subset J C I and g; € W},
. 12
AN gl < 1D Asgill” < BY  Hlgsll*
JjeJ jeJ jeJ
Then {A;}icr is called a g-Riesz basis for H with respect to {W,}icr. Moreover,
{A;}ier is called a e-g-Riesz basis for H if A = = and B = 1 + ¢ for some

1+5
e > 0. Also {A;}ier is a e-g-Riesz sequence if {A;};er is a e-g-Riesz basis for

span{Af(W;)}icr-
The next proposition is similar to a result of Bodmann, Cahill and Casazza [10] to the
situation of g-frames.

Proposition 2.5. Let {A;}ic; be a e-g-Riesz sequence for H with respect to {W;}icr
and let {Ij}f=1 be a partition of I. Then for every 1 < j < L and for any sequence

{gjr}rer, € (Zke[- EWk) 12

L
HEZHZAmH < S ol <0+ Y| S Aol

j=1 kel; j=1kel, j=1 kel;

Also,

9 L
1+€ Y ZH > Arginll” < HZ > Akgij <1+e)?> 1> Apgie||”.

j=1 kel; j=1kel, j=1 kel;
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Proof. For each 1 < j < L and any sequence {g; }rer, € (Zkelj @W;f)e2 we have

L
1+EZH ZAkgng = 1+ 1+5 Z lgsxll* = ZZ g7

Jj=1 kel kel; j=1kel;
L L
<2 1+9l X Aiégijz =1+ 311 3 Ao
j=1 kel; j=1 kel

This yields

1+5QZ||ZA ol < Zan]kn%HZZAkgij

j=1 kel; j=1kel; j=1kel;
L L
<@+)Y Y gl < @+ 23| S Argi® .
j=1kel; j=1 kel;

It is known that if {A;};¢1 is a g-Riesz basis for H with respect to {W; };c; with g-Riesz
constants A and B, then {A;};cr is a g-frame for H with respect to {W; };e; with same

bounds A and B. The next lemma is analogous to Lemma 3.3 in [16] to the situation of
g-frames.
Lemma 2.6. Let A = {A;};cr be a e-g-Riesz basis for H with respect to {W;}ier. Then
foralln e N
1 1
— I <Si<(1 "I d —Ix<S;"<(1 "Iy

Proof. Since {A;}icr is a 5—g—Riesz basis for H with respect to {W;}icr, so this family

is a g- frame for H with bounds 1+ ,1 + € respectivelt. Hence ﬁ < |Sall £ 1 +¢)

and 1+E < |ISyHl € (14 ¢). On the other hand for any f € H and n € N we have

ISSHIT™ IS < ISRAL < ISall™ | f]| which implies that [|S3*|| ™" T < S} < [|Sal™ I
Consequently
1
ﬁh—t NS e < SR < ISall™ Ta < (14 €)™ .

This shows that Iy < S} < (1+¢)"Iy and so Iy <Sy;"<(1+4+€¢"Iy. =

(1+5) (1+a)"

Proposition 2.7. Let {A;}icr be a e-g-Riesz sequence for H with respect to {W,;}ier.
Then for all partition {I1,I2} of I and f € span{A;(W;)}ier,, g € Span{A; (W) }icr, with
1A= llgll =1, [{f, 9)| < 2e+ ¢

Proof. For all finite subsets F; C I, F» C I and arbitrary vectors g; € W;(i € Fy | F2),
suppose that ¢ = EZEFI Afg; and ¢ = Zier Afg; with conditions ||p|| = ||¢]|| =
Then for any |A| = 1 we have

e D) +2 e+l

(@A) = B T 2
. 1
<! ;g) Yo el -1= %( > llgall®+ D2 H9i||2) -
iR, i€Fy i€ Fy
(1+¢)?

< (lell® + 1l?) = 1 = 22 + €.

2
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This yields

(o, )| = ‘rillaXQp,)\w < 2+ €2,

which implies that |(f, g)| < 2¢ + €2. L]

Definition 2.8. For every 1 < i < M, let A; € B(Hn,W;). Then we say that the
family {A;}}, has the restricted isometry property with constant 0 < & < 1 for sets of
size s < N, if for every I C {1,2,..., M} with |I| < s, the family {A;};cs is a e-g-Riesz
sequence for H with respect to {W;}ier.

The next theorem is a generalization of Theorem 4.2 in [16] to the g-frames situation.

Theorem 2.9. Let {A;}M, be a tight g-frame for Hy with respect to {W;}M, with
the restricted isometry property with constant 0 < € < 1 for sets of size s < N. Sup-
pose that {I} _, is an arbitrary partition of {1,2,..., M} with |I;| < s. Define V; =

span{A( l)}ZeI forall1 < j < L, then {V} ‘1 15 a fusion frame for Hy with fusion

M
frame bounds Zz(l1+\|€1;1\\[le’ (1+e) 21N1 1AillZrs g
SIS < e 71 < (49 Y A
zEIJ iclj

Proof. By the hypothesis {A;}ics, is a g-frame for V; with respect to {W;}scr, with g-
frame bounds ﬁla, 1 + € respectively, for all 1 < j < L. Let S; be g-frame operator of
{Ai}ic1,, which is a self-adjoint operator on Hy. Suppose that {e;};*, is an orthonormal
basis of eigenvectors for S; with eigenvalues {\;}~ ;, then \; = 0 for all |I;| < i < N and

e SA < A < < < 1+e. Since {ez}l Ll is an orthonormal basis for V;, hence
Ty, f ZII l(f, e;)e;, for any f € Hy. We also have
N N 1L
Sif = Sj(z<f, ei)e;) = Z<f, ei)Sje; = Z<f7 ei) i€,
i=1 i=1 i=1

which implies that (S; f, f) = Z'I i |(f,e:)|?. Thus we have

HEZII if|* = 1+E<ij,f>=z 1+5\<f, ei)l?

i€l i€l

<l 12 < Do X1+ oIS )
= (L +e)(Sif, f)=(1+2) > [A:f|I*.

iEIj
It follows that
L
Z Do lAfI? < Z lmv, £1? < (1+¢) Z Z 1A £
e Licl; j=1i€l;

Now by Proposition 2.1 we have

M L M
MA (14+e)> sy A7
M”ﬂp < Sl fIIP < =L S 712,

(1+e)N — N



710 Thai J. Math. Vol. 18 (2020) /M. S. Asgari and G. Kavian

Corollary 2.10. Under the assumptions of Theorem 2.9 if {1,2,--- | L} C{1,2,--- M}
and there exists a family {J;}}_, such that Zle |J;| <sand J; CI; foralll <j <L.
Then

L
e Z 1> aral? < || S5t < 0+ Mgl

i€J; Jj=1l1ieJ; =1 ieJ;

Proof. This follows from the Proposition 2.5. [

The following theorem will give another method for obtaining a fusion frame from an
unit norm tight frame for H without having the restricted isometry property. Another
form of this result can be found in [16] Theorem 4.2.

Theorem 2.11. Let {f;}}1, be an unit norm tight frame of vectors for Hy and let {I;}5_,
be a partition of {1,2,---, M}. Define W; = span{fi}ic1,, then the family {W;}i_, is a

; : : AM BM
fusion frame for Hy with fusion frame bounds =7 and =5
1 1
A= min min B = max max
1<5<L 1<k<dim W; )\]k 1<5<L 1<k<dim W; )\Jk

and {Aje}y "

Proof. Let S; be the frame operator associated to {f;}ics, and let {e;z}n_, be the or-
thonormal basis for Hy of eigenvectors of S; with eigenvalues {\;;}_,. Then \j; = 0

is the family of eigenvalues of frame operator associated to {f;}icr, -

for any dimW; < k < N and {ejk}zi:mle is a orthonormal basis for W;, which implies
that (S, f, f) = Zzl_mle Nkl (f, ex)]?. Now for any f € Hn we have

Z| £ ) min  — (S, f, f)

T 1<k<dim W; /\
i€l ik

dim Wj

-3

k=1

1<k<d1mW /\Jk

Ajk

maxi <k <dim W; Ajk

(s ese) P

dim W

ik
lrw, |7 < Y — [, eju)?

k:l ming <k <dim w; Ajk

= (S5 f. f)

1<k<d1mW )\jk

- 1<k<d1mW Ak Z' ol

zeI

IN

This yields

ZZ (. f3) |2<Z||7TW f||2<ZZ —(F, £
1<k<d1mW )\ 1<k<d1mW )\

j=1liel; j=liel;

Put A = minlSjSL IninlSdeimV[/j )\]7, B = maXj < < MaXj<k<dim W; m Then

AM .o & , BM .,
— 1 S;”Wijn < — I =
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The next corollary generalizes Theorem 2.11 to the g-frames situation which the proof
leave to interested readers.

Corollary 2.12. Let {A;}M, be a tzght g-frame for Hy with respect to {W;}M, and
let {I} _, be a partition of {1 2,--- ,M}. Define V; = span{Aj(W;)}ier,, then the

AT Aillrs
N

family {V} 1 1s a fusion frame for Hy with fusion frame bounds and

M
A;
Zi,lj\ll s where
. ) 1 1
A= min min —, B = max
1<<L1<k<dim W; Ajj 1<5<L 1<k<d1mW )\ch
dim W

and {\jr} =y * is the family of eigenvalues of g-frame operator associated to {A;}ier, .

3. EXCESS oF G-FRAMES

Our purpose of this section is to study the conditions which under removing some
element from a g-frame, again we obtain another g-frame. The next theorem gives a
erasure result of g-frames so that Theorem 4.3 obtained in [11] is a special case of it.

Theorem 3.1. Let A = {A;}icr be a g-frame for H with respect to {W;}icr with g-
frame bounds C and D and let J C I. Then {A;}icr—s is a g-frame for H with respect to

{Wi}icr— s with bounds %2H(IH —>ies SXlAin)_lu_Q and D if and only if the operator
Iy = ey Sy AR A; is bounded and invertible on H.

Proof. Since A = {A;}ier is a g-frame for H with respect to {W;};er, for any f € H we
have

F=Y SyNAS =) SYATAS+ D STIATAS

i€l i€J i€el—J

Therefore, Iy, — 3,0, Sy AN = ;- 7 Sy 'ArA;. Moreover we have

(=S sx asaafll = || 3 satas (> STAIALL)
ied iel—J ”9” L oger—ug

= sup ’ Z (Aif, NiSy g>’
llgll=1 icl—J

< sup > [IAfIIASy gl
llgll=1 icel—J

< sup (0 AP E(C DD IMSl?)®
||9”— iel—J iel—J

< sup VDISigll( S AfI?)?
lgll=1 icl—J

<25 jasp)!

iel—J
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Also, if Iy, — Y SXlAfAi is invertible on #, then

i€J
= swmen) i < & - Sosyainn |
i€ ieJ

< 30 AP <Y IR < DI

iel—J iel

From this the conclusion follows. To Prove the opposite direction, we first show that
the operator I3y — ), SXlA;“A,; is injective. Let (Iy — >, SXlAz‘Ai)f = 0. Then
Sier—g St AfAf =0 hence 3, ;. AfA;f = 0. It follows that

CIFIP < D0 AP = D (NfMf)y = D AN, f)y=0,

iel—J iel—J iel—J

which implies that f = 0. Moreover, if

(T =Y ATASIN F = (T =) Sy AT A) f =0,

icJ ieJ

then > .., ; A;‘Anglf = 0 and therefore Sle = 0, it follows that f = 0. This finishes
the proof. m

Corollary 3.2. Let {A;};er be a g-frame for H with respect to {W;}icr and let J C I. If
there exists 0 # fo € H such that ), ; leA;‘Aifo = fo, then {A;}ici—y is not a g-frame
for H.

Proof. Assume that there exists 0 # fo € H such that ) ._; SXlAfAifo = fo. Then
Sier—g S AfAifo =0, hence 3, AfA; fo = 0. It follows that

dTlAifollP = D0 (Aifo,Aifo) = (Y SyTAAfo, fo) =0
iel—J iel—J iel—J
Therefore {A;};c7— s is not a g-frame. n
Corollary 3.3. Let {A;}icr be a A-tight g-frame for H with respect to {W;}ic; and let

J C 1. If there exists 0 # fo € H such that ), ; AjAi fo = Afo, then {A;}icr— g is not a
g-frame for H.
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