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1. INTRODUCTION

The Banach contraction principle [1], which is a useful tool in the study of many
branches of mathematics and mathematical sciences, is one of the earlier and fundamental
result in fixed point theory. Because of its importance in nonlinear analysis, a number
of mathematicians have improved, generalized and extended this basic result either by
defining a new contractive mappings in the context of a complete metric space or by
investigating the existing contractive mappings in various abstract spaces; see, e.g., [2—8]
and references therein. When a mapping from a metric space into itself has no fixed
points, it could be interesting to study the existence and uniqueness of some points that
minimize the distance between the origin and its corresponding image. These points are
known as best proximity points and were introduced by [9] and modified by Sadiq Basha
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in [10]. Best proximity point theorems for several types of non-self mappings have been
derived in [10-18].

Recently, Geraghty [3] obtained a generalization of the Banach contraction principle in
the setting of complete metric spaces by considering an auxiliary function. Later, Amini-
Harandi and Emami [19] characterized the result of Geraghty in the context of a partially
ordered complete metric space. This result is of particular interest since many real world
problems can be identified in a partially ordered complete metric space. Cabellero et al.
[20] discussed the existence of a best proximity point of Geraghty contraction. After the
introduction of new notion about Generalized Geraghty-Suzuki contraction the existence
and uniqueness of best proximity point has also been proved by using different conditions,
see references [1]-[31]. In this paper, we obtained the best proximity point theorems and
fixed point theorems for generalized Geraghty-Suzuki contractions in the setting of a
complete metric space by replacing the P-property of [25] with another suitable property
which is weaker than P-property. Also, motivated by [32] results, we generalized some
results and contractions. We present example to prove the validity of our main result.
Our results extended and unify many existing results in the literature.

2. PRELIMINARIES

In this section, we collect some notions and notations which will be used throughout
the rest of this work.

Definition 2.1 ([23]). Let X be a metric space, A and B two nonempty subsets of X.
Define

d(A,B) = inf{d(a,b):a€ A,be B},

Ay = {a € A:there exists some b € B such that d(a,b) = d(4, B)},
By = {be€ B :there exists some a € A such that d(a,b) = d(4, B)}.
In [26], the authors present sufficient conditions which determine when the sets Ay and

By are nonempty. We denote by F the class of all functions g : [0,00) — [0, 1) satisfying
B(t,) — 1, implies t,, — 0 as n — oo.

Definition 2.2 ([3]). Let (X,d) be a metric space. A map f: X — X is called Geraghty
contraction if there exists 8 € F such that for all x,y € X,

d(fz, fy) < Bld(x, y))d(x, y).

Theorem 2.3 ([3]). Let (X,d) be a complete metric space. Mapping f : X — X is
Geraghty contraction. Then f has a fixed point x € X, and {f™x1} converges to x.

Cho et al. [27] generalized the concept of Geraghty contraction to a-Geraghty contrac-
tion and prove the fixed point theorem for such contraction.

Definition 2.4 ([27]). Let (X,d) be a metric space and o : X x X — R a function. A
map f: X — X is called a-Geraghty contraction if there exists g € F such that for all
z,y € X,

oz, y)d(fz, fy) < Bld(z,y))d(z,y).



Optimal Approximate Solution for S-Weakly Contraction ... 687

Definition 2.5 ([20]). Let (A,B) be a pair of nonempty subsets of a metric space (X,d)
with Ag # (0. Then the pair (A,B) is said to have the P-property if and only if for any
T1, T2, T3, 74 € Ao,

d(x1, fz3) d(A, B) B
d(zo, frs) =d(A,B) } = d(x1,22) = d(fx3, fr4).

Definition 2.6 ([21]). Let (A,
with Ay # (. Then the pair (A,
z1,22 € A and y1,y2 € By
d(z1,y1) =d(A,B)
d(fL’Q,yQ) _ d(A,B) = d(-rhx?) S d(yhyQ)'

Also [20] showed that any pair of nonempty closed convex subset of real Hilbert space
satisfies the P-property. Also one can see that the pair (A, A) has also P-property.

o3

) be a part of nonempty subsets of a metric space (X,d)
) is said to have weak P-property if and only if for any

o8

Theorem 2.7 ([20]). Let A, B be two nonempty closed subsets of a complete metric space
(X,d) such that Ag is nonempty, and o : Ax A — R a function. Define a map f: A — B
satisfying the following conditions:

(1) f is continuous Geraghty contraction with f(Ag) C By;

(2) the pair (A, B) has the weak P-property.
Then there exists a unique =* in A such that d(z*, fz*) = d(A, B).

Definition 2.8 ([25]). Let (X,d) be a metric space. A mapping f : A — B is called
generalized Geraghty-Suzuki contraction (GS-contraction) if there exists 8 € F such that
for all z,y € A,

%d*(ﬂ«“, fz) <d(z,y) = d(fz, fy) < B(M(z,y))[M(z,y) — d(A, B)], (2.1)
where A, B C X, d*(x,y)=d(z,y)—d(A, B) and M (z,y)=max{d(x,y),d(z, fz),d(y, fy)}.

Definition 2.9 ([17]). Given a non-self mapping f : A — B, then an element z* is called
best proximity point of the mappings if this condition satisfied:

d(z*, fa*) = d(A, B),
where BPP(f) denotes the set of best proximity points of f.

Definition 2.10. Let (X,d) be a metric space. Then a function p : X x X — [0, 00) is
called w-distance on X if the following are satisfied:
(1) p(z,2) <p(z,y) +ply, 2), for any z,y,z € X;
(2) for any x € X, p(z,.) : X — [0,00) is lower semi continuous;
(3) for any € > 0, there exists § > 0 such that p(z,z) < ¢ and p(z,y) < ¢
d(z,y) <e.

Definition 2.11 ([32]). Let (X,d) be a metric space. A set valued mapping 7 : X — X
is called weakly contractive if there exists a w-distance p on X and r € [0,1) such that
for any x1,z0 € X and y; € Ty there is yo € Txo with p(y1,y2) < rp(z1, z2).

In this paper, motivated by [21, 25, 32] and Suzuki [30] in which he proved fixed point
theorem that is generalization of the Banach contraction principle and characterized the
metric completeness, by using such type of Suzuki mapping, we ensures the existence and
uniqueness of the best proximity points and fixed points.
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3. BEST PROXIMITY POINT THEOREMS FOR S-WEAKLY CONTRACTION

In this part of research paper we introduced some new notions and contractions by
using [32] results. Further more, find out best proximity point for such contractions.

Definition 3.1. Let (X,d) be a metric space. Then a function p : X x X — [0,00) is
called wg-distance on X if the following are satisfied:
(1) p(z,2) < p(z,y) +p(y, 2), for any z,y,z € X;
(2) p(z,y) >0, for any z,y € X;
(3) if {z,} and {ym} be any sequences in X such that z,, — z, y, — y as n — oo,
then p(z,, yn) = p(x,y) as  — oo;
(4) for any € > 0, there exists ¢ > 0 such that p(z,z) < 6 and p(z,y) < ¢
d(z,y) <e.

Example 3.2. Let X = R endowed with Euclidean metric d = |.| and s a positive
constant. Define p: X x X — R by p(z,y) = y°, for all z,y € X.

Proof. To prove triangular inequality, let us take z,y, 2 € X. then p(x, z) = 2° < y*+2° =
p(z,y) +p(y, 2). So, 1st axiom of Definition 3.1 holds and 2nd, 3rd are proved easily. For
4th axiom of Definition 3.1. Let us take € > 0 and put 6 = €°. Suppose that p(z,y) < ¢
and p(z,y) < 6. It follows that d(z,y) = |& — y| < max{z,y} < {0%,6*} = ]

Definition 3.3. Let X be a metric space, A and B two nonempty subsets of X. Define

p(A,B) = inf{p(a,b):a € A,bec B},
App = {a € A:there exists some b € B such that p(a,b) = p(4, B)},
By, = {be€ B :there exists some a € A such that p(a,b) = p(4, B)}.

Example 3.4. Let X = N and A, B C X where

A= {(17 0)7 (4’ 5)) (574)}7
B = {(270)7 (Oa4>’ (47 0)}
Then, p(A, B) =1 with Ay, = {(1,0)} and By, = {(2,0)}.

Definition 3.5. Let (X, d) be a metric space, A,B C X and Ay, # ¢. A set valued
mapping T : A — B with T(Aq ) C By, is called S-weakly contractive or P,-contractive
if there exists a ws-distance p on A and r € [0,1) such that for any z;,22 € A and
y1 € Tzq in B there is yo € Tao in B with p(y1,y2) < rp(x1, z2).

Definition 3.6. Let (A, B) be a part of nonempty subsets of a metric space (X,d)
with Ag, # 0. Then the pair (A, B) is said to have P,-property if and only if for any
x1,%2 € Aop and y1,y2 € By p

g) } = p(z1,72) = p(y1,y2)-

Definition 3.7. Given a non-self mapping f : A — B, then an element z* is called p-best
prozimity point of the mappings if this condition satisfied:

p(aj*,fx*) = p(AvB)v
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Now, we are defining next example to show the existence of p-best proximity point
with the help of P,-property.

Example 3.8. Let X = {0,1, %, %,} Assume that A, B C X where A = {0, %, é,}
Then, p(A, B) = 0 and Ao, = {0} and By, = {0}. Define T': A — B as Tz = {7, for
allzand d,p: X x X — X by d,p(x,y) =0 for x = y and d, p(z,y) = max{z,y} if v # y.
Here p(A, B) = 0 and p(z,Tz) = 0 = p(A, B). So, p(0,7T0) = p(A4, B) = 0, thus it has a

unique p-best proximity point and that is 0, also P,-property satisfies.

Theorem 3.9. Let (X,d) be a complete metric space, A and B nonempty closed subsets
of X and T : A — B a continuous set valued S-weakly contractive or pp,-contractive
mapping with (A, B) satisfying the P,-property where p is the ws-distance. Then T has
unique p-best proximity point.

Proof. Since T is S-weakly-contractive mapping, so Ay , is nonempty and T'(Ap ) C By p,
we take xg € A p, there exists 21 € Ag such that

p(z1,Txo) = p(A, B). (3.1)
Again, since T'(Ap ) C By p, there exists zo € Ay, such that
p(x2, Tx1) = p(A, B). (3.2)

Repeating this process, we get a sequence {z, } in Ay , satisfying
p(xn+1; T'Tn) = p(A7 B)7
for any n € N.
Since (A, B) has P,-property, we have that
p(xna anrl) S p(Txnfla Txn)a
for any n € N.
Note that T is S-weakly-contractive mapping and (A, B) has P,-property. So for any
n € N, we have that
p(xna-rnJrl) = p<T33n—1,T$n)
Tp(l'n,17 xn)

p(xn—la xn)v

A A

where 0 < r < 1. This means

P(Tn, Tng1) < P(Tp_1,Tn)-

So, {p(@n, xni1)} is strictly decreasing sequence of nonnegative real numbers.
Suppose that there exists ng € N such that p(zy,, Zny+1) = 0. In this case,

0 =p(@ngs Tng+1) = P(TTng—1,TTn,),
and consequently
Txng—1=TTy,.
Therefore,
p(A, B) = p(x’ﬂov Tx’ﬂo—l) = p(xnm Txno)'
Note that x,, € Ao, Txn,—1 € By, and x,,, = Txp,—1 for any ng € N. So, A(\B is
nonempty. Then p(A, B) = 0. Thus in this case, there exists unique p-best proximity
point, i.e., there exists unique x* in A such that p(z*, Tx*) = p(A, B).
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In the contrary case, suppose that p(T2y,, T®n,—1) > 0. This implies that p(zn, Xny1) >
0, for any n € N. Since {p(xy, Tn41)} is strictly decreasing sequence of nonnegative real
numbers, there exists k > 0 such that

nlLIr;op(xn,xn+1) =k.

We have to show that k=0. Let k # 0 and k£ > 0. From
p(z,y) = lim p(n, Tpi1)
n—oo
and
p(z,y) < liminf p(z, p41) <0,
n— o0

we have

lim p(z,,Znt1) =0,
n—o0

for any n € N. This yields that

nl;rrgop(xn_l,xn) =0.

Hence k& = 0 and this contradicts our assumption that & > 0. Therefore,

lim p(wnvxn+1) =0.
n—oo

Since p(zpt1,Txy) = p(A, B), for any n € N and for fixed p, ¢ € N, we have
p(xp, Txp_1) = p(xq, Txq—1) = p(A, B).
Since (A, B) satisfies weak P,-property, so
p(zp,2q) < p(Txp—1,Txg-1).

Now we have to show that {z,} is a Cauchy sequence.

On contrary, we suppose that {z,} is not a Cauchy sequence. Then there exists ¢ > 0
such that for all k£ > 0, there exists m(k) > n(k) > k with (the smallest number satisfying
the condition below)

P(Tom(k), T(ky) = € and p(Tp k)1, Tn(k)) < €.

Then, we have

€ < P(@m(k)s Tn(k))
< P(Tm(k)s Tm(k)—1) + P(Tm(k)—1> Tn(k))
< Pk Tm(k)—1) T €
This implies that
€ < P(Tm(k)s Tn(k)) < P(Tm(k)s Tm(k)—1) + € (3.3)

Let k — oo in the above inequality, we have
klilgop(xm(k),xn(k)) =e (3.4)
Now by using Triangular inequality, we have

DTk, Tn(k)) < P(@mk)s Tmk)—1) + P(@mk)—1> Tn(k)—1) + P(Tpk)—1,7%)-
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Take limit on both sides, we get
1' — n — > 1 m ybn - 1 m ym —
kir&p(wm(k) L Tn(k)—1) = kggop(x (k) Tn(k)) kgrolop(x (k) T (k)—1)

- k:li{r;o p(xn(k)—lv xn(k))

We obtain
kliﬂgop(ﬂfm(k)—h Tp(k)—1) = €
We have
P(Tm(k)s Tnk)) = P(TTmgy—1,TTnk)—1)
< rp(Tp(k)—1> Tm(k)—1)-
Thus,

nILIr;op(wn(k)*l’xm(k)*l) =0.

Hence € = 0, which contradicts our supposition that € > 0. So we conclude that {z,} is a

Cauchy sequence in A. Since {z,,} C A and A is closed subset of a complete metric space
(X,d). There is * € A such that z,, — x* as n — oco. Since T' is continuous, we have

Tx, — Tx*.

So, p(xnt1,Txy) — p(a*, Tx*). Taking into account that {p(x,1,Tx,)} is a constant
sequence with a value p(A, B), we deduce

p(z*, Tx") = p(A, B),

i.e., z* is best proximity point of T'.

For uniqueness of p-best proximity point.

Since p is a w-distance, also T is P,-contractive, then p(Tz,Ty) < rp(z,y), for every
z,y € A of X. We suppose that given mapping T has two distinct p-best proximity
points xg,z1 € A, that is p(zo, Tzo) = p(z1,Tx1) = p(A, B), Since T has P,-property,
then

p(xo,21) = p(Two,Tay)

Tp(l'o,lj),

IN

which shows
p(x0,y0) < 7p(x0,Y0)-

It contradicts towards our assumption and so we get xg = yo.
Therefore, T has unique p-best proximity point. [

4. SOME RESULTS ABOUT GENERALIZED a-GERAGHTY SUZUKI
CONTRACTION
In this section, we show the existence and uniqueness of best proximity point in our

main result for generalized a-Geraghty-Suzuki contraction by using weak P-property in
the field of a complete metric space.
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Definition 4.1. Let (X, d) be a metric space. A mapping f : A — B is called generalized
a-Geraghty Suzuki contraction (o — GS-contraction) if there exists 8 € F and a function
a:Ax A— R such that a(z,y) > 1, for all z,y € A,

1
where A, B C X, d*(z,y)=d(z,y)—d(A, B) and M (z, y) =max{d(z,y), d(z, fz),d(y, fy)}.
Now, we are in a position to prove our main result.

Theorem 4.2. Let (A, B) be the pair of nonempty closed subsets of a complete metric
space (X, d) such that Ay is nonempty. Define a mapping f : A — B satisfying the
following conditions:

(1) f is generalized a-Geraghty Suzuki contraction with f(Ag) C Bo;

(2) for each x,y € Ay satisfying d(z, f(y)) = d(A, B) implies a(z,y) > 1;

(3) the pair (A, B) has the weak P-property.
Then there exists * in A such that d(x*, fo*) = d(A, B).

Proof. Since Ay is nonempty, we take zg € Ag. Since f(Ap) C By, there exists z1 € Ay
such that

d(z1, fxg) = d(A, B) with a(zg,z1) > 1. (4.2)
Again, since f(Ag) C By, there exists xo € Ap such that

d(xg, fz1) = d(A, B) implies a(x1,z2) > 1. (4.3)
Repeating this process, we get a sequence {z,} in Ag satisfying

d(xps1, frn) = d(A, B) for any n € NU {0}, (4.4)

with a2y, Tp41) > 1, for any n € N.
Since (A, B) has the weak P-property, we have that

d(xp, Tpt1) < d(fan_1, fzy,), for any n € N. (4.5)
Now by (4.4), we get
d(xpn—1, frn_1) < d(Xp_1,2n) + d(xpn, frn—1) = d(Tpn_1,2,) + d(A, B). (4.6)
Now from (4.4) and (4.6), we obtain
d(xp, frn) < d@p,Tpy1) + d(@pir, fon)
= d(4,B)+d(zn, Tni1)-
Therefore, we have
M(2p—1,2,) = max{d(xn_1,%n), d(Tn-1, fTn_1),d(Tn, f2n)}
< max{d(z,—_1, %), d(xn, Tnt1)} + d(4, B). (4.7)

Clearly, if there exists ng € N such that d(zn,,Zn,+1) = 0, then we have nothing to
prove. The conclusion is immediate. So

0= d(xno’mno-‘rl) < d(fxno—la fx’ﬂo)a

this implies 0 = d(f2ny—1, fTn,) and consequently, fz,,_1 = fz,,. Thus, we conclude
that
d(Av B) = d(xnoa f'rno—l) = d(xnoa f-rno)-
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For the rest of proof, we suppose that 0 < d(fx,,—1, fx,). It shows that d(z,,2,4+1) > 0,
for any n € NU {0}. Now from (4.1), we deduce that

1
§d* (xn—la fl'n—l) S d* (xn—la fxn—l) S d(’l,‘n, wn—l)

and by (4.5), we get
A, En1) < d(F2n_1, fn)
< aen, Tn—1)d(fTn—1, fzn)
< B(M(2r—1, 7)) [M (2n-1,2n) — d(A, B)]
< M(xp—1,2z,) — d(A, B). (4.8)
By (4.7) and (4.8), we obtain
A(Xp, Tpt1) < M(zp—1,2n) — d(A4, B) < max{d(xn_1, %), d(Tn, Tnt1)}
Now, if max{d(z,—1, %), d(zn, Tpnt1)} = d(pn, Tpni1), then
d(ZTpy Tpt1) < d(Tp, Tnt1),
which is a contradiction. Thus
M(xp—1,2) < max{d(xp_1,z),d(Tn, Tnt1)} + d(A, B) = d(zp—1,2,) + d(A, B).

Therefore, we get

(@, Tnt1) < d(fon—1, f2,)
< a(zn, rn_1)d(frn_1, fr,)
< BM(zp—1,2n))d(Tp—1,2n)
< d(Xn—1,%n), (4.9)

for all n € N. Counsequently, {d(z,,z,+1)} is a decreasing sequence and bounded below
and so

nh_{rgo d(xp, Tpy1) = L.

Suppose L > 0. From (4.9), we have
d(Tn+1, Tny2)
d(xnv l'n+1)

for any n > 0, which implies that
lim B(M (2, #ns1)) = 1.

n—oo

On the other hand, since 8 € F, we get

< B(M(2n, 2ni1)) <1,

lim M(zn,Znt1) =0.

n—oo

That is,
L= lim d(zn,zn41) =0.
n—oo

Since d(xy, frn,—1) = d(A, B) holds, for all n € N, and the pair (A, B) satisfies the weak
P-property, then for all m,n € N, we can write d(z,, ) < d(fTm—1, fTn-1)-
Using the fact that

d(xy, fry) < d(2y, 2141) + d(@041, f21) = d(2g, 7141) + d(A, B),
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for all [ € N, we deduce easily
M(Zm,xn) < max{d(Tm,Zn),d(Tm, fTm),d(Tn, f2,)}
< max{d(zm, 2n), d(@Tm, Tmi1), d(Tn, Tny1)} + d(A, B).
Since, lim, o0 d(Zp, Tnr1) = 0, then we have
lim M(zp,z,) < lim d(@m,,x,) + d(A, B). (4.10)

m,n—00 m,n—o00
We shall show that {z,} is a Cauchy sequence. If not, then we get
lim d(zm,z,) > 0.

m,n— oo

Thus, without loss of generality, we can assume that
e= lim d(zm,z,) > 0. (4.11)

m,n—o0
By using the triangular inequality, we have
A Xp, ) < d(Xp, Tpi1) + d(@np1, Tmi1) + A Xmg1, Tm). (4.12)
Now, since lim,, o d(zy, Zp+1) = 0, then
d(A,B) < lim d(xm, fom)

m—0o0

< m}i_f)Iloo[d(-Tm, $m+1) + d(xm+17 fxm)

=  lim [d(@m,Zm+1) + d(A, B)] = d(A, B),
m—o0

which implies lim,;, o0 d(Zp, f2m) = d(A, B), that is
N .1
mlgnoo id (@, fom) = ”}gnoo g[d(xm, fam) —d(A, B)] = 0.
On the other hand, from (4.1), it follows that there exists N € N such that, for all

m,n > N,we have
1

Now from (4.1) and (4.8), we have
A Xp, ) < d(Xp, Tpi1) + d(f2n, fm) + d(@mi1, Tm) (4.13)
< d(pn, Tna1) + A(Tn, ) d(f2n, fom) + d(@mr1, Tm)
< d(zn, Tnt1) + BM(zp, 2m))[M(2h, Tm) — d(A, B)] + d(@m41, Tm)-
Then by taking limits as n — oo and from lim,, o, d(zy, T,t1) = 0, we have
lim d(zp,z,) < lim B(M(zp,xm)) lim [M(z,,z,)—d(A, B)]

m,n— oo m,n—0o0 m,n— oo
< lim B(M(zp,Zm)) Um  d(zm,zn).
m,n— oo m,n— oo

So, we get
1< lim B(M(zn,xm)),

m,n—00
that is, limy, p—oo B(M(2n, Tm)) = 1. Therefore, lim,, 00 M(zp,zm) = 0 and conse-
quently,

lim d(zn,,zm) =0,
m,n— oo

which is a contradiction. Thus {z,} is a Cauchy sequence. Since {z,} C A and A is
closed subset of complete metric space (X, d), we can find z* € A such that z,, — z*, as
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n — o0o.

We shall now show that d(z*, fz*) = d(A, B). Suppose on the contrary that d(z*, fz*) >
d(A, B). At first, we have
d(z*, fz*) d(z*, fo,) +d(fz,, fz*)

d(x*, zn—&-l) + d(zn—&-la fxn) + d(fﬂ?n, fl’*)

d(x*, ny1) + d(A, B) + d(fn, fz7),

<
<

and taking limit n — oo, we get
d(z*, fa*) —d(A,B) < nlggo d(fxn, fx*). (4.14)
Also, we have
d(xn, frn) < d@p,Tpi1) + A @i, fon)
= d(xp,Tnt1) +d(A, B).
Taking limit as n — oo in the above inequality, we obtain
T d(z, fra) < d(4,B),

that is,
nhﬁn;o d(xp, fxn) = d(A, B).
Then, we get
nl;rr;o M(zy,,z*) = max{nliHH;O d(xn,x*),nliggo d(xn,,fzn),nlLrI;O d(z*, fa*)}
= d(z*, fz*)
and hence
M(xyp,x*) —d(A, B) =d(z*, fx*) — d(A, B). (4.15)
Next, we have
d*(zy, f2n) = d(zn, fx,) — d(A, B)
< d(@n, Tnt1) + d(@py1, frn) — d(A, B)
=d(Tn, Tni1) (4.16)
and

A" (ng1, fTni1) = A(@ng1, fTny1) — d(A, B)

(
S d(mn+25 fanrl) + d(anrla xn+2) - d(Aa B)
= d(xn—&-la xn+2)
< d(zp,Tnt1), (4.17)
and so by adding (4.16) and (4.17), we get
1
i[d* (xna fxn) + d* (-Tn-i-la fxn-i-l)] S d(‘rnv xn-l—l)- (418)

Now we suppose that following inequalities hold,
1
§d*($n7f$n) > d(xy, ")

and

1
id*($n+17 frng1) > d(@ny1,27),
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for some n € NU{0}. Hence, we can write
d(@n, Tnt1) < d(@g,2") + d(@pg1,27)

1
§[d*(xn, fon) +d* (Tng1, frnt1)
d(l’n, $n+1)

which is a contradiction. Then for any n € N U {0}, either

id*(xrw fxn) > d(xn,x*)

IN A

or
1
§d*(l’n+1, frny1) > d(@py1,27)
holds. Therefore, we deduce that
d(z*, fz*) —d(A,B) < lim d(fxz,, fz*)

n—oo

< nh_}ngo oz, 2")d(fan, fx*)
< lim B(M(@s,a*)) lim [M(z,2) — d(A, B)
= hm B(M (zy, ")) [d(z*, fz*) — d(A, B)]. (4.19)
Then, we get
1< lim A(M(z,a),
that is,

which implies
lim M(zy,,z") =d(z,, fx*) =0

n—oo
and so d(z*, fz*) = 0 > d(4, B), a contradiction. Therefore, d(z*, fz*) < d(A, B), that
is, d(z*, fx*) = d(A,B). This means that z* is a best proximity point of f and so
existence of a best proximity point has been proved.
We shall show the uniqueness of the best proximity point of f. Suppose that z* and y*
are two distinct best proximity points of f, that is, 2* # y*. This implies that

d(z", fz*) = d(A, B) = d(y". fy).
Using the weak P-property, we have
d(z®,y") < d(fz", fy")
and so
M(z",y") = max{d(z",y"),d(z", fz*),d(y", fy")}
max{d(z*,y"),d(4, B)}.

Also, we have 3d*(z*, fa*) =
Since M (z*,y*) —d(A,B) <d
d(z",y")

[d(z*, fz*) = d(A, B)] = 0 < d(z", y")).

*

x*,y*), we have

a(fz*, fy*)

a(z®, y")d(f", fy")

5(M( y )M (=", y") — d(A, B)]
d(x” )

N |~

VAN VAN VAN VAN
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which is a contradiction. Thus there exist best proximity point, that is, 2* = y*. This
completes the proof. n

To show the independence of our main result, we give the following example:

Example 4.3. Consider X = R2, with the usual metric d. Define the sets A =
{(1,1),(0,2),(2,0)} and B = {(0,1),(1,0)}, so that d(4, B) = 1. Let Ay = {(2,0),(0,2)}
and By = {(1,0),(0,1)}. Then the pair (A, B) has the weak P-property.

Let o : R? x R? — [0, 00) defined as:

1 ifoSzl’x27ylay2§17

a((x1,y1), (T2,y2)) = {

0 elsewhere.

Also define f: A — B by:

—1) ifa <
f(z1,22) = (z1,2 = 1) 1 =T
($1 — 17:172) if 1 > wo.

Notice that f(A4p) C By. Now, consider the function 5 : [0,00) — [0, 1) given by
t—1
Blt) = ——=0<t<1,

otherwise 0. Note that 8 € F. Assume that %d*(w,f&:) < d(z,y), for some x,y € A.
Then,

x=1(2,0),y =(0,2)
or

Y= (2,0),1’ = (0a2)'

Since d(fy, fx) = d(fz, fy) and M(x,y) = M(y,x), for all z,y € A, hence without loss
of generality, we can assume that (x,y) = ((0,2),(2,0)).
Now, we distinguish as follows:

a((0,2),(2,0))d(f(0,2), f(2,0))

IAN
U
—~
—
<o
. =
A~ —
~ =
—
| —
= (=)
~— ~
S—
I
[\

IB(M((O7 2)7 (2’ 0)))[M((0’ 2)’ (270)) - 1]'

Consequently, we have

S0 (2, 12) < d(e,y) = ale,y)d(f, fy) < BOM(, ) [M(z,y) — d(A, B)

and hence all conditions of Theorem 4.2 hold and f has the best proximity point. Here,
x = (2,0) and (0,2) are best proximity points of f.

Now for uniqueness, next theorem established as follows:

Theorem 4.4. Under the same hypothesis of Theorem 4.2, suppose that f is a-reqular.
Then for all best prozimity points x and y of f in Ay, we get that x = y; In particular, f
has unique best proximity point.
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Proof. Following Theorem 4.2, we obtain lim, oo M (Zy, Tm) < iy, oo (@, Tm) +
d(A, B). Let x,y € Ap be two best proximity

d(z,y) < d(fz, fy).
We consider two cases:
Case-I: If a(x,y) > 1,
d(z, fz) = d(A, B) = d(y, fy).
By using weak P-property, we have

d(z,y) < d(fx, fy).

Using the fact that f is generalized a-Geraghty Suzuki contraction, we have

d(z,y) <d(fz, fy) < a(z,y)d(fz, fy)
< Bld(z,y))Mld(z,y) — d(A, B)]
< d(z,y).

Thus, d(z,y) < d(x,y), which is contradiction. So z = y.
Case-II: If a(z,y) < 1, then by the a-regularity of f, there exists zp € Ag such that
a(x,z9) > 1 and a(y,2) > 1. Based on z, we define a sequence {z,} and suppose that
zn, converges to x and y, which proves the uniqueness. First, we shall prove that {z,}
converges to x.

Indeed, fzg € fAo C By implies that z; € Ag such that d(z1, fz0) = d(A, B). Follow
the similar arguments, there exists a sequence {z,} C Ay such that d(z,+1, fzn) =
d(A, B), for all n > 0. In particular, z,+1 € Ag and fz, € By. We claim that

oz, z,) > 1, (4.20)

forall n > 0. If n =0, a(x,z9) > 1 by the choice of zy. Suppose that a(z,z,) > 1, for
some n > 0. As triangular a-admissibility of f, so we have for x, z,,, zp41 € Ao, a(z,2,) >
1, a(2zn, 2n41) = 1 implies a(z, z,4+1) > 1. Hence (4.20) holds for all n > 0. We have
by weak P-property, x,zn, 2n+1 € Ao, d(x, fx) = d(A, B),d(2n+1, fzn) = d(A, B) imply
that d(x, zn41) < d(fx, fz,). From Theorem 4.2, we have M (xy,zn—1) < d(@p_1,Tp) +
d(A, B). So for all n > 0, we have

d(x,zn+1) < d(fz, fzn)
< a(w,z)d(fz, fzn)
< Bld(w,z,))M[d(z, 2n) — d(A, B)]
< Bld(z, zp))d(x, zp)
< d(z,zn),

which shows that {d(x, z,+1)} is a decreasing sequence of nonnegative real numbers, and
there exists r > 0 such that lim,,_,~ d(z, z,41) = r. Assume r > 0, then we have

d(l'v Zn+1)

0< d(x, zn)

< Bd(z, zn)) < 1,

for any n € N.

The last inequality implies that lim,,—, o 8(d(z,2,)) = 1. Since g € F, so r = 0 and this
contradicts our assumption.

Therefore lim,, oo d(, z,41) = 0, that is z,11 — = as n — oco.

Repeat this argument,we have that z, — z, as n — oo, which proves that {z,} is a
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sequence converging to x. Similarly z, converges to y. By uniqueness of limit we have
T =1y. n

If we take a(z,y) = 1, in Theorem 4.2, then we obtain the following corollary:

Corollary 4.5. Let (A, B) be the pair of nonempty closed subsets of a complete metric
space (X, d) such that Ay is nonempty. Define a mapping f : A — B satisfying the
following conditions:

(1) f is generalized Geraghty-Suzuki contraction with f(Ag) C Bo;

(2) the pair (A, B) has the weak P-property.

Then there unique exists x* in A such that d(z*, fz*) = d(A, B).

Example 4.6. Consider X = RZ2, with the usual metric d. Define the sets A =
{(1,0),(4,5),(5,4)} and B = {(2,0),(0,4), (4,0)}, so that d(A, B) =1, Let Ag = {(1,0)}
and By = {(2,0)} and the pair (A, B) has the weak P-property. Also define f : A —» B
as:

($170) lf X S ZIo,

(0,z5) if &1 > xo.

f(l‘l,l‘g):{

Notice that f(Ag) C By.
Now, consider the function S : [0,00) — [0, 1) given by

0 if t =0,
80 O i <t <1,
= t) .
& if1 <t <10,
a0 ¢ > 10,

1

=

and note that § € F. Assume that %d*(m, fx) < d(z,y), for some z,y € A. Then,
z=(1,0),y = (4,5)

or
x=(1,0),y = (5,4)
or
y=1(1,0),z = (4,5)
or

y=(1,0),z = (5,4).

Since d(fy, fx) = d(fz, fy) and M(z,y) = M(y,z), for all 2,y € A, hence without loss
of generality, we can assume that (z,y) = ((1,0),(4,5)) or (z,y) = ((1,0), (5,4)).

Now, we distinguish the following cases:

if (z,y) = ((1,0), (4,5)), then

d(f(1,0), f(4,5))

d((2,0),(4,0)) =2

8
—.(8 -1
1+8( )

B(M((1,0),(4,5)))[M((1,0), (4,5)) — 1],

IN
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if (z,) = ((1,0), (5,4)), then
d(f(1,0), f(5,4))

d((2,0), (2,4)) = 4
8
TRTHCESY

ﬂ(M((l, 0)7 (574)))[M((17 0), (574)) - 1]‘

IN

Consequently, we have

S0, f2) < da,y) = d(F, fy) < FOM ()M (z,y) — d(A, B)]

and hence all conditions of Theorem 4.2 hold and f has the unique best proximity point.
Here, x = (1,0) is unique best proximity point of f.

Corollary 4.7. Let (A, B) be the pair of nonempty closed subsets of a complete metric
space (X, d) such that Ay is nonempty and suppose that has the weak P-property. Define
a mapping f : A — B such that f(Ag) C By and

S0 (2 f2) < d(a,y) = d(f, fy) < rIM(,y) — d(A, B,

where A, B C X, d"(x,y)=d(z,y)—d(A, B) and M (z,y) =max{d(z,y), d(x, fz),d(y, fy)}.
Then there exists unique z* in A such that d(z*, fz*) = d(A, B).

Proof. Following Theorem 4.2 by taking 3(t) = r, where r € [0,1), then we obtained the
desired result. -

Corollary 4.8. Let (X,d) be a complete metric space and [ : X — X be a self-mapping.
Assume that there exists 8 € F such that

S0 Fa) < dlary) = d(fr, Fy) < BOM(9) M (),

for all z,y € A, where d*(x,y) = d(z,y) — d(A, B) and
M(z,y) = max{d(z,y),d(z, fx),d(y, fy)}. Then [ has unique fized point.

Proof. From Theorem 4.2, we put A = B = X, then we obtain desired result. L]

5. CONCLUSIONS

It is the fact that Suzuki contraction is actually the most important extension of the
Banach contraction principle and can be proved fixed point theorems by using this type
of contraction. The results in this article give a new way to find the best proximity points
and fixed points by using a-Geraghty Suzuki contraction in metric spaces. Also justify
the uniqueness of best proximity points, fixed points and unify many existing results in
the literature of mathematics. In addition, we explain some new contraction and some
notions, which are more general results than before.
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