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1. INTRODUCTION

A continuous complex-valued function f = u + iv is defined in a simply connected
complex domain D is said to be harmonic in D if both v and v are real harmonic in D.
In any simply connected domain we can write

f=h+g, (1.1)

where h and g are analytic in D. We call h the analytic part and g the co-analytic part of
f- A necessary and sufficient condition for f to be locally univalent and sense-preserving
in D is that |h/(2)| > |¢'(2)| in D (see [1]).

Denote by Sy the class of functions f of the form (1.1) that are harmonic univalent
and sense-preserving in the unit disk U = {2z : |z| < 1} for which f(0) = f,(0) =1 = 0.
Then for f = h+ 79 € Sy we may express the analytic functions h and g as

hz)=z+ Y a2 g(z) = 02" || < 1. (1.2)
k=2 k=1

In [1] Clunie and Shell-Small investigated the class Sy as well as its geometric sub-
classes and obtained some coefficient bounds. Since then, there have been several related
papers on Sy and its subclasses.
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Let Sy denote the subclasses of Sy consisting of functions f = h + g such that h and
g given by

z)=z+ Zakzk,g(z) = (—1)"’Zbkzk, |b1] < 1. (1.3)
k=2 k=1

For m € Ng = NU{0},N={1,2,...}, p > 0 and | > 0, the extended multiplier transfor-
mation I"™ (u,!l) is defined by the following infinite series (see [2]):

141+ n"
I™(p,1) Z+Z{15—Z)] apz®. (1.4)

Now we can define the modified Catas operator as follows:

I(m, 1) £(z) = I"™ (1) h(z) + ()" T (D) 9 (), (L5)
where
™ (u,1) i {1+l+1,i(lk 1)} apz”
k=2
and
P (D g(e) = (1) Y [FEED] "
k=1

For0 <a<1,8>0 mmnecNy,m>n,d €R, uyl > 0 and for all z € U, let
SI™™(u,l, B,t; ) denote the family of harmonic functions f(z) = h + g, where h and g
given by (1.2) and satisfying the analytic criterion

is I (m,p,l) f(2) o0 a
s 40}

where fi(z) = (1 —1t)z+ (h (z)+g (z)) (0<t<1).Let ST"™" (1,1, ,t; ) be the sub-
class of ST™™(u,l, 8,t;a) consisting of functions f,,, = h + G, such that h and g given
by (1.3).

We note that for suitable choices of g,t,n,m,u and I, we obtain the following sub-
classes:
(1) Wl’o(l 0,1,1;a) =Gu (o) (0<a<1,0 €R) (see Rosy et al. [3]);
(2) ST (1,0,1,1;0) = RH(k,a) (k€ N,0 < @ < 1,0 € R) (see Yasar and Yalcin [1]);

(3) Wm’n(l,O7 L) = G (m,n,a) (m,n € No,0 <a < 1,0 €R)
(see Subramanian et al. [5]);

—k+1,k

( )S1k+q, (]woaﬂa]-;a) :EH(kaaaﬂatﬁ (kGNo,QEN,0§a< 1; 5€R)

(see Dixit et al. [6]);

(5) ST""(1,0,8,1;0) = Vi (m;n;; B) (m € N;n € Ny, 0< <1, 0< a < 1,6 €R)
(see Aghalary [7]);
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(6) Wm’n(LO,O7 L;0) = Sg(m,n,a) (m € N,n € Ny,0 < a < 1)
(see Porwal et al. [3]);

—n+1,n

(7) ST (11,0,0,1;) = SH(p,n, ) (n € No,p > 0,0 < < 1)
(see Yasar and Yalcin [4]);

(8) W’"’”(Lo, 1,1;0)=TS5%(m,n,0,0) =TS (m,n,a) (m e N,n €Ny, 0<a<l,§ €R)
(see Sudharsan et al. [9], with A = 0);

) Wm’n(l,0,0, L;a) = Sg(m,n,a,0) = Sg(m,n,a) (meN,n €Ny, 0 <a<1)
(see Aouf [10], with A = 0);

(10) ST™" (11,0, B,t;0) =RSp (m,n, B,t, p,a0) (m € Nyn € No, 8> 0, 0< <1, 0<t <1,
0 < a < 1) (see Porwal et al. [11]);

(11) Wl’o(l,o,ﬁ,t;a) =Gy (B,a,t) (8>0,0<t<1,0<a<1)(see Ahuja et al. [12]).

Also we note that:

(1) Putting p = 1 and I = 1, the class Wm’"(l7 1, 8,t; ) reduces to the class reduces to
the class

SI™™ (Bt ) = {f € Su: RE{(l +Be”) ZJ{Z; - ﬁew} =

0<a<1,820,0<t<1l,nmeZ={0,£1,42,..},6 R,z €U,
where I"™ is the modified Uralegaddi-Somanatha operator (see [13]), defined as follows:

I"f(z) = I'"h(z) + (-=1)" I"g(2);

(2) Putting u = 1, the class Wm’n(l, I, B,t; @) reduces to the class

Wm’n(l,ﬁ,t;a) = {f € Sy : Re{(l + ﬂei‘s) jl:;i:gz; — Bei‘s} > a,
7 fi(z

0<a<1,8>20,0<t<1l,nm,0eR,l>—-1,z€U,

where I/™ is the modified Cho-Kim operator [14] (also see [15]), defined as follows:

I f(z) = I"h(2) + (1) I g(2).

2. COEFFICIENT ESTIMATES

Unless otherwise mentioned, we shall assume in the reminder of this paper that, the
parameters 0 < a < 1,8>0meNneNy,m>n,d e Ry, 1 >0,0<t<1lall zeUl.
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Theorem 2.1. Let f = h + g be such that h(2) and g (z) given by (1.2). Furthermore,
let

> {[=t] " 0r - [0 0 )
=2

S - (] <o

k=1
(2.1)

Then f (z) is sense-preserving, harmonic univalent in Uand f (z) € ST™"™(u,l, B, t; a).

Proof. If z1 # z3, then

‘f(zl)_f(z2) >1‘ —1_ k=1
k=2
(oo}
> K |bk]
>1— k=L
1— 3 klag|
k=2
(AR ) - (- [ 0y "
k
Z 1 - m Lo _ n
[71“?1(1]6_1)} (1+6)— [71+l+1“+(f 1)} (atB)t
-« Ak
>0

which proves univalence. Note that f (z) is sense-preserving in U. This is because

)] 2 1= Klaw] 21"
k=2

. [1+l+u(k71)] (148) [1+l+u(k 1]

1+1

oo
1+
>1—Zk|ak\zz — ||
k=2 k=2

00 [1+l+#(k 1) 1+l+,u(k71)]"(

> Z 1+ ] (1+5)—(—11)Z”[ 1+ a+B)t ba| > ik bl
k=1

> Zk|bk| |51 > ]g’ (z)‘.
k=1

Now we will show that f(z) € SI™"(u,l;8,t;a). We only need to show that if (2.1)
holds then the condition (1.6) is satisfied. Using the fact that Re {w} > « if and only if
|1 —a+w| > |1+ a—w|, it suffices to show that

(1= a) I (n, ) fil2) + (1+ Be®) T (m, i, 1) f(2) = Be® I (n, 1) fi(2)]

— [+ @) I (n, 1) fi(z) = (14 Be) I (m, 1) f(2) + BT (n, 1) fo(2)] > 0( |
2.2
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Substituting for I (u,1) f(z) and I"™ (u,1) fi(z) in L.H.S. of (2.2) we have

= (Zfa)eri{(lfafﬂei‘;) {%ﬁ]nt+(l+ﬂei5) {mﬁ“i_s_(f*l)]m}akzk

i I+uk—1)]" m—n i l+pk-1)1" V7%
{1 a— ﬁe(s [1++1;7+(ll)} t+(-1) (1—|—ﬁe‘s) {Hﬁ‘ijll)} }bkz’f

M:g

=~
Il
—

us 1+l4p(k—1) 1" 6\ [ 1Hl+uE-—1)1™ k
{1+a+ﬁe [%} t—(1+ Be )[%} }akz

M8 i

{ (1+a+8e) [71“1(;%1)} t— (=)™ (148¢%) {71”1([“’1)} }bk?

ES
Il
—

2(1—a>\z|—2i{<1+5>[%ﬁ‘”} —(a+5) [HEEED "4 fag |2/
k=2

o0

23 {0 ) [ oo ) [ o

_ B Lplppuk—1) ™ T+l4p(k—1)1" k
2(1-a) || ~2 & {1 +8) [HEED]" — o+ ) [T 4 o
fzk;{(uﬂ) [HEEED )T (a4 ) [HEAGDT 4 by |21, i m— s odd

2(1—a)|z| - 25:2{(1 + ) [FHEED)" (o4 ) [HRED]T 4 oy 12!

-2y {(1 + ) [Wt”iﬂc_l)} —(a+5) [W#ﬂe_l)} t} lbk| |2]", if m — n is even
=1

11—

1+l+u(k 1) 1titp(k—1) "
2(1 _ ‘z| { Z {(1+5) ] (O‘+ﬁ)[ e ] t} ‘ak| |Z"f—1

-«

Z (D[P [0 |}

[Ltibuth=1) 1) Ibldp(k—1) 1"
> 9 (1 — ‘Z| 1— Z {(1+/@) ] (’Y+ﬂ)[ T+1 ] t} |ak|

-«

11—«

_y {0 |bk|} .

The last expression is non negative by (2.1). This completes the proof of Theorem 2.1.
The harmonic univalent functions of the form

oo
l1—a
=z+ E 1+l+u(k 1) T (148)— 1+z+u<k71)]n(a+ﬁ)t$k2
k:2 141

00
17
+ ]; 1+l+u(k 1) (1+B)_(_1)3,n[1+z+#<k,1>]n(a+mtykzk, (2.3)

T+1
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o0 oo}
where > |zk|+ > |yx| = 1, show that the coefficient bound given by (2.1) is sharp. It is

k=2 k=1
worthy to note that the function of the form (2.2) belongs to the class SI(m,n, 8, t, u,1; )
for all > |zk| + > |yk| < 1 because coefficient inequality (2.1) holds. L]
k=2 k=1

Theorem 2.2. A function f(z) of the form (1.3) is in the class ST (u, 1, B, t; ) if and
only if

1+l+pu(k—1 1++pk—1)1"
{ LeLenl=D]™ (1 1 ) — [LE2G=D]" (0 + )t} |
k=2

5 ([ e o [ ) <1

k=1
(2.4)

Proof. Since Wm’n(u, L, B, t;a) C SI™™(u,l, B,t; «), we only need to prove the “only if”
part of this theorem. To this end, for functions f(z) of the form (1.3), we notice that the
condition

iy L (m, 1) f(2) o0 a
Re{ (1486 pte T8 - et

is equivalent to

1-a)z— > {{Wﬁuig—l)} (1+8e) — [W%fln—l)} (a+66i6)t} (] 2"
2

- am—1 X Ip(n-1)1™ i

F Pt {[ R (14 )

= " _ o
—(=1)m-n [Wiﬂi_‘_(lnfl)} (a + 6615) t} |by| 27

_ ic: [wiui—&-(lnil)] nt\an|zn+n§::1(71)m+”*1 [1“41#7_’_(771)] nt‘bn‘zT

n=2

> 0.

The above condition must hold for all z, |z| = r < 1. Choosing the values of z on the
positive real axis where 0 < r < 1, we must have

= Ituk—1)]™ I+ u(k
e B ([ ]

S {[1+z+1i(lk—1)} —(~1mn [1+z+1,jr(lk—1)} at} |bk|,rk—1
k=1

THl+p(k—1) " = men | LR =D —
(AT sk~ £ (-1 L t]bi [

-5

k=2
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= 1+l+uk—1)1™ 1+l4+uk—1) 1" _
Zﬁ{[++l;jr(l )} _[+-&-1A+(l )} t}laklrkl

k:f
) 15{[1+z+li(lk 1)} ~(—1)mn {1+z+li(lk71)} t} Ibg| 71

_ = >0
< [1+l+u(k—1) ) = THFpk-—11" =
) T ) e Yy 2T ) e
Since Re (—ei‘s) > — ’ew’ = —1, the above inequality reduces to
S [1luk—1)]™ 1+ip(k—1) 1" _
(1—a) = 5 {[HEEER]0 04 ) - [HEEER] (B e land !
X [1itpk—1)™ men [1H+uk-—1)]" _
5 [ ) e [ e
- S n 0 _0
I+ p(k—1 _ 1+1+u(k
1 5 (M) tan rkot = 3 (o [HEEGD] " oy ks
(2.5)

If condition (2.3) does not hold, then the numerator in (2.5) is negative for r sufficiently
close to 1. Hence there exist zg = r¢ in (0,1) for which the quotient in (2.5) is negative.

This contradicts the required condition for f (z) € SI " (i, 1, B,t; ). This completes the
proof of Theorem 2.2. n

3. DISTORTION THEOREM

Theorem 3.1. Let the function f(z) defined by (1.3) belong to the class ST " (u,1, B, t; ).
Then for |z| =r < 1, we have

[F ()] < A+ b))+ i Aoa) — AU atB)i )| )42
Ea [55] e [BEE]T s - eror

and

£ > (L lba)r— e R 1 L

] \[B5] e [BEE]T e

(3.1)

for |by| < (1+5)7(711;g_n(a+5)t. The results are sharp with equality for the functions f(z)
defined by

f( )_ b+ mglnfa) . (1+B)f"(:}l)m—n(a+ﬁ)t |b1| z2
Hfﬁ‘] [ arr-@rer [SEEE]T - aroe

(3.2)
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and
f(2) =2-b1Zz— 2= el — SEEACUT Patft )| ] 22,
]\ 5] e [HEE]T 0 -@rer
(3.3)

Proof. We only prove the right-hand inequality. The proof for the left-hand inequality is

similar and will be omitted. Let f(z) € ST (u,1, 8, t; ). Taking the absolute value of
f, we have

FEI< (4 [oal)r + D (lar] + [be)) < (L4 [al)r + Y (lax] + [bi]) r?
k=2 k=2
- >0 [lﬂj"]mmﬂ)—[Iﬁﬁ“]"(aw)t
= (1+|b1|)7“+ 1+l+pl™ : 1+l+;b " Z (1—a) ‘ak‘
[17_”] (Hﬁ)*[ﬁ] (at+B)t =5
I+l4p]™ I+l4p "
[ 1+z“} <1+,6)—[ 1+l“} (a+B)t , ,
[§2=r) il |

o ([T - [FEEE e
< (L [ou)r =+ rggpe : i+l+ " Z (1-a) |ax]
[Tl“} (Hﬁ)‘[Tlu} (o)t} =5

1+1
(1—a) ‘bk| T2
< (1+ [ba)r + e (1 RGO ) 2
| e [ o (1=e)
1 1-a) (148)— (=)™ " (a+B)t 2
= (14 [ba)r + - met - 1 by | 2.
[tee]™ \ |55 ]" "avomerer [T 0 (ason

The proof of the left hand inequality follows on lines similar to that of the right hand side
inequality. This completes the proof of the Theorem 3.1. [

Putting [ = 0 in Theorem 3.1, we obtain the following result which modified the result
obtained by Porwal et al. [I1, Theorem 2.4].

Corollary 3.2. Let the function f(z) defined by (1.3) belong to the class RSy (m,n, 3,1,
w, ). Then for |z| =r < 1, we have

. (1-0) Q4B "(at Bt 2
< Wt D+ e (e~ Gt )

and

_ 1 (=) _ A= (=)™ (et B)t 2
@)= A+ o) = gy ((1+u)"""”(1+6)—(a+ﬁ)t ()" (1)~ (atB)t |b1|)r
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for |by| < (1+B)7(711;$’”(a+ﬁ)t' The results are sharp with equality for the functions f(z)
defined by
_ = 1 (1-a) _ (48— (=) "(atB)t
1) = 2 + b7 + e (e — Gegrim g 1) 7

and

e pz_ 1 (1-a) (48)= ()™ " (a+5) 2
£(2) = 2 = 7 ~ e (=t~ Gt Ial) 7

4. EXTREME POINTS

Theorem 4.1. Let f(z) be given by (1.3). Then f (z) € ST " (1,1, 8,t; @) if and only if

Z prhi(2) + nrgr(2)) (4.1)
h—1

where hy(z) = z,

hi(z) =2z — 1-a P (4.2)

{[EEl=0]" (14 p) - [HG=0] (0 + 5t}

and
—1 l—« _
k

(E=S ITRETE EEs e

)

(4.3)

o —

pe > 0,m6 >0, S (uk + ) = 1. In particular, the extreme points of the class ST " (i, 1,
=1

B,t; ) are {ht} and {gr}, respectively.

Proof. Suppose that

oo

f(2) =) (uwhi(2) + nrgr(2))

=
—

z+ 2{[1+z+1ﬁ_lk 1)} (1+B;—TW]"(a+ﬁ)t}Mmk

O [ [

Then

2 =

k=2

e N e e
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k=1

l—o

11—«

{ [Wﬁﬂiﬂﬂfl)} "B —(—1ymn [Hl%ﬁlkil)] "(a+5)t} "

oo o0
=> Ay m=1-m<1
k=2 k=1

—m,n

and so f(z) € ST 7 (1, B, t; ).
Conversely, if f(z) € Wm’n(u, l,8,t; «), then

—«

x| < {[Wﬁ_”r“*ﬁi‘[mﬁ“ﬁ_”]”(“*m}

and
b < {[Wﬁ_l)]m(l+ﬂ)(ll)z_” [%ﬁ]n(a+ﬁ)t}.

Setting
P ML e L SR

d

N {[BEG] " gy e [ )

e — 1+ — I x| (k=1,2,..).

Since 0 < pp <1(k=2,3,...)and 0<m <1 (k=1,2,...), ;1 =1—> pp— >, nx >0,
k=2 k=1
then, we can see that f(z) can be expressed in the form (4.1). This completes the proof

of the Theorem 4.1. n

5. CONVOLUTION AND CONVEX COMBINATION

For our next theorem, we need to define the convolution of two harmonic functions.
For harmonic functions of the form:

F)=z2+> lar| 2"+ |bg| & (5.1)
k=2 k=1
and

F(z)=z+Y |Aplz"+) Bl 25, (5.2)
k=2 k=1



On a New Subclass of Harmonic Univalent Functions ... 617

the convolution of f and F is given by

(f*F)(2) =f(2)*F(z _z+Z\akAk|z +Z|kak\zk. (5.3)

k=2 k=1

Using this definition, the next theorem shows that the class ST " (u, I, B,t; @) is closed
under convolution.

Theorem 5.1. For 0 < o < A < 1, let f € ST (u,1,3,t;\) where f(z) is given
by (5.1) and F € ST""(u,1,B,t;0) where F(z) is given by (5.2). Then f x F €
ST (.1, 8,6:) € ST (1,1, B, 8 ).

Proof. We wish to show that the coefficients of f * F' satisfy the required condition given

—5m,n

in Theorem 2.1. For F' € ST " (u, 1, 8,t; a) we note that |Ax| <1 and |Bg| < 1. Now, for
the convolution function f * F', we obtain

R R T
k=2
o [ [ltltuk—1]™ o pymen [ LHRGBE=DT
i el e R P
k=1
Sl

=
[|
N

H%ﬁf‘l)rmm—(—l)m*”[%ﬁ_l)r(a%)t} 1bx| 2F

11—«

+

NE

Il
—

1

A
Mz -

- |ax| 2*

k=2

o0 1+l+l‘(k71) " m—n 1+l+,u(k71) "

x| +B)-(-1) 137 | (atB)t —
1+ 1+

N R e R

k=1

Therefore fx F € ST " (u,1, 8,;X) € ST (u, 1, B, t; ). n

Now we show that the class Wm’n(ﬂ, I, B,t; a) is closed under convex combinations of
its members.

Theorem 5.2. The class Wm’n(u, l,B,t; ) is closed under convex combination.

Proof. For 1 =1,2,3,..., let f; € Wm’n(u,l,ﬂ,t;a), where f; is given by

fi=

Then by using Theorem 2.1, we have
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Itl4p(k—1) 14l4pu(k—1)

& ([ oo [2540 on)

k=2

PG - -y [FEEED ] oyt

+i{[ 1+ 1+

k=1

(5.4)

l-«

o0
For > t; =1, 0 <t; <1, the convex combination of f; may be written as

k=1
i>z’“+§:<m > (5.5)
k=1 =

itifi(z) :Z"‘i(m
i=1 k=2 \i=1
([ g ) (5

Then by (5.4), we have

=2
{ [1+l+,u(k 1) 1+1+p(k—1)

e (1+ﬁ>—<—1>"”*"[17“] (a+ﬂ)t}z<

+

-«
k=1

(£ [ e P )

k=2

00 {[%ﬁf*l)]m(l_yﬁ)—(—l)mfn [1“41#7_’_(;€1)} (a+ﬁ)t}

l—a

o

~
Il
—

_|_

k=1

<Nt =1.

NE

1

.
Il

This is the condition required by (2.1) and so > t;f; () € ST

i=1

'I’TL’I’L(

,Uz7l,ﬂ,t;06). u

Remark 5.3. Specializing the parameters (3,¢,1, u,n and m, in the above restits, we ob-
tain the corresponding results for the corresponding classes Slm’n(ﬁ7 t; ) and SIm’n(l, B,
t; ).
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