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Abstract In this paper, we generalize the concepts of A -subnexuses of types (€,q), (€,€ Vq) and
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1. INTRODUCTION

Nexuses are a type of structure algebras which defined by M. Bolourian in [1], where
some properties of them such as sub-nexuses, cyclic nexuses and homomorphism of
nexuses were investigated. Next, studies from algebraic view generalized on nexuses.
D. Afkhami et al. [2] defined the notion of fraction over a nexus and studied its basic
properties. Moreover D. Afkhami et al. [3] defined the soft nexuses over a nexus and stud-
ied the prime and maximal soft subnexuses over a nexus. H. Hedayati et al. [41] introduced
normal, maximal and product fuzzy subnexuses of a nexus. Also, about applications of
nexuses can see [5] and [0].

After appearance of (o, 8)-fuzzy substructures, based on the concepts of belongingness
and quasi-coincidence for a fuzzy point of a fuzzy subset, those defined and studied on
many algebraic structures which some of them can be seen in [7—14]. On the other hand,
Jun et al. [15] introduced a new function which is called negative-valued function, and
constructed A -structures, as a mathematical tool for dealing with negative information

*Corresponding author.
(In memory of Dr. Hossein Hedayati) Published by The Mathematical Association of Thailand.
Copyright © 2020 by TJM. All rights reserved.



564 Thai J. Math. Vol. 18 (2020) /M. Norouzi et al.

(beside, fuzzy sets which relied on spreading positive information). They discussed N-
subalgebras and N-ideals in BCK/BCI/BC H-algebras (see [15-19]).

By combining the above concepts, Norouzi et al. [20] introduced the notion of a
subnexus based on N -function (briefly, N-subnexus), and investigated related properties.
They discussed characterization of N-subnexus. They also introduced the notion of A/-
subnexus of type (o, 8) with

(o, B) € {(€,€),(€,9), (€, € Va), (¢, €), (0,9), (¢, € V@) },

and investigated their basic properties. Now, in this paper, we generalize the concepts in
[20] and introduce the notion of N-subnexus of type (€, qx), (€, € Var), (¢, %), (¢, € Var),
and also investigate basic properties of them. In this way, connection of the notions is
studied. Characterizations of A/-subnexus of type (€, € Vgi) are given. Conditions for an
N-structure to be an N-subnexus of type (¢, € Vqy) are provided. Moreover, the notion of
N-subnexus of type (€, €V gqy) is defined and some characterizations of it are established,
where we can see some differences with other similar (o, §)-substructures.

2. PRELIMINARIES

In this section we give some definitions and results which we need to develop our
paper. They have been brought of [3, 4, 21], in connection with nexuses, and [18, 19] in
connection with A -structures.

An address is a sequence of N* = N U {0} such that a; = 0 implies that a; = 0 for
all ¢ > k. The sequence of zero is called the empty address and denoted by ( ). In other
word, every nonempty address is of the form (a1, as,- - ,a,,0,0,---) where n € N, and
it is denoted by (a1, a2, -+ ,a,).

Definition 2.1. A set X of addresses is called a nezus if

(1) (a1,as,...,a,) € X implies that (a1,...,an—1,t) € X for all 0 <t < a,.
(2) (a;)$2, € X implies that (a1,az,...,a,) € X for all n € N.

Example 2.2. A set X = {(),(1),(2),(3),(1,1),(1,2),(3,1),(3,2)} is a nexus. But,
X' ={0,(1),(2),(2,2)} is not a nexus since (2,2) is an element of X’ but (2,1) & X".

Let X be a nexus and w € X. The level of w, denoted by [(w), is said to be:
(i) 0if w= ().
(ii) n if w = (a1, ag,...,ay,) for some a, € N.
(iii) oo if w is an infinite sequence of N.

Definition 2.3. Let v = (a;) and w = (b;) be addresses where a;,b; € N. Then v < w if
I(v) = 0 or one of the following cases is satisfied:
(i) If l(v) =1, i.e.,, v = (ay) for a; € N, then I(w) > 1 and a1 < by.
(ii) If 1 < I(v) < oo, then I(v) < (w) and ay(,) < by() and for every 1 <i < [(v)
we have, a; = b;.
(iii) If l(w) = oo, then v = w.

Definition 2.4. A nonempty subset S of a nexus X is called a subnezxus of X if S itself
is a nexus. The set of all subnexuses of X is denoted by SUB(X).

Note that a subset S of a nexus X is a subnexus of X if and only if it satisfies:
Ww,aweX)v<w, wesS = veSs). (2.1)
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Example 2.5. Consider a nexus
X ={0,(1),(2),03),(1,1),(2,1),(3,1),(3,1,1),(3,1,2)}.

Then X; = {()7 (1)7 (2)7 (3)7 (2, 1)}7 Xo = {()7 (1)7 (2), (17 1)7 (27 1)} and X3 = {()7 (1)7 (2)7
(3), (3,1)} are subnexuses of X.

For any family {a; | i € A} of real numbers, we define

s | max{a; | i€ A} if A is finite,
\/{aZ i€ A}:= { sup{a; | i € A}  otherwise.

. min{a; | 1 € A} if A is finite,
/\{ai i€ A}:= { inf{;{zi | |z € A}} otherwise.

Let F(X,[—1,0]) be the set of all functions from the set X to [—1,0] (for briefly every
element of F'(X,[—1,0]) is said to be N'-function on X). An N-structure is a pair (X, f)
of X and an N -function f on X. For any N-structure (X, f) and « € [—1,0), the set
C(f;a) ={z € X | f(z) < a} is called the closed support of (X, f) related to «, and the
set O(f;a) ={x € X | f(x) < a} is said to be the open support of (X, f) related to a.

Let a € [-1,0) and (X, f) be an N-structure in which f is given by

0 ify#uz,
f(y)—{ a ify=uz.
In this case, f is denoted by z,, and (X, z,) is said to be a point N -structure with support
x and value . For any N-structure (X, g), we say that a point N -structure (X, z4) is
an Ne-subset (resp. Ny-subset) of (X, g) if g(z) < a (resp. g(z) + a + 1 < 0). If a point
N-structure (X, z,) is an Ne-subset or an My -subset of (X, g), then we say (X, z,) is an
Nevg-subset of (X, g).

3. A GENERALIZATION OF SUBNEXUSES BY N-FUNCTION

In what follows, let X and (a, k) be a nexus and an arbitrary element of [—1,0) x (—1, 0],
respectively, unless otherwise specified.

For any N-structure (X, g), we say that a point N-structure (X, z,) is an N, -subset
of (X,g) if g(x) + a—k+1<0). If a point N-structure (X, z,) is an Nc-subset or an
Ny, -subset of (X, g), then we say (X, z,) is an Neyg, -subset of (X, g).

Definition 3.1 ([20]). By a subnezus of X based on N -function f (briefly, N -subnezus
of X), we mean an N-structure (X, f) in which f satisfies the following assertion:

VMy,we X)(w<v = f(w) < f(v)). (3.1)

Definition 3.2 ([20]). An N-subnexus (X, f) is said to be of type
(i) (€,€) (resp., (€,q) and (€, € Vq)) if whenever the point N-structure (X, w,) is an
Ne-subset of (X, f) then the point N-structure (X, v,) is an N¢-subset (resp.,
Ng-subset and Neyg-subset) of (X, f) for all v,w € X with v < w.
(ii) (g,€) (resp., (¢,q) and (g, € Vq)) if whenever the point N-structure (X, w,) is an
N -subset of (X, f) then the point N-structure (X,v,) is an Ne-subset (resp.,
N -subset and Ney-subset) of (X, f) for all v,w € X with v < w.
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Definition 3.3. An N-subnexus (X, f) is said to be of type

e (€, qg) if whenever the point N -structure (X, w,,) is an Ne-subset of (X, f) then the
point N-structure (X, v,) is an N, -subset of (X, f) for all v,w € X with v < w.

e (€, € Vqy) if whenever the point N -structure (X, w,) is an Nc-subset of (X, f) then
the point N-structure (X, v,) is an Neyg,-subset of (X, f) for all v,w € X with
v <w.

e (g, € Vgy) if whenever the point N-structure (X, w,) is an Ny-subset of (X, f) then
the point N-structure (X, v,) is an Neyg,-subset of (X, f) for all v,w € X with
v <w.

Example 3.4. Let (X, f) be an N-structure in which
X ={0,(1),(2),(1,1),(1,2),(1,3),(1,3,1),(1,3,2)}

is a nexus and f is defined as follows:

f(() O @ @wy L2 13) (13,1 (1,3,2))
1 —09 —093 —095 —094 —096 —0.97 —0.99 )"

Put £ = —0.75. It is easy to see that in the nexus X we have

(1) <(2), 1,1), (1,2), (1,3), (1,3,1), (1,3,2)
(1,1) < (1,2), (1,3), (1,3,1), (1,3,2)
(1,2) < (1,3), (1,3,1), (1,3,2)
(1,3) < (1,3,1), (1,3,2)
(1,3,1) < (1,3,2).

Since, () < v and f(()) < f(v) for all v € X, clearly if (X,v,) is an N-subset of (X f)
then (X, ()o) is an Ne-subset of (X, f) for all @ € [—1,0). For (1) < (2) we have f(2) =
—0.93 < B and f(1) = —0.9 ¢ 3 for all B € (—0.93,—0.9), but £(1) + B + 0.75 + 1 < 0.
This means that if (X, (2)3) is an Ne-subset of (X, f) then (X, (1)p) is an N , .,-subset
of (X, f). For (1,1) < (1,2), since f(1,1) < f(1,2), if (X,(1,2),) is an Ne-subset of
(X, f) then (X, (1,1),) is an Ne-subset of (X, f) for all a € ( 0.94,0). For (1,1) < (1,3)
and 8 € (—0.96,—0.95), if (X, (1,3)3) is an Ne-subset of (X, f) then (X, (1,1)g) is an
Ny _,..s-subset of (X, f) while is not an Ne-subset of (X, f). By a similar manner, we can
see the related implication is valid for all other cases. Therefore, (X, f) is an N -subnexus
of type (€, € Vi) with k = —0.75.

Example 3.5. Consider the nexus X = {(), (1), (1,1),(1,2),(1,3)} with an N-function
f is defined as follows:

0O @O @1 1,2 (1,3
f:<—0.73 074 —0.75 —0.76 —0.8)'

It is easy to see that (X, f) is an N-subnexus of type (€, gx) with k = —0.4.

Example 3.6. Define an A -function g on the set X = {(), (1), (2),(2,1),(2,2)} as:

0O O @ @1 22
92(—0.9 08 —0.7 —0.5 03)'

Then (X, g) is an N -subnexus of type (g, € Vqi) with k = —0.1.
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We note that every N-subnexus of type (€, qx) (vesp., (€, € Vgi) and (g, € Vgi)) with
k = 0 is an N-subnexus of type (€,q) (resp., (€, € Vq) and (g, € Vq)). But the converse
is not true in general as seen in the following example.

Example 3.7. (1) Consider the nexus X = {(), (1), (2), (1,1),(1,2)} and the N -function

f on X defined as
(0 W@ Wy
-1 -0.7 -0.73 —-0.74 -0.75)°

It can be seen that (X, f) is an N-subnexus of type (€,€ Vgq) which is not of type
(€,€ Vaqi) for k = —0.75. Indeed, we have (1) < (2) and (X, (2)_¢.73) is an Ne-subset
of (X, f), but f((1)) € —0.73 and f((1)) — 0.73 — k+ 1 = 0.32 £ 0. This implies that
(X, (1)_0.73) is not an Neyg,-subset of (X, f) and so (X, f) is not an N-subnexus of type
(€,€ Vg) for k= —0.75.

(2) Let (X, f) be an N-structure in which X = {(), (1), (1,1),(1,2)} is a nexus and g
is defined as follows:

0O O @Gy (L2
g<—0.64 —0.62 —0.63 —0.71)'

Then (X, g) is an A-subnexus of type (€,q), but (X,g) is not an N-subnexus of type
(€,qx) for k = —0.4, since (1,1) < (1,2), ¢((1,2)) < —0.71, ¢((1,1)) £ —0.71 and
9((1,1)) = 0.714+ 04+ 1 £ 0.

(3) An N-structure (X, f) in which X = {(), (1), (2), (1,2)} is a nexus and f is defined

as follows:
_( 0 (1) 2 (12
f= <—O.9 —-0.91 -0.92 —O.93> ’

is an N-subnexus of type (g, € Vq), but is not an N-subnexus of type (q,€ Vqy) for
k= -0.9.

In the following, we give some characterizations for an N -subnexus of type (€, € Vqy).

Theorem 3.8. An N -subnezus (X, f) is of type (€,€ Vqr) if and only if the following
assertion is valid.
kE—1
(Vo,w € X) <U§w = f(v)g\/{f(w),2}> (3.2)
Proof. Suppose that (X, f) is an N -subnexus of type (€,€ Vg). For any v,w € X,
assume that v < w and f(w) > 552 If f(v) > f(w), then there exists 3 € [~1,0) such

that f(v) > 8 > f(w). Thus the point N-structure (X,wg) is an Ne-subset of (X, f),
but the point N-structure (X, vg) is not an Ne-subset of (X, f). Also

f+B—-k+1>28—k+1>2f(w)—k+1>0,

and so (X,vg) is not an N, -subset of (X, f). Therefore (X, vg) is not an Neyg, -subset
of (X, f), which is a contradiction. Hence f(v) < f(w) whenever f(w) > 251, Now,

2
suppose that f(w) < % Then the point N-structure (X,w%) is an Ng-subset of

(X, f) and so (X,v%) is an Neyg-subset of (X, f) by hypothesis. If (X,v%) is an
Ne-subset of (X, f) then f(v) < 551 and so f(v) < V{f(w), 551} If (X,v%) is an
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N, -subset of (X, f), then f(v) + 51 — k41 < 0, that is, f(v) < %51. Consequently
F0) < Vi), 551},

Conversely, assume that (3.2) is valid. Let v,w € X and 8 € [—1,0) be such that
v < w and the point N-structure (X, wg) is an Ne-subset of (X, f). If f(v) < S, then
the point N -structure (X, vg) is an Ne-subset of (X, f). Suppose that f(v) > 8. Then
fw) <B < fv) <V {f(w), 5}, and therefore \/{f(w), £} = E5L. It follows that

f(”)+ﬁ—k+1<2f(v)—k+1S2<\/{f(w),k;1}>—k+1=0.

Thus (X, vg) is an N, -subset of (X, f). Consequently (X,vg) is an Neyg,-subset of
(X, f) and thus (X, f) is an N -subnexus of type (€, € Vgi). n

Corollary 3.9 ([20]). An N-subnezus (X, f) is of type (€,€ Vq) if and only if the
following assertion is valid.

(Yo, w € X) (v <w = fv) <\ {fw), fo.5}) .
Proposition 3.10. If (X, f) is an N -subnezus of type (€, € Vqi), then

woex) (10 < Vi 550).

Proof. Since () <wv for all v € X it is straightforward. [

Corollary 3.11. If (X, f) is an N -subnezus of type (€, € Vq), then
(Vo € X)(f(0) < \/{f(v),—0.5}.

Theorem 3.12. Let (X, f) be an N -subnezus of type (€, € Vqi). Then

(1) if there exists x € X such that f(z) < 5L, then f(()) < 2.
(2) if £(() > E5L, then (X, f) is an N -subnezus of type (€, €).

Proof. (1) Assume that there exists « € X such that f(z) < 551 If 2 = (), it is true. If
z # (), then f(()) < V{f(z), 552} = £51 by Theorem 3.8 and hypothesis.

(2) Suppose that f(()) > %5 and f(v) > f(w) for all v,w € X with v < w. It
follows from Theorem 3.8 that f(v) < \/{f(w), 55} = 551, Since () < w, we have
f(0) < V{f(w), 51} = £, This is a contradiction, and hence f(v) < f(w) for all
v,w € X with v < w. Therefore (X, f) is an N-subnexus of type (€, €). m

Corollary 3.13 ([20]). Let (X, f) be an N -subnezus of type (€, € Vq). Then

(1) if there exists x € X such that f(x) < —0.5, then f(()) < —0.5.
(2) if () +0.5>0, then (X, f) is an N -subnezus of type (€, €).

Theorem 3.14. If —1 < k < r < 0, then every N -subnezus of type (€,€ Vqyi) is an
N -subnezus of type (€,€ Vgq,).
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Proof. Let (X, f) be an N -subnexus of type (€, € V). Then

1) < \/{f(w»'“;l} <V {f(w% - 1},

for all v,w € X with v < w. It follows from Theorem 3.8 that (X, f) is an N -subnexus
of type (€, € Vgr). [

The following example shows that if —1 < k < r < 0, then an N-subnexus of type
(€, € Vgr) may not be an N-subnexus of type (€, € Vqy).

Example 3.15. The N-structure (X, f) defined in Example 3.4 is an N -subnexus of type
(€,€ vgr) for r = —0.75, but it is not an N -subnexus of type (€, € Vgyi) for k = —0.9.
Indeed, (1) < (2), but f((1)) = —0.9 £ —0.93 = \/{-0.93,-0.95} = \/{f((2)), 55 }.

Theorem 3.16. An N -structure (X, f) is an N -subnezus of type (€, € Vqi) if and only

if for every a € [%, 0] the nonempty closed support of (X, f) related to « is a subnexus
of X.

Proof. Assume that (X, f) is an N-subnexus of type (€, € Vgi,) and let a € [551,0] such
that C(f;a) # 0. Let v < w and w € C(f; ). Then f(v) < \/{f(w), %52} by Theorem
3.8. If V{f(w), 552} = f(w), then f(v) < f(w) < o and thus v € C(f;a). Also, if
V{f(w), 552} = 5L then f(v) < 552 < @, and thus v € C(f; ). Hence C(f;a) is a
subnexus of X.

Conversely, let (X, f) be an N -structure such that the nonempty closed support of
(X, f) related to « is a subnexus of X for all a € [*51,0]. If there exist v,w € X such
that v < w and f(v) > V/{f(w), %51}, then we can take B € [—1,0] such that f(v) >
8> \/{f(w),%} Thus w € C(f;8) and 8 > % Since C(f; 8) is a subnexus of X,
we have v € C(f;3). Hence f(v) < 3, a contradiction. Therefore f(v) < \/{f(w), %51}
for all v,w € X. It follows from Theorem 3.8 that (X, f) is an A-subnexus of type (€,
€ \/qk). ]

Corollary 3.17 ([20]). An N -structure (X, f) is an N -subnezus of type (€, € Vq) if and
only if for every a € [—0.5,0] the nonempty closed support of (X, f) related to « is a
subnexus of X.

Theorem 3.18. Let S be a subnexus of X. For any o € (%,O), there exists an N -
subnezus of type (€,€ Vqi) for which S is represented by the closed support of (X, f)
related to «.

Proof. Let (X, f) be an N- structure in which f is given by
a ifzxes,
f(x)_{ 0 ifzés,
for all z € X where o € (%51,0). Assume that f(v) > V/{f(w), 52} for some v,w € X
such that v < w. By [Im(f)| = 2, it follows that f(v) =0 and \/{f(w), %51} = a. Since
o> %, we have f(w) = « and so w € S. Since S is a subnexus of X, we obtain v € S
and thus f(v) = o < 0, which is a contradiction. Therefore f(v) < \/{f(w), £5%} for all

v,w € X. Hence, (X, f) is an M -subnexus of type (€, € Vqy), by Theorem 3.8. Obviously,
S is represented by the closed support of (X, f) related to a. [
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Corollary 3.19 ([20]). Let S be a subnexus of X. For any o € (—0.5,0), there exists an
N -subnezus of type (€,€ Vq) for which S is represented by the closed support of (X, f)
related to «.

Note that every N-subnexus of type (€, €) is an A -subnexus of type (€, € Vgqi). But
the converse is not true in general as seen in the following example.

Example 3.20. The N-structure (X, f) defined in Example 3.4 is an N-subnexus of
type (€, € Vqi), but is not an N-subnexus of type (€, €), since (1) < (2) but f((1)) =
—0.9 £ —0.93 = f((2)).

Now, we give a condition for an N -subnexus of type (€, € Vgi) to be an A/-subnexus
of type (€, €).

Theorem 3.21. Let (X, f) be an N -subnezus of type (€, € Vqi) such that f(z) > %
for allx € X. Then (X, f) is an N -subnezus of type (€, €).

Proof. Let v,w € X such that v < w and (X, w,) is an N¢-subset of (X, f) for a € [-1,0).
Then f(w) < . It follows from Theorem 3.8 and the hypothesis that

£) < V), 551 = fw) < o

Thus (X, v,) is an Ne-subset of (X, f).
Therefore (X, f) is an N-subnexus of type (€, €). L]

For any N-structure (X, f) and a € [—1,0), the gi-support and the € Vqy-support of
(X, f) related to « are defined as follow

Ny (fia) ={z € X | (X,2,) is an N, -subset of (X, f)}, and
Nevg, (fia) ={x € X | (X,24) is an Neyg, -subset of (X, f)}.

Note that the € Vgg-support is the union of the closed support and the gg-support,
that is, Nevg, (f; @) = C(f;a) UN, (f; ).

Theorem 3.22. An N -structure (X, f) is an N -subnezus of type (€, € Vqx) if and only
if the € Vqi-support of (X, f) related to « is a subnexus of X for all a € [—1,0).

Proof. Suppose that (X, f) is an N-subnexus of type (€, € Vqx). Let v,w € X such that
v <wand w € Neyg, (f;a) for a € [-1,0), k € (—=1,0]. So (X, w,) is an Ney,,-subset of
(X, f). Thus f(w) < aor f(w)+a—k+1<0. If f(w) < a, then (X, w,) is an Ne-subset
of (X, f). By hypothesis (X,v,) is an Neyg,-subset of (X, f) and so v € Neyy(f; o). If
fw)+a—k+1<0, we consider the following two cases:

If a> %, then by hypothesis and Theorem 3.8, f(v) < V{f(w), %} = % < a. So
(X, vq) is an Neyg,-subset of (X, f) and so v € Neyg, (f;0). If a < %, then we have:

i) If \/{f(w), 552} = £51, then by hypothesis and Theorem 3.8,

J@) k1< o)+ 0 <\ w), E e <

i) If \V/{f(w), %} = f(w), then

f(v)—l—oz—k—l—lg\/{f(w),%}—ka—k‘—l—l:f(w)+a—k—|—1<O.
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Thus in each case we have f(v) + @ —k+ 1 < 0 and so (X,v,) is an N, -subset of
(X, f). Consequently v € Neyg, (f; ). Therefore Neyg, (f; @) is a subnexus of X for all
€ [-1,0), ke (-1,0].
Conversely, let (X, f) be an N-structure for which (€ Vgg)-support of (X, f) related to
a is a subnexus of X for all &« € [—1,0) and k¥ € (—1,0]. Assume that there exists
v,w € X such that v < w and f(v) > \/{f(w),552}. Then f(v) > B > V{f(w), 551}
for some 8 € [%,O). It follows that w € C(f;8) € Nevg, (f;5) but v & C(f;5). Also
fw)+B8—-k+1>28—k+12>0,that is v € Ny, (f;8). Thus v € Neyg, (f; 3) which
is a contradiction. Therefore f(v) < \/{f(w), 252} for all v,w € X. Using Theorem 3.8,
then (X, f) is an N-subnexus of type (€, € Vgg). n

Theorem 3.23. If (X, f) is an N -subnezus of type (€,qx), then the set
O(f:k) == {v € X | f(z) < k}
s a subnexus of X.

Proof. Let (X, f) be an N-subnexus of type (€,qx) and v,w € X such that v < w
and w € O(f;k). Note that (X, wy(y)) is an Ne-subset of (X, f). If f(v) > k, then
f)+ flw)—k+1>k+ f(w) —k+1> f(w)+1>0. Thus (X,vy(,) is not an N, -
subset of (X, f), a contradiction. Hence f(v) < k, that is, v € O(f; k). Hence O(f; k) is
a subnexus of X. L]

Corollary 3.24 ([20]). If (X, f) is an N -subnexus of type (€,q), then the open support
of (X, f) relative 0 is a subnexus of X.

Now, we provide conditions for an A/-structure to be an N -subnexus of type (¢, € Vqz).

Theorem 3.25. Let S be a subnezus of X and let (X, f) be an N -structure such that
(1) VzeX)(xzelS = f(x)< %),
(2) VzeX)(x ¢S = f(x)=0).

Then (X, f) is an N -subnezus of type (q, € Vqx).

Proof. Let v,w € X with v < w and (o, k) € [-1,0) x (—1,0] be such that the point
N-structure (X, wy) is an Ny-subset of (X, f). Then f(w)+a+1 < 0. It implies that
v € S since if v ¢ S, then w ¢ S. Thus f(w) =0and so a+1 = f(w)+a+1<0,
that is, @ < —1, this is a contradiction. Therefore f(v) < % If a < %, then
f)+a—k+1< it 451 k41 =0and thus the point N-structure (X,v,) is an
Ny, -subset of (X, f). If @ > 551 then f(v) < 25! < o and so the point A-structure
(X, vq) is an Ne-subset of (X, f). Thus the point N-structure (X, v,) is an Neyg, -subset
of (X, f), and therefore (X, f) is an N -subnexus of type (q, € Vgx). n

Corollary 3.26 ([20]). Let S be a subnezus of X and let (X, f) be an N -structure such
that

(1) VzeX)(xzeS = f(x) <-0.5),
(2) VzeX)(x ¢S = f(x)=0).
Then (X, f) is an N -subnexus of type (q, € Vq).
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Theorem 3.27. Let (X, f) be an N -subnexus of type (q, € Vai). If f is not constant on
O(f;k) and f(()) > f(z) for all x € X, then there exists y € X such that f(y) < %51
In particular, f(()) < %52,

Proof. Assume that f(z) > 51 for all z € X. Since f is not constant on O(f;k), there
exists y € O(f;k) such that a,, = f(y) # f(()) = ao. Then ag > a,. Choose g < 551
such that ag + 8 —k+1 >0 > a, + 8+ 1. Then the point N-structure (X,yg) is an
Ng-subset of (X, f). Since () <y, it follows that (X, ()s) is an Neyg,-subset of (X, f).
But f(()) > % > 3 implies that the point A -structure (X, ()s) is not an Ne-subset
of (X,f). Also f())+B8—k+1=ao+ 8 —k+1>0 implies that (X, ()s) is not an
Ny, -subset of (X, f). This is a contradiction, and thus f(y) < k—;l for some y € X.
We now prove that f(()) < %51, Assume that ag := f(()) > %5%. Note that there
exists y € X such that o, = f(y) < % and so oy < . Choose o < g such that
ay+oa1—k+1<0<ay+ay —k+1. Then f(y) +o1 —k+1=0ay+a1 —k+1<0,
and thus the point N-structure (X, yq,) is an Ny -subset of (X, f). Since () < y, we know
that (X, ()a, ) is an Neyg,-subset of (X, f). But f(())+a1 —k+1l=ap+a1 —k+1>0
and also f(()) = ap > a1 which is a contradiction. Therefore f(()) < £52. ]

Corollary 3.28 ([20]). Let (X, f) be an N -subnezus of type (q, € Vq). If f is not constant
on the open support of (X, f) related to 0 and f(()) > f(x) for all x € X, then there exists
y € X such that f(y) < —0.5. In particular, f(()) < —0.5.

Theorem 3.29. If (X, f) is an N -subnezus of type (q, qr) such that f(()) > f(x) for all
x € X, then f is constant on O(f; k).

Proof. Assume that f is not constant on O(f; k). Then there exists € O(f; k) such that
ay = f(x) # f(()) = ap. Then ag > oy, and so f(z) + (-1 — ) +1 = a, —ap < 0.
Hence (X,2_1_q,) is an Ny-subset of (X, f). Note that () <z and f(()) + (-1 — ap) —
k4 1= —k > 0, which implies that (X, ()_1_q,) is not an N, -subset of (X, f). This is
a contradiction, and therefore f is constant on O(f;k). [

Corollary 3.30 ([20]). If (X, f) is an N -subnezus of type (q,q) such that f(()) > f(x)
for all x € X, then f is constant on the open support of (X, f) related to 0.

4. N-SUBNEXUS OF TYPE (€,€ V @)

Let (X, g) be an N-structure. A point N-structure (X, z,) is said to be an Ng-subset
(resp., Ng-subset) of (X,g) if g(z) > « (resp., g(z) + a« —k +1 > 0). If a point N-
structure (X, z,) is an Ng-subset or an Ng-subset of (X, g), then (X, z,) is said to be
an Ngyg--subset of (X, g).

Definition 4.1. Let v,w € X such that v < w and « € [—1,0). We say an N-structure
(X, f) is an N-subnezus of type (€,€ V @), if (X,v,) is an Nz-subset of (X, f) then
(X, wq) is an Ngyg-subset of (X f).

Similarly, we can define N-subnexus of type (€, €). According to [20], we have (X, f)
is an A-subnexus of type (€, €) if and only if it is an A -subnexus of type (€, €).

Moreover, it is important to note that every A -subnexus of type (€,€ V @) is an
N-subnexus of type (€,€ VvV q) for k = 0. Also, every N-subnexus of type (€,€ V q)
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is an N-subnexus of type (€,€ V @), for all k € (—1,0], which is a different property
with respect to other types of N-subnexuses and their generalizations by k € (—1,0].
Therefore, according to [20], we can obtain the following corollaries:

Corollary 4.2. Let (X, f) be an N -structure such that for all v,w € X with v < w we
have N{f(v),—=0.5} < f(w). Then, (X, f) is an N -subnezus of type (€,€ V G).

Corollary 4.3. If the nonempty closed support of (X, f) related to « is a subnezus of X
for every a € [—1,—0.5), then (X, f) is an N -subnezus of type (€,€V qr).

Moreover, see the following example:

Example 4.4. Let (X, f) be an N-structure in which X = {(), (1), (2),(2,1),(2,2)} is a
nexus and f is given as
Fo ( 0 n @ @) (22 )
-093 -095 -092 -091 -09 /°
We have () < (1) and f(()) = —0.93 > —0.94 = a. But f((1)) < —0.94 and f(1) —0.94+

1 <0, and so (X, f) is not an N-subnexus of type (€, €vg). While, for £ = —0.9 we have
f(1) =094 —k +1 > 0 and therefore (X, f) is an N -subnexus of type (€,€V g_g.9)-

Theorem 4.5. An N -structure (X, f) is an N -subnezus of type (€,€ V qx) if and only
if N{f(v), 551} < f(w), for allv,w € X such that v < w.

Proof. Let (X, f) be an N-subnexus of type (€,€ V i) and there exist v,w € X such
that v < w and A{f(v), 552} > f(w) = a. So, a € [~1,%51). Tt follows that (X,w,)
is an Nc-subset of (X, f) and (X, v,) is an Ng-subset of (X, f). Hence (X, w,) is an
Ng—subset of (X, f). Therefore 20 — k + 1 = f(w) + a — k+ 1 > 0, which implies that
o > k5L This is contradiction, and so A{f(v), %51} < f(w) for all v,w € X with
v < w. Conversely, let for all v,w € X such that v < w we have A{f(v), 551} < f(w).
Let v < w for v,w € X and a € [—1,0) such that a point N-structure (X,v,) is an
Ng-subset of (X, f). Then f(v) > . If f(v) < f(w), then o < f(w) and thus (X, wq)
is an Ny g-subset of (X, f). If f(v) > f(w), then we have f(w) > A{f(v), E5%} = ;L.
Suppose that (X,w,) is not an Ne-subset of (X, f). Then o > f(w) > £51. Hence, we
have f(w)+a—k+1> %2 4 221 k41 =0 and so (X,w,) is an Ng-subset of (X, f).
Therefore (X, f) is an N -subnexus of type (€,€ V gx). n

Proposition 4.6. If (X, f) is an N-structure of type (€,€V @), then f(w) > f(()) or
fw) > E5L for allw € X.

Proof. Using Theorem 4.5, the proof is straightforward. [

Theorem 4.7. An N -structure (X, f) is an N -subnezus of type (€, €V qx) if and only
if 0 £ C(f; ) is a subnezus of X for every o € [—1, %)

Proof. For an N-subnexus (X, f) of type (€,€ V @), let v,w € X with v < w and
w € C(f;a) for a € [-1,%551). By Theorem 4.5, we have A{f(v), 552} < f(w) < o
Since a < £51 then f(v) < a and so v € C(f;a). Conversely, let (X, f) be an N-

2
structure such that () # C(f; «) is a subnexus of X for all a« € [~1, 551). Let for v,w € X

such that v < w we have A{f(v), 552} > f(w). Put, 8 := 3 (/\{f( § ESLV) + f(w), then
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Be-1,51) and A{f(v), 51} > B> f(w). Thus w € C(f; ) but v ¢ C(f;3) which
is a contradiction. Therefore A{f(v), 551}) < f(w) for all v,w € X with v < w. Using
Theorem 4.5, then (X, f) is an N -subnexus of type (€,€V gx). n

It is easy to see that every N-subnexus of type (€, €) is an N-subnexus of type (€,€V
Jr), but the converse is not generally valid. See the following example:

Example 4.8. Let X = {(), (1), (2),(1,1),(1,2),(1,2,1)} be a nexus and define h on X

h( 0O o @ @y L2 (172,1)>
—04 —045 —033 —03 —034 —02 )°

It is routine to verify that (X, h) is an N-subnexus of type (€, Evg) and so an N -subnexus
of type (€,€ Vq) for all k € (—1,0]. But it is not an N-subnexus of type (€, €) since
() < (1) and (X, ()—0.42) is an Nz-subset of (X, h), but (X, (1)_¢.42) is not an Ng-subset
of (X, h).

Theorem 4.9. Let (X, f) be an N -structure such that f(z) < 552 for allz € X. Then,
every N -subnezus of type (€,€ V qx) is an N -subnezus of type (€, €).

Proof. Let v,w € X and a € [—1,0) be such that v < w and (X,v,) is an Nz-subset
of (X, f). Then f(v) > «a. Since f(z) < k—;l for all z € X, by Theorem 4.5, we have

a < fv) = A{f(v), 552} < f(w). Thus (X, w,) is an Ne-subset of (X, f). Therefore
(X, f) is an N-subnexus of type (€, €). "
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