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1. INTRODUCTION

In what follows, let H be a real Hilbert space with inner product (-,-) and norm
|-]].- Let C be a nonempty subset of H. The equilibrium problem is the problem of finding
a point & € C' such that

F(2,y) =20 (L.1)
for all y € C. The set of solutions of this problem (1.1) is denoted by EP(F). Given a
mapping A : C — H, let F(z,y) = (Az,y — ) for all y € C. Then & € EP(F) if and
only if £ C C'is a solution of the variational inequality

for all y € C. Since its inception by Blum and Oettli [1] in 1994, the equilibrium problem
(1.1) has received much attention due to its applications in a large variety of problems
arising in numerous problems in physics, optimizations and economics. Some methods
have been proposed to solve the equilibrium problem (see [2-0]).
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In the recent years, solving the problem of finding a common solutions of equilibrium
problems and fixed points of a singlevalued mapping in the framework of Hilbert spaces
has been intensively studied by many authors (see, for instance, [7—15]).

A subset C' C H is said to be proziminal if, for each x € H,
|z —y|l = d(z,C) = inf{||z — 2| : z € C}.

Let CB(C), K(C) and P(C') denote the families of nonempty closed bounded subsets,
nonempty compact subsets and nonempty proximinal bounded subset of C', respectively.
The Hausdorff metric on CB(C) is defined by

H(A,B) = max{ sup d(z, B), sup d(y, A)}
T€EA yeB
for A,B € CB(C), where d(z,B) = inf,cp|lz — z||. An element p € C is called a
fized point of T : C — CB(C) if p € Tp. The set of fixed points of T' is denoted by F'(T).

Now, we recall that T': C — CB(C) is:
(1) nonexpansive if

H(Tz,Ty) < ||z =yl

for all z,y € C,
(2) quasi-nonexpansive if

H(Tz,Tp) < ||z - p|
for all x € C and p € F(T).

Recently, the existence of fixed points and the convergence theorems of multivalued
mappings have been studied by many authors (see [L6-21]).

Hussain and Khan [22] presented the fixed point theorems of a *-nonexpansive multi-
valued mapping and the strong convergence of its iterates to a fixed point defined on a
closed and convex subset of Hilbert spaces by using the best approximation operator Przx,
which is defined by Prz = {y € Tz : ||y —z|| = d(x, Tx)}. The convergence theorems and
its applications in this direction have been established by many authors (see, for instance,
19, 23, 24]).

In 2011, Song and Cho [25] gave the example for a multivalued mapping T which is
not necessary nonexpansive, but Pr is nonexpansive. It would be interesting to study the
property of multi-valued mapping 7" with the help of Pr.

In 2008, Kohsaka and Takahashi [26] introduced a class of mappings which is called
nonspreading mapping. Let C be a subset of Hilbert spaces H. A mapping T : C' — C'is
said to be nonspreading if

2|Tz —Ty|? < ||Tx —y|* + || Ty — |
for all 2,y € C. Recently, in 2009, Iemoto and Takahashi [27] showed that T : C — C'is
nonspreading if and only if

Tz = Ty|* < ||z - y||* + 2(z — Ty,y — Ty)

for all z,y € C. In 2012, Jiang and Su [28] introduced an iterative scheme for finding a
common element of the set of fixed points of a nonexpansive singlevalued mappings and
nonspreading singlevalued mappings and the set of solution of an equilibrium problem on
the setting of real Hilbert spaces. Recently, in 2013, Eslamian [29] extended the results to
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a finite family of nonspreading singlevalued mappings and a finite family of nonexpansive
multivalued mappings.
Also, recently, in 2013, Liu [9] introduced the following class of multivalued mappings:
A mapping T : C — CB(C) is said to be nonspreading if
2|tz — uyl* < fluw — ylI* + [Juy — 2|

for some u, € T'r and u, € Ty for all x,y € C. Also, he proved a weak convergence
theorem for finding a common element of the set of solutions of an equilibrium problem
and the set of common fixed points.

In this paper, we introduce, by using Hausdorff metric, the class of nonspreading multi-
valued mappings. We say that a mapping T': C' — CB(C) is a k-nonspreading multivalued
mapping if there exists k > 0 such that

H(Tz,Ty)? < k(d(Tz,y)? + d(z, Ty)?) (1.2)

for all z,y € C. It is easy to see that, if T is %—nonspreading, then T is nonspreading in

the case of singlevalued mappings (see [20, 30]). Moreover, if T is a ;-nonspreading and

F(T) # 0, then T is quasi-nonexpansive. Indeed, for all z € C and p € F(T'), we have
2H(Tz,Tp)*> < d(Tx,p)* + d(x, Tp)?
< H(Tz,Tp)? + ||z - p|
and so it follows that
H(T,Tp) < |z - p]. (13)

We now give an example of a %—nonspreading multivalued mapping which is not non-
expansive.
Example 1.1. Consider C' = [—3, 0] with the usual norm. Define a multi-valued mapping
T:C— CB(C) by

_— { {0}, z € [-2,0];

[~ @0, wel-3.-2)

Now, we show that T is %-nonspreading. In fact, we have the following 3 cases:

Case 1: If z,y € [-2,0], then H(Tx,Tx) = 0.

Case 2: If z € [-2,0] and y € [—3,-2), then Tz = {0} and Ty = [ — \y‘ﬁlkl’o]' This
implies that

2
2H(Tx, Ty)* = 2(|y|y+| 1) <2< y?* <d(Tz,y)? +d(x, Ty)>

Case 3: If 2,y € [-3,-2), then Tz = [ — WH%, 0] and Ty = [ — ‘y‘ﬂl,()]. This implies
that
OH(Tx,Ty)? = 2( el _lyl )2 <2< d(Tz,y)* +d(z, Ty)>
lz]+1 |yl +1
On the other hand, T is not nonexpansive since, for x+ = —2 and y = —%, we have
Tz = {0} and Ty = [ — 2,0]. This shows that

5 1 )
H(T%Ty)=§>§=‘—2—(—§)’:||93—y||~
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In this paper, inspired by Jiang and Su [28], Eslamian [29] and Liu [9], we study
the definition of a nonspreading multivalued mapping by using the Hausdorff metric
and introduce an iterative method to approximate a common solution of the equilibrium
problem and a common fixed point problem for a %—nonspreading multivalued mapping
and a nonexpansive multivalued mapping. Furthermore, we prove the weak convergence

theorem in Hilbert spaces and, also, give some examples and numerical results.

2. PRELIMINARIES

We now provide some basic results for the proof. In a Hilbert space H, we know
the following lemma:

Lemma 2.1. Let H be a real Hilbert space. Then the following equations hold:
(D) [z =ylI* = lz* =yl = 2(z — y,y) for all z,y € H;
2) ||z +ylI* < [|z]]* + 2(y,z +y) for all x,y € H;
3) |lte + (1 = t)yl* = tl=]> + (1 = Olyl* =t = t)]|= — yl|* for all t € [0,1] and
H;
If {x,}22, is a sequence in H which converges weakly to z € H, then

NN

m

(
(
T,y
(4

~—

limsup 2, — |12 = lim sup [lz, — 211 + ||z — y]?
n—oo n—oo
forallye H.

A space X is said to satisfy Opial’s condition if, for any sequence x,, with x,, — =z,
then

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—oo
for all y € X with y # x. It is known that every Hilbert space satisfies Opial’s condition.

Lemma 2.2. [31] Let X be a Banach space which satisfies Opial’s condition and let {x,}
be a sequence in X. Let u,v € X be such that lim, o ||z, — | and lim,_ ||z, — V||
exist. If {xyn,} and {xm,} are subsequences of {x,} which converge weakly to w and v,
respectively, then u = v.

Lemma 2.3. [32] Let C be a nonempty weakly compact subset of a Banach space X
with Opial’s condition and T : C — K(X) be a nonexpansive mapping. Then I —T is
demiclosed.

Lemma 2.4. [I] Let D be a nonempty closed and convex subset of a real Hilbert space
H. Let F be a bifunction from D x D to R satisfying (A1)-(A4) and let r > 0 and = € H.
Then there exists z € D such that

1
F(z7y)+7<y—z,z—m> >0
r
for all y € D.

Assumptiom 2.5. [33] Let D be a nonempty closed convex subset of a Hilbert space H.
Let F: D x D — R be a bifunction satisfying the following assumptions:

(Al) F(z,z) =0 for all z € D;

(A2) F is monotone, i.e., F(z,y) + F(y,x) <0 for all z,y € D;

(A3) For each z,y,z € D,

lim F(tz + (1 - t)z,y) < F(z,y);
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(A4) For each z € D, y — F(x,y) is convex and lower semi-continuous.

Lemma 2.6. [2] Assume that F : C x C' — R satisfying (A1)-(A4). Forr >0, x € H,
define the mapping T : H — D as follows:

1
Tr(z):{ZED:F(z,y)—F;(y—z,z—x)ZO,VyGD}.

Then the followings hold:
(1) T, is single-value;
(2) T is firmly nonexpansive, i.e., for any x,y € H,

”Trx - Try||2 < <Tr$ - Ty, — y>§

(3) F(T,) = EP(F);
(4) EP(F) is closed and conver.

Condition (A). Let H be a Hilbert space and C' be a subset of H. A multivalued
mapping T : C — CB(C) is said to satisfy Condition (A) if ||z — p|| = d(x,Tp) for all
x € Handpe F(T).

Assumptiom 2.7. We see that T satisfies Condition (A) if and only if Tp = {p} for
all p € F(T). Tt is known that the best approximation operator Pr, which is defined by
Prx={yeTx:|y—z| =d(zx,Tx)}, also satisfies Condition (A).

Lemma 2.8. [341] Let C be a closed and convex subset of a real Hilbert space H and
T:C— K(C) be a %-nonspreading multi-valued mapping. Let {x,} be a sequence in C
such that z, — p and lim,_, ||Tn — ynl|| = 0 for some y,, € Tx,,. Then p € Tp.

3. MAIN RESULTS

We are now ready to prove the weak convergence theorem for %—nonspreading

multivalued mapping and nonexpansive multivalued mapping in Hilbert spaces.

Theorem 3.1. Let H be a Hilbert space, C be a nonempty closed convexr subset of H
and F : C x C — R be a bifunction satisfying (Al)-(A4). Let S : C — K(C) be a
1

5-nonspreading multivalued mapping and T : C — K(C) be a nonerpansive multivalued

mapping such that © = F(S)NF(T)NEP(F) # (. Let {z,} and {u,} be the sequences
defined by
x1 € C arbitrarily,
F(tn,y) + =y = tn, un — ), (3.1)
Tng1 € (1= an)up + an{BnSun + (1 = B,)Tuy }
for ally € C and n > 1, where {a,} and {B,} are the sequences in C (0,1) and r,, C
(0,00) satisfying the following conditions: (1) liminf, . an(1 — ay) > 0;
(2) liminf,, o0 Bn(1 — Bn) > 0;
(3) liminf, o7y > 0.
If S and T satisfy Condition (A), then the sequences {x,} and {u,} defined by (3.19)
converge weakly to an element of ©.

Proof. Let p € ©. We divide the proof into five Steps as follows:
Step 1. Show that {z,} is bounded. From w,, = T}. x,, we have

lun = pll = ITr, 20T, pll < [lzn — P (3.2)
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for all n > 1. Since T satisfies Condition (A), for all z, € Tu,,
[(1 = an)un + anzn — pH2 < (I—ap)lun _pH2 + anllzn — p”2
= (1—an)llun —p||2 + O‘nd(zanp)2
(1 = an)|lun = plI* + anH (Tuy, Tp)?
[un = pl*. (3.3)
Similarly, since S satisfies Condition (A), for all y,, € Su,,

<
<

11 = an)un + anyn —plI> < (1= an)lun = plI* + anllyn — pl?
(1 — an)[Jun — pH2 + and(yn, Sp)2
< (1= an)llun = plI? + anH(Sun, Sp)?
< lun —pl* (3.4)

From (3.2), (3.3) and (3.4), for all y, € Su, and z, € Tu,, we obtain
”ﬂn{(l - O‘)un + anyn} + (1 - Bn){(l - a)un + anzn} - pH2

201 = pII?

< Bl = @)un + anyn = plI* + (1= B) | (1 = @)un + anzn — p||?

< Bl = @)up + anyn — pll* + (1 = Ba)l|un — p?

< lun = plf?

< lan —pl? (3.5)

for all n > 1. Hence lim,,_,« ||z, — p|| exists. Therefore, {x,,} is bounded and so is {u,}.
Step 2. Show that there exists a subsequence {uy,} C {u,} which converges weakly
to ¢ € F(S)NF(T). From (3.5), we have

0 < lun =2l = Ball(X = @)un + anyn — plI* = (1 = Ba)llun — pl|?
= Bn(Hun_p”Q - ||(1—oz)un—|—oznyn—p||2)
< len = pl? = lJ2n1 —pl*. (3.6)

Since liminf, o B (1 — B,) > 0 and lim,, o ||z, — p|| exists, it follows from (3.6) that
Jim ([fuy = pl* = |1 = @)un + anyn — p[|*) =0. (3.7)

By Lemma 2.1, we have

(1 = @)up + anyn — pl|?

(1 = a@)|lun = plI* + anllyn = plI* = (1 = an)anllun = yal?

(1= a)llun = plI* + and(yn, Sp)* = (1 — an)an|un — yall?

(1 = a)|lun = plI* + anH (Sun, Sp)* = (1 = an)an|un — yal|?

Hun —p||2 - (1 - an)anHun - yn||2

IN A

This implies that
(1 = an)an|fug = ya | < [lup = pl* = [|(1 = @)un + any, — p|*. (3.8)
Since liminf,, o (1 — ay)ay, > 0, it follows from (3.8) that

Jim{jup, = ynll = 0. (3.9)
Since {uy} is a bounded sequence, there exists a subsequence {u,,} C {u,} such that
{un,} converges weakly to ¢ € C'. From Lemma 2.8, we obtain ¢ € F(S5).
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Now, we show that ¢ € F(T). From (3.2), (3.3) and (3.4), it follows that, for all
Yn € Su, and z, € Tuy,,

[ Zn+1 *PHQ = ”ﬂn{(l —Q)uy, + O‘nyn} + (1 - Bn){(l — a)up, + anzn} *pH2

< Bull(l = @)un + anyn — p”2 + (1= Bu)ll(1 — @)un + anzn — p”2

< Ballun = pl? + (1= Ba)I(1 = a)un + anzy —plf?

< lun =l

< zn —pl? (3.10)

for all n > 1. This implies that
0 < Jun =pl* = Ballun = p* = (1= Bu) (1 = a)un + anzn — plf?
(1= Ba) (llun = 2l = 11 = @)up + anzy = p|?)
|zn = pI* = 2041 — 2l (3.11)
Since lim inf,, o0 B (1 — Br) > 0 and lim, o ||z, — p|| exists, it follows from (3.11) that
T (Jun =17 = (1= @) + anz, —5l) =0, (3.2

IN

Also, by Lemma 2.1, it follows that
[(1 = a)up + anzn 7p||2

< (1= a)llup = pl* + anllzn — plI* = (1 = ) lun — 2012
(1= a)llun — plI* + nd(2n, Tp)* = (1 — o) n ||tg — yn |

< (I-a)|lu, - p”2 + anH(TumTp)Q — (1= an)an|lu, — an2

< un —p||2 — (1= an)anllu, — anQa

which implies that

(1 = an)anllun = 20l* < flup = p[|? = [I(1 = @)un + anz, —p|*. (3.13)
Since liminf,, o0 (1 — ap)a, > 0, from (3.8), it follows that

nlgr;o lwn — 20| = 0. (3.14)
Using (3.9), we obtain

nl;rr;o d(tn, Tup) < nhﬁrrgo |un, — 2zn|| = 0. (3.15)

Thus, by Lemma 2.3, we conclude that ¢ € F(T).
Step 3. Show that ||z, — u,|| = 0 as n — co. Since u,, = T, z,, we see that
lun =pI* = T, 20 — T, 0l
<T7'nmn - TTnpa Tn — p>

<un — P, Tn _p>
1
2

IN

(lun = pl* + llzn = pII* = lun — zal®),
which yields

lun = plI* < llzn =PI = llzn — un|®.
From (3.3), we have

lzn — un||2 < lzn _pH2 - Hxn-i-l _pHQ'
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Since lim,, o ||, — p|| exists,
nl;rr;o |zn — unll = 0. (3.16)
Step 4. Show that ¢ € EP(F). Since u,, =T, p,

1
F(unvy) + 7<y_un»un _xn> >0

Tn

for all y € C. From (A2), we have

1
7<y — Un, Un — mn) > F(yaun)
and hence

Up; — Tn,

7”7> 2 F(y7uni)'

uz

<y — Un;,

Since liminf,,_ o0 7, > 0 and u,, — ¢, by (A4) and (3.16), we have
F(y,q) <0

for all y € C. Replacing y with y; = ty 4+ (1 — t)q for any ¢ € [0, 1], from (A1) and (A4),
it follows that

0=F(ye,yr) <tF(yt,y) + (1 —t)F(yt,q) < tF(y,y)

and hence
F(ty+ (1—1t)g,y) =0

for any ¢t € [0,1] and y € C. So, F(q,y) > 0 for all y € C by (A3) and letting t — 0.
Hence ¢ € EP(F) and so q € ©.

Step 5. Show that {z,} and {u,} converge weakly to an element of ©. It is sufficient
to show that w,, () is a single point set. Let p, ¢ € wy, () and {zn, }, {®n,, } C {z,} be
such that z,,, — p and z,,,, — ¢. From (3.16), we have u,, — p and u,, — ¢. By Step
2 and Step 4, we have p,q € ©. Applying Lemma 2.2, we obtain p = gq. This completes
the proof. ]

If Tp = {p} for all p € F(T), then T satisfies Condition (A) and so we obtain the
following result:

Theorem 3.2. Let H be a Hilbert space, C be a nonempty closed convexr subset of H
and F : C x C — R be a bifunction satisfying (Al1)-(A4). Let S : C — K(C) be a
1 -nonspreading multi-valued mapping and T : C — K(C) be a nonezpansive multi-valued
mapping such that © = F(S)NF(T)NEP(F) # 0. Let {z,} and {u,} be the sequences
defined by

1 € C arbitrarily,

F(Umy)-i‘%"(y—umun _xn>, (317)

Tpy1 € (1 —apn)up + an{ﬁnsun + (1 - ﬂn)Tun}

for ally € C and n > 1, where {a,} and {B,} are the sequences in C (0,1) and r, C
(0,00) satisfying the following conditions:

(1) liminf, e an(l —ay) > 0;

(2) liminf,— e Bn(l — Bn) > 0;

(3) liminf, oo 7y > 0.
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If Sp=Tp = {p} for allp € F(S)N F(T), then the sequences {x,} and {u,} defined
by (3.19) converge weakly to an element of ©.

Since Pr satisfies Condition (A), we also obtain the following results:

Theorem 3.3. Let H be a Hilbert space, C be a nonempty closed convex subset of H
and F : C x C = R be a bifunction satisfying (A1)-(Ad). Let S,T : C — P(C) be two
multi-valued mappings such that ©® = F(S)NF(T)NEP(F) # 0. Let {z,} and {u,} be
the sequences defined by

x1 € C arbitrarily,
F(unvy)+i<y_unvun_xn>v (318)
Tnt1 € (1 - an)un + O‘n{ﬂnPSun + (]- - /Bn)PTun}

forally € C and n > 1, where {a,} and {B,} are the sequences in C (0,1) and r, C
(0,00) satisfying the following conditions:

(1) liminf,, o0 an(l —ay) > 0;

(2) liminf,, o0 Bn(1 — Bn) > 0;

(3) liminf, o7y > 0.

If Pg is %—nonspreading and Pr is nonexpansive such that I—S and I =T are demiclosed
at 0, then the sequences {x,} and {u,} defined by (3.19) converge weakly to an element

of ©.

Corollary 3.4. Let H be a Hilbert space, C' be a nonempty closed convex subset of
H and F : C x C — R be a bifunction satisfying (A1)-(A4). Let S : C — C be a
%—nonspreadmg mapping and T : C — C be a nonexpansive mapping such that © =
F(SYNF(T)NEP(F) # 0. Let {z,} and {u,} be the sequences defined by

x1 € C arbitrarily,
F(unvy)+i<y_unvun_$n>v (319)

Tn

Tn+1 = (]- - an)un + O‘n{ﬂnsun + (]— - ﬂn)TUn}

forally € C and n > 1, where {a,} and {B,} are the sequences in C (0,1) and r, C
(0,00) satisfying the following conditions:

(1) liminf,, o0 an(l —ay) > 0;

(2) liminf, oo Bn(1 — Bn) > 0;

(3) liminf, o7y > 0.
Then the sequences {x,} and {u,} defined by (3.19) converge weakly to an element of ©.

Remark 3.5. (1) Theorem 3.1-3.3 extend the main results of Jiang and Su [28] from
a nonspreading single-valued mapping to a nonspreading multi-valued mapping and a
nonexpansive single-valued mapping to a nonexpansive multi-valued mapping.

(2) If S is a nonspreading single-valued mapping and 7' is a nonexpansive single-valued
mapping, then we obtain Corollary 3.4.

4. EXAMPLES AND NUMERICAL RESULTS

In this section, we give examples and numerical results for supporting our main
theorem.
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Example 4.1. Let H =R and C = [-3,0]. Let F(z,y) = (¢ +3)(y —x) for all z,y € C,

{_3}7 S [_37_1];
SQTZ{ [_37_2_ || ], x e (—1,0],

and
Tz = | -3,3sin (7).

Choose a, = ﬁ, B = % and r, = nL-l-l It is easy to check that F' satisfies all the

conditions in Theorem 3.1. For each r > 0 and z € C, we first find v € C such that
1

for all y € C. We see that

1 1
F(u,y)—l—;(y—u,u—x}ZO — (u—|—3)(y—u)+;<y—u,u—x>20

= rlu+3)(y—uw+y-u(u—2)=0
= (y—uw)((l+7r)u—(x—3r))>0.

By Lemma 2.6, we know that 7.7z is single-valued. Hence u = T +3TT.
Next, we find
Tpt1 € (1 — ap)uy, + an{ﬂnSun +(1- BnTun)},

where u,, = w*{%ﬁ’:” From

{73}7 T e [73771]7

5o = 2 — el 1,0

[7377 7%]7 xe(fﬂ]a

and

Te = {— 3, 3Sin(%76)],

we have

o1 = (1— min) (gC" — 3("“)) + 1371{;3; +(1- le)z} (4.2)

1+ ()

{73}, U € [*33 71];
UYn € [73,727 [un ]7 u, € (—1,0],

[un+1

o)

Finally, if we compute the numerical results by choosing x; = 0 and taking randomly
yn and z, in the above intervals, then we obtain the following Tables:

where

and

Zn € {—3735111(
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n Up Yn Zn Ln Hx’ﬂJrl —an
1 | -1.00000E+00 | -3.00000E+00 | -1.60462E+4-00 | 0.00000E+-00 1.20000E+00
2 | -1.92000E+4-00 | -3.00000E+4-00 | -2.90109E+00 | -1.20000E+4-00 7.71527E-01
3 | -2.41230E4-00 | -3.00000E4-00 | -2.95694E+00 | -1.97153E4-00 4.59407E-01
4 | -2.68385E+00 | -3.00000E+400 | -2.96544E+00 | -2.43093E+00 2.60174E-01
5 | -2.83151E+4-00 | -3.00000E+00 | -2.99025E+00 | -2.69111E4-00 1.43619E-01
6 | -2.91101E4-00 | -3.00000E+00 | -2.99814E+00 | -2.83473E+00 7.77371E-02
7 | -2.95331E4-00 | -3.00000E+-00 | -2.99982E+00 | -2.91246E4-00 4.15147E-02
8 | -2.97564E4-00 | -3.00000E+4-00 | -2.99993E+00 | -2.95398E4-00 2.19607E-02
9 | -2.98734E4-00 | -3.00000E+4-00 | -2.99997E+00 | -2.97594E4-00 1.15374E-02
10 | -2.99344E4-00 | -3.00000E+-00 | -2.99999E+00 | -2.98748E+-00 6.02878E-03
21 | -3.00000E+-00 | -3.00000E+00 | -3.00000E+4-00 | -2.99999E+-00 3.99991E-06

Table 1. Numerical

results of Example 4.1 being randomized

in the first time.

n Up Yn Zn Tn Hxn-i-l — ‘r’ﬂ”
1 | -1.00000E+-00 | -3.00000E+00 | -2.36478E+00 | 0.00000E4-00 1.20000E+00
2 | -1.92000E4-00 | -3.00000E+4-00 | -2.83312E+00 | -1.20000E4-00 7.69828E-01
3 | -2.41133E+4-00 | -3.00000E+00 | -2.94717E+00 | -1.96983E+00 4.59951E-01
4 | -2.68321E+00 | -3.00000E+00 | -2.98064E+00 | -2.42978E+00 2.60989E-01
5 | -2.83133E+4-00 | -3.00000E+00 | -2.98890E+00 | -2.69077E+00 1.43756E-01
6 | -2.91090E+-00 | -3.00000E+00 | -2.99898E+00 | -2.83452E4-00 7.78448E-02
7 | -2.95326E4-00 | -3.00000E+4-00 | -2.99917E+00 | -2.91237E4-00 4.15524E-02
8 | -2.97560E4-00 | -3.00000E+4-00 | -2.99976E+00 | -2.95392E4-00 2.19868E-02
9 | -2.98732E+400 | -3.00000E+00 | -2.99996E+00 | -2.97591E+-00 1.15529E-02
10 | -2.99343E+00 | -3.00000E+00 | -2.99999E4-00 | -2.98746E4-00 6.03691E-03
21 | -3.00000E4-00 | -3.00000E+00 | -3.00000E4-00 | -2.99999E+4-00 4.00538E-06

Table 2. Numerical results of Example 4.1 being randomized in the second time.

From Table 1 and Table 2, we see that —3 is a solution in Example 4.1.

Acknowledgement. The authors would like to thank University of Phayao, Phayao,

Thailand (Grant No. UoE62001) .

REFERENCES

[1] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems,
Math. Stud. 63(1994) 123-145.

P. L. Combettes, S. A. Hirstoaga, Equilibrium programming in Hilbert spaces, J. Nonlinear
Convex Anal. 6(2005) 117-136.

F. Giannessi, G. Maugeri, P. M. Pardalos, Equilibrium problems: nonsmooth optimization
and variational inequality models. Kluwer Academics Publishers, Dordrecht, Holland, 2001.
X. B. Li, S. J. Li, Existence of solutions for generalized vector quasi-equilibrium problems,
Optim. Lett. 4(2010) 17-28.

A. Moudafi, M. Thera, Proximal and dynamical approaches to equilibrium problems, In:
Lecture Note in Economics and Mathematical Systems, vol.477, pp. 187—201. Springer-Verlag,
New York, 1999.



WEAK CONVERGENCE FOR EQUILIBRIUM PROBLEMS INVOLVING ... 475

[6] P.M. Pardalos, T.M. Rassias, A.A. Khan, Nonlinear Analysis and Variational Problems.
Springer, Berlin (2010)

[7] L. C. Ceng, J. C. Yao, A hybrid iterative scheme for mixed equilibrium problems and fixed
point problems, J. Comput. Appl. Math. 214(2008) 186-201.

[8] Y. J. Cho, X. Qin, J. I. Kang, Convergence theorems based on hybrid methods for generalized
equilibrium problems and fixed point problems, J. Nonlinear Anal. 71(2009) 4203—4214.

[9] H. B. Liu, Convergence theorems for a finite family of nonspreading and nonexpansive mul-
tivalued mappings and nonexpansive multivalued mappings and equilibrium problems with
application, Theoretical Math. Appl. 3(2013) 49-61.

[10] J. W. Peng, Y. C. Liou, J. C. Yao, An iterative algorithm combining viscosity method with
parallel method for a generalized equilibrium problem and strict pseudocontractions, Fixed
Point Theory Appl. Vol. 2009 (2009), Article ID 794178, 21 pp.

[11] X. Qin, S. Y. Cho, S. M. Kang, An extragradient-type method for generalized equilibrium
problems involving strictly pseudocontractive mappings, J. Glob. Optim. 49(2011) 679-693.

[12] Y. Shehu, A new iterative scheme for a countable family of relatively nonex-
pansive mappings and an equilibrium problem in Banach spaces, J. Glob.Optim.
https://doi.org/10.1007/s10898-011-9775-1.

[13] A. Tada, W. Takahashi, Strong convergence theorem for an equilibrium problem and a
nonexpansive mapping, in: W. Takahashi. T. Tanaka (Eds.), Nonlinear Analysis and Convex
Analysis, Yokohama Publishers, Yokohama, 2005.

[14] A.Tada, W. Takahashi, Weak and strong convergence theorems for a nonexpansive mapping
and an equilibrium problem, J. Optim. Theory Appl. 133(2007) 359-370.

[15] S. Wang, G. Marino, Y. C. Liou, Strong convergence theorems for variational in-
equality, equilibrium and fixed point problems with applications, J. Glob. Optim.
https://doi.org/10.1007/s10898-011-9754-6.

[16] N. A. Assad, W. A. Kirk, Fixed point theorems for set-valued mappings of contractive type,
Pacific J. Math. 43(1972) 553-562.

[17] S. B. Nadler, Jr., Multi-valued contraction mappings, Pacific J. Math. 30(1969) 475-488.

[18] P. Pietramala, Convergence of approximating fixed points sets for multivalued nonexpansive
mappings, Comment. Math. Univ. Carolin. 32(1991) 697-701.

[19] N. Shahzad, H. Zegeye, Strong convergence results for nonself multimaps in Banach spaces,
Proc. Amer. Math. Soc. 136(2008) 539-548.

[20] N. Shahzad, H. Zegeye, On Mann and Ishikawa iteration schemes for multi-valued maps in
Banach spaces, Nonlinear Anal. 71(2009) 838-844.

[21] Y. Song, H. Wang, Convergence of iterative algorithms for multivalued mappings in Banach
spaces, Nonlinear Anal. 70(2009) 1547-1556.

[22] N. Hussain, A. R. Khan, Applications of the best approximation operator to *- nonexpansive
maps in Hilbert spaces, Numer. Funct. Anal. Optim. 24(2003) 327-338.

[23] J. S. Jung, Convergence of approximating fixed pints for multivalued nonself-mappings in
Banach spaces, Korean J. Math. 16(2008) 215-231.

[24] H. Zegeye, N. Shahzad, Viscosity approximation methods for nonexpansive multimaps in
Banach space, Acta Math. Sinica 26(2010) 1165-1176.

[25] Y. Song, Y.J. Cho, Some note on Ishikawa iteration for multi-valued mappings, Bull. Korean
Math. Soc. 48(2011) 575-584.

[26] F. Kohsaka, W. Takahashi, Fixed point theorems for a class of nonlinear mappings relate
to maximal monotone operators in Banach spaces, Arch. Math. 91(2008) 166-177.

[27] S. Iemoto, W. Takahashi, Approximating common fixed points of nonexpansive mappings



476 Thai J. Math. Vol. 18, No. 1 (2020) / Cholamjiak and Cholamjiak

and nonspreading mappings in a Hilbert space, Nonlinear Anal. 71(2009) 2082-2089.

[28] L. Jiang, Y. Su, Weak convergence theorems for equilibrium problems and nonexpan-
sive mappings and nonspreading mappings in Hilbert spaces, Commun. Korean Math. Soc.
27(2012) 505-512.

[29] M. Eslamian, Convergence theorems for nonspreading mappings and nonexpansive multi-
valued mappings and equilibrium problems, Optim. Lett. 7(2013) 547-557.

[30] F. Kohsaka, W. Takahashi, Existence and approximation of fixed points of firmly
nonexpansive-type mappings in Banach spaces, STAM J. Optim. 19(2008) 824-835.

[31] S. Suantai, Weak and strong convergence criteria of Noor iterations for asymptotically
nonexpansive mappings, J. Math. Anal. Appl. 311(2005) 506-517.

[32] R.P. Agarwal, D. O'Regan, D. R. Sahu, Fixed Point Theory for Lipschitzian-type Mappings
with Applications, Springer-Verlag, 2009.

[33] S. Takahashi, W. Takahashi, Viscosity approximation methods for equilibrium problems
and fixed point problems in Hilbert spaces, J. Math. Anal. Appl. 331(2007) 506-515.

[34] S. Suantai, P. Cholamjiak , YJ. Cho, W. Cholamjiak . On solving split equilibrium problems
and fixed point problems of nonspreading multi-valued mappings in Hilbert spaces. Fixed
Point Theory and Applications. 2016 Dec 1;2016(1):35.



	Introduction
	Preliminaries
	Main results
	Examples and Numerical Results

