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1. INTRODUCTION

We are interested in solving the split feasibility problem (SFP) of the following
form:

z* € C such that Az™ € Q (1.1)

where C' and ) are nonempty closed convex subsets of real Hilbert spaces H; and Hs,
respectively, and A : Hy — Hs is a bounded linear operator. This problem was proposed
by Censor and Elfving [1].
In recent years, problem (1.1) draws many rearchers’ attention due to its wide range
applications, such as matrix completion [2], image processing and compressed sensing [3—
]. The solution set of this problem will be denoted by S. Many effective methods have
been proposed to solve problem (1.1). An iterative scheme for solving the split feasibility
problem (SFP) is CQ algorithm which was introduced by Byrne [6, 7], whose recursive
formula is

ZTny1 = Po(zn, — 1WA (I — Pg)Azx,) (1.2)
where the stepsize 7, € (0,2/|A]|?), A* is the adjoint operator of A, Pc and Py are the

metric projections onto C' and @, respectively.
Recently, Yang [3] introduced the following iteration:

Tpy1 = Po, (zn, — 1, A*(I — Py, )Axy,) (1.3)
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where the stepsize 7, and A* are similarly to that of Byrne [6, 7]. Here Pc and Py are
replaced by Pc, and Py, , respectively, where C),, and @, are two half-spaces. This is
noted that the closed forms of Pr, and Py, are easily calculated.

The stepsize of the iteration (1.3) is established under the assumptions that compute
the operator norm of A is easily to be computed. In 2012, Lépez et al. [9] provided the
stepsize which do not depend on the operator norm:

 pallT ~ Pg,) Aa?
" 2fAr(I - P, ) Ax|f?
where {p,} is a sequence in (0,4) such that inf, ey pn (4 — pn) > 0. They have shown that

the sequence {z,} generated by iteration (1.3) converges weakly to a solution of SFP.
Also, they proved strongly convergence by using the Halpern-type algorithm.

(1.4)

In 2017, Gibali et al. [L0] introduced iterative scheme with Armijo linesearches as
follows:
yn = Po, (xn—1A"(I - Pg,)Ax,)
Tn4+1 = Pcn (Jtn - TnA* (I - PQn)Ayn) (15)

where the stepsize 7, = ™" and m, is the smallest nonnegative integer, and v > 0,
¢€(0,1) and p € (0,1) such that

Tl A(I = Pg,)on — AY(I = P, )ynll < pllen — yall. (1.6)
They proved that {z,} weakly converges to the solution of SFP.
In 2019, Kesornprom et al. [11] studied the relaxed CQ algorithm with the stepsize
defined by Lépez et al [9] in Hilbert spaces as follows:
Yn = xTn—TA'(I - Pg,)Ax,
Tny1 = Pgo, (yn - SDnA*(I - PQn)yn)7 (17)

_ _ pallU=Po,)Aza|? _ _ pallU=Pg,)Aual?® ;
where 7,, = STA-(I—Pq, YAzn > T5n and ¢ = A (I—Pg, Ay 25, Also, to obtain the

strong convergence, they introduced the following algorithm:

Yn = Tn—ToA"(I—Pg,)Ax,
Tptl = OpU+ (1 - an)PCn (yn - ‘PnA*(I - PQn)yn) (1-8)
where {a,} C (0,1), lim;, o0 @, =0 and >0 | o, = 00.
In this work, using idea of Nesterov [12] and Alvarez and Attouch [13], we introduce

a new algorithm for solving the SFP in Hilbert spaces. We prove the convergence of
the sequence generated by the proposed algorithms. Finally, we apply to compressed
sensing in signal recovery and compare with algorithms of Yang [8], Gibali et al. [10] and
Kesornprom et al. [11].

2. PRELIMINARIES

In this section, we give some preliminaries and lemmas which will be used in the
sequel. Let H; and Hy be real Hilbert spaces. Recall that a mapping T : H; — H; is
said to be nonexpansive if

IT2 - Tyl < llz — yll, ¥,y € Hy. (2.1)
A mapping T : H; — Hj is said to be firmly nonexpansive if, for all z,y € Hy,
Tz = Ty||* < (z —y,Tx — Ty). (2:2)
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Recall that a function f: H; — R is convex if
fOz+ (1 =Ny) <Af(2) + (1 =A)f(y), VA€ (0,1),Va,y € Hy. (2.3)

In a real Hilbert space H, we have the following equality:

(,9) = gllzl” + 3ol — 3z — ol (24)
A differentiable function f is convex if and only if there holds the inequality:

f(z) > f(z) +(Vf(x),z —z), Vz € Hy. (2.5)
Recall that an element g € H; is said to be a subgradient of f : H; — R at x if

f(z) > f(z)+ (9,2 — =), Vz € Hy. (2.6)

This relation is called the subdifferentiable inequality.

A function f : H;y — R is said to be subdifferentiable at x, if it has at least one
subgradient at . The set of subgradients of f at the point x is called the subdifferentiable
of f at z, and it is denoted by df(z). A function f is called subdifferentiable, if it is
subdifferentiable at all x € H;. If a function f is differentiable and convex, then its
gradient and subgradient coincide.

A function f : Hy — R is said to be weakly lower semi-continuous (w-lsc) at z if
T, — x implies

f(z) < liminf f(x,). (2.7)
n—oo
We know that the orthogonal projection of & onto C' is defined as

Pcx := argmin ||z — y||?, = € Hi. (2.8)
yel

By Lemma 2.2 (ii) below this is a firmly nonexpansive mapping.

Lemma 2.1. [7] Let C and @ be closed and convex subsets of real Hilbert spaces Hy and
1

Hs, respectively and A : Hi — Hs a bounded linear operator. Let f(x) = §||(I—PQ)A$H2

then V f is ||A||?-Lipschitz continuous.

Lemma 2.2. [14] Let C be a nonempty, closed and convex subset of a real Hilbert space
H,. Then for any x € Hy, the following assertions hold:

(i) (x — Pcx,z — Pox) <0 for all z € C;

(ii) |Pox — Poy||* < (Pox — Poy,x —y) for all z,y € Hy;

(iii) ||Pcx — z||? < ||z — 2||* — | Pox — z||? for all z € C.

From Lemma 2.2 (ii), the operator I — P is also firmly nonexpansive, where I denotes
the identity operator, i.e., for any =,y € Hy,

(I = Po)z — (I — Po)yl* < (I — Po)z — (I — Po)y,z —y). (2.9)

Lemma 2.3. [15] Let S be a nonempty, closed and convex subset of a real Hilbert space
Hy and {z,} be a sequence in Hy that satisfies the following properties:
(i) lim ||z, — x| exists for each x € S;
n—oo
(i1) wy(zy) C S, where wy(x,) = {z|3(2n,) C (xn) such that x,, — x} denotes the
weak w — limit set of ().
Then {x,} converges weakly to a point in S.
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Lemma 2.4. [16, 17] Let {a,} and {c,} are sequences of nonnegative real numbers such
that

an+1 S (1 - 6n)an + bn + Cp, M 2 1a (210)

where {6,} is a sequence in (0,1) and {b,} is a real sequence. Assume Y .| ¢, < 00.
Then the following results hold:

(i) If by, < 0, M for some M > 0, then {a,} is a bounded sequence.

(ii) If Y07 1 6, = 00 and limsup,,_, . b, /6, <0, then lim,_,o a, = 0.

Lemma 2.5. [18] Assume {s,} is a sequence of nonnegative real numbers such that
snt1 < (1= an)sn + andn,n > 1, (2.11)
Sn+1 S Sn — )\n + Yn, T Z 17 (212)

where {an} is a sequence in (0,1), {\,} is a sequence of nonnegative real numbers and
{6n} and {v,} are two sequences in R such that
o0

(i) Z Q= 00;
n=1
(i) nl;n;o Yo = 0;

(#3) limp— 00 Ap,, = 0 implies limsup d,,, < 0 for any subsequence {ny} of {n}.

k—oo
Then lim s, = 0.
n—oo
Lemma 2.6. [19] Assume x,, € [0,00) and d,, € [0,00) satisfy:

(1) Tp1 = @ < On(@n — Tno1) + On,

(i) Jf O, < 00,

(i4i) n?}?n} C [0,6], where 8 € [0,1). Then the sequence {x,} is convergent with
f[mnﬂ — Tp]y < 00, where [t]; := max{t,0} (for anyt € R).

n=1

3. WEAK CONVERGENCE THEOREM

In this section, we introduce a new algorithm by inertial technique and prove the
weak convergence theorem. In practical applications, the sets C,, and @Q,, are given by

Cn={z € Hy:c(xy) <&,z — 1)}, (3.1)
where &, € dc(z,,) and

Qn = {y € Hy: Q(Axn) < <Cn7Axn - y>}7 (32)
where ¢, € q(Ax,). In what follows, define

fula) = ST = Po,) Az, n 21 (33)

where @, is given as in (3.2). In this case, we then have

V/a(z) = A*(I — Py, ) Ax. (3.4)
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Algorithm 3.1. Choose an arbitrary initial guess x1. Given constant {6,} C [0,0) where
0 €[0,1). Compute x, 1 via the formulas

Wn, = Tn + en(xn - xn—l) (35)
Yn = Wp — Tnvfn(wn>

where Cy, is given in (3.1), fn, Vfn in (3.3) and (5.4) respectively, and

IV fu(yn)lI? + B’

pnfn(wn)
IV fu(wn)|? + Bn

and @, = 0<pn<4,0<p, <1

(3.8)

Theorem 3.2. Assume that inf, p,(4 — p,) > 0, limy,yo B = 0 and > 07, 0|z, —
Tn_1||? < 0o. Then the sequence {x,,} generated by Algorithm 3.1 converges weakly to a
point in the solution set S.

Proof. Let z € S. Since C C C,, and Q@ C @y, we have z = Pr(z) = Pc,(z) and
Az = Pg(Az) = Py, (Az). It follows that Vf,(z) = 0. Using Lemma 2.2 (iii), we see
that

| Pc, (Yn — onV fr(yn)) — ZH2
lyn — ©nV fr(yn) — Z”2 = lznt1 —yn + ‘anfn(yn)||2
yn — Z”2 + @i”vfn(yn)HZ = 20n(Yn — 2,V fn(yn))
—[[Tns1 —yn + ‘anfn(yn)nz' (3.9)
From (2.9) and V f,,(2) = 0, we obtain
(Yn =2,V in(yn)) = (Un— 2 Via(yn) — Vin(2))
(yn — 2, A*(I — Py, ) Ay, — A" (I — Py, )Az)
= (Ayn — Az, (I - Po, ) Ayn — (I — Pq, ) Az)
I(I - Pq,) Ayl
2fn(yn)- (3.10)

41 — 2

IN

V

It also follows that

(wn — 2,V fr(wy)) = 2fn(wy)- (3.11)
Moreover, by (3.11), we see that

lyn =217 = llwn = 7V fu(ws) — 2|
= |lwn = 2l + T2V fa(wa)I* = 270 (wn — 2,V fu(wn))
< hwon = 2P + TRV fa(wi) |2 = 470 f (wn).- (3.12)
Consider,
Hwn_zll2 = “$n+9n(xn_xn—l)_z|‘2

2 = 211 + 2(ap = 2,00 (20 = Tn—1)) + 100 (20 — 2p—1)||?
= |on — 2>+ 200 (x0 — 2,20 — Tn1) + 02|20 — x> (3.13)
By (2.4), we obtain

1 1 1
(Tn — 2,05 — Tn_1) = §||xn - z||2 + §Hxn - xn—1||2 - 5”3771—1 - ZHz (3.14)
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Combining (3.9)-(3.14), we obtain

[@nt1 — ZH2 <l =2 + On (|lzn — ZH2 = l@n—1 — 2[|) + 205 [|zn — 1
+772L||vfn(wn)”2 — A7, fn(wn) + gﬁiHan(yn)HQ — 40n frn(Yn)
—|znt1 — Yn + anfn(yn)uz

= |len = 2l” + On(llzn — 2l” = 201 = 2[l) + 205 ]|2n — zp1?

P f(wn) 2 _ 4pn fi(wn)
Tt + 32 Y I = 7 o) + 5
2 r2 2

IV fn(yn)IZ + Bn) Vgl + Ba

_Hxn-i-l — Yn + ‘anfn(yn)w

< ||1'n - Z||2 + on(Hxn - ZH2 - ||xn—1 - Z”) + 29nH33n - xn—IHZ
L pafalwn)  dpafa(wn)
IV fr(wn)l|? + Bn IV fn(wn)||? + Bn
2 f2 n 4 nﬁ n
+ pnfn(y ) P f (y ) _ Hxn-i-l _yn"‘@nvfn(yn)”z

IV Fa(ya) 2+ B IV fulya) I + Bn

= |lzn - Z||2 + O0n([|l2n — zHQ = w1 = 2||) + 205z, — CCnfl||2

fﬁ(wn)
_n4_ n
puld = P [ () P+ B
2
Conlh—p) =2 eV Ea)? (3.15)

IV fou (g )17 + B

Since 0 < p,, < 4 and using Lemma 2.6, it implies that lim,_, « ||z, — 2| exists and {z,}
is bounded.
From (3.15), we have
f ’I’2L (wn)

liminf p, (4 — pp =0, 3.16
it o = P [ (w2 1 B (3.16)

which implies by our assumptions that
2
lim 7f"(wn) 5
=00 ||V fr (wn) |

Since {||V fn(wy)]|} is bounded by Lemma 2.1. Hence, we obtain lim, . fn(w,) =
lim, oo ||(I—Pg,, )Aw,|| = 0. Also, we have lim,,_, o0 frn(yn) = lim,, o0 [[(I—Pog, ) Aynll =
0

=0. (3.17)

From (3.17), we obtain
im [|zy41 = yn + @V fr(yn)[l = 0. (3.18)

n—oo

Consider,

IIVfZ?ZJ/c:)(TIJS)Jr 0,, IV fulyn)ll = 0, as n — oo, (3.19)

By (3.18) and (3.19), we get lim, o0 ||€n+1 — ynl| = 0. From (3.5) we obtain

OnllV fr(yn)ll =

nhHH;O |wpn — zp] = 0. (3.20)
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From (3.6) and since 7, ||V fn(wy)|| = 0 as n — oo, we get
nh—>Holo |y, — wy || = 0. (3.21)
Consider,

[en = ol < llen = wall + [wn = yall + lyn — 2nga ]
— 0asn— oo (3.22)

Since {z,} is bounded, the set w.(x,) is nonempty. Let z* € w,(x,). Then there
exists a subsequence {z,, } of {z,} such that z,, — z* € H;.

Next, we show that z* is in S. Since z,,4+1 € C,,, by the definition of C), and
boundedness of Jc, it follows that

C(xnk) S <§nk7xnk - I'fbk+1>
< Hé-nkH”xnk _‘TmleH
— 0as k— oo (3.23)
where &,, € 0c(zy, ). By the w-lsc of ¢, x,,, — =* and (3.23), we conclude that
c(z*) < liminf e(a,, ) <0. (3.24)
k—o0
Thus z* € C.

Next, we prove that Az* € Q. Since Py, (Azy,) € Qn,, we have

q(A:Enk) < <77nk»A33nk - Pan (Axnk)>
< Al Azn, = Pq,, (Azn, |
— 0, as k — oo. (3.25)

where 7, € 9q(Ax,, ). By the w-1sc of ¢ and (3.19) imply that
q(Az™) < likm inf q(Ax,, ) <0. (3.26)
— 00

Thus, Az* € Q. Using Lemma 2.3, we conclude that the sequence {z,} converges weakly
to a point in S. n

4. STRONG CONVERGENCE THEOREM

In this section, we present algorithm involving Halpern iteration for strong con-
vergence theorem.

Algorithm 4.1. Choose an arbitrary initial guess 1. Given constant {6,} C [0,0) where
0 €[0,1). Compute x, 1 via the formulas

Wy = Zp+O0p(Tn —Tp_1) (4.1)
Yn = Wp— TnVfn(wy) (4.2)
Tpi1 = Qpu+ (1 - an)PCn (yn - Sﬁnvfn(yn)) (4'3)

where {a,} C (0,1), Cy, is given in (3.1), fn, Vfn in (3.3) and (3.4) respectively, and

Prfn(Yn)
IV fr(yn)ll? + Bn

P pnfn(wn)
" IV fr(wn)||? + Bn

and @, = , 0< pp <4,0< B, <1.

(4.4)
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Theorem 4.2. Assume that {ay}, {pn} and {0,} satisfy the assumptions:

(a1) lim, oo o, =0 and Y " |, = 00;

(a2) i%fpn(4 = pn) > 0;

(a8) nh_)rr;oﬂn =0.

(a4) limZ—’;Hxn —Tp_1|| = 0.
Then the sequence {x,} generated by Algorithm 4.1 converges strongly to a point Psu in
the solution set S.

Proof. We set z = Psu. Using the proof line as in Theorem 1, we obtain

HPCn (Yn — PnV fr(yn)) — ZH2
< lwn = 2l + On(llen — 21° = lza—1 — 201*) + 20020 — zna |

fa(wn) f2(yn)
—Fn 4_ n - Fn 4_ n
o e e w4 B P T P I ) P B
7||PCT,, (yn - @nvfn(yn)) — Yn + @nvfn(yn)HZ (45)
On the other hand, we have
[#ni1 —2[? = llon(u—2)+ (1= an)(Po, (Yn — ©nV fa(yn)) — 2)II° (4.6)

< (I —an)llPe, (Yn = €nV fnlyn)) — 2”2 + 200 (u — 2,Tny1 — 2).
Combining (4.5)-(4.6), we obtain
(1= an)llzn = 2l* + (1 = an)On(llzn — 21 = zn-1 — 2]1%)
fa(wn)
IV fo(wn)[[* + Bn

lznsr = 2l* <
+2(1 = an)pllzn — 2p-1]? = (1 = @n)pn(4 — pn)

Fa(yn)
f(l - an)pn(4 - Pn) ||an(yn)||2 + B

_(1 - O‘")HPCTL (Un — eV In(Yn)) —yn + %an(yn)H2

+2a,(u — z,Tp 1 — 2). (4.7)
From (4.5) and p,, € (0,4), we have
1P, (Y — onV fu(yn)) — 2| < [lwn — 2| (4.8)

On the other hand, we have

lZn + On(zn — Tn—1) — 2|
||xn — 2| + Onllzn — -Tn—lH (4.9)

[[wn — z]|

IN

Combining (4.8) and (4.9), we get

lomu + (1 = an)Pe, (yn — ©aV fn(yn)) — 2||

anflu = z[| + (1 = an)[wn — 2|

anflu =zl + (1 = an)lzn — 2l + (1 = an)Onllzn — 2nal]. (4.10)
By (ad), we see that ¢ = U=0n)0ullzn=znoall o Hence it is bounded. Set

Qn

M = max{||u — z||,sup ¢}. (4.11)
n>1

[

<
<

So, (4.10) be comes
|Tnt1 — 2] < (1 — ap)llzn — 2| + an M (4.12)
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By Lemma 2.4(i), we can conclude that {z,} is bounded. Using Lemma 2.5 and 2.6, from
(4.7), we have

Sn = ”xn_Z”Q?

2o (u — 2, Tpy1 — 2);

O0n = 2(u—2z,Tpt1 — 2);
fs(wn)
An = 1—ap)pn(4—pn
(= andon = )G w7 + 5
+(1 —ap)pn(4 — py
(=)ol = )G 7 2 7 B
+(1 - Oén)HPC” (yn - Qonvfn(yn)) —Yn + @nvfn(yn)nz (413)
So (4.7) reduces to the inequalities
Snt1 < (1 —an)s$n +apdy,n>1 (4.14)
Spy1 < Sp — An + Tn- (415)

Let {ni} be a subsequence of {n} and suppose that

lim A,, =0. (4.16)
k—oo
Then we have
lim (1 — ay, )pn, (4 — pn k
B T A e T
T%k (ynk)
+(1 - ank)pnk (4 - pnk) (417)

IV frur, (Yni ) 12 =+ By,
+(1 - O‘nk)”Pan (ynk — O, V fny, (y’ﬂ/k)) = Yny, + O, Vn, (ynk)HZ =0

which implies, by our assumptions

2 2

L L SN 0, "R
IV fruy (w0 )2 IV fou (i) 12
Hpcnk (ynk - @nkvfnk (ynk)) — Yny t @nkvfnk (ynk)” —0

— 0 and

as k — oo. Since {||Vfn,(wn, )|} and {||V fn,(yn,)||} are bounded, it follows that
Sy (W) — 0 and fi, (yn,) = 0 as k — oco. So we get klim (I — Pan)AwnkH =0
—00
and lim ||[(I — Py, )Ayn,| = 0.
k—o0 k
As the same proof in Theorem 1, we can show that w.(x,, ) C S. Hence there exists a
subsequence {z, } of {z,,} such that z,, —az*€S.
From Lemma 2.2 (i), we obtain
limsup(u — z,z,, —2) = lim(u—z,2,, —2)
k— o0 =00 ¢
= (u—z,z*—2)

< 0. (4.18)
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On the other hand, we see that

Zng+1 = Yn |

lan,u+ (1 = an, ) Pe,, (Yn, — @iV Fag (Yng)) = Yny |

A llU = Yni | + (1 = an)IPo,,, (Yny — Pni Vi Uni)) = Uny |l

[l = yn, | + (1 = an ) P, (Yni — €0 Vi (Yni) = Ynie + 00,V i (Y|

+(1 = any ), IV frur, (Y
— 0as k— oo (4.19)

So, we have

IN A

[Zret1 = Tl < NZns1 = Ynell + 1Yns, — Wa | + lwn,, — 20, |l

— 0as k— oo (4.20)
From (4.18) and (4.20) we obtain
limsup(u — z,zp, 41 — 2) < 0. (4.21)
k—o0
Hence, we get
lim sup 6,,, < 0. (4.22)
k—o0

Using Lemma 2.5, we conclude that the sequence {z,} converges strongly to z = Psu. m

5. NUMERICAL EXPERIMENTS

In this section, we provide some numerical experiments in compressed sensing. In
signal recovery, compressed sensing can be modeled as the following under determinated
linear equation system:

y=Azx+e, (5.1)

where # € RY is a vector with m nonzero components to be recovered, y € RM is the
observed or measured data with noisy €, and A : RN — RM (M < N) is a bounded linear
observation operator. It is known that problem (5.1) can be seen as solving the following
LASSO problem [20]

1
in —|ly — Ax||2 subject t <t, 5.2
2ERV QHZ/ 2|3 subject to [z} < (5:2)

where t > 0 is a given constant. In particular, if C = {x € RN : ||z|; <t} and Q = {y},
then the LASSO problem (5.2) can be considered as the SFP (1.1).

The sparse vector x € R¥ is generated from uniform distribution in the interval [—2, 2]
with m nonzero elements. The matrix A € RM*¥ is generated from a normal distribution
with mean zero and variance one. The observation y is generated by white Gaussian noise
with signal-to-noise ratio SNR=40. The process is started with ¢ = m and let z; and z¢
be randomly.

The restoration accuracy is measured by the mean squared error as follows:

MSE = %Hxn — 2|3 <1074,
where x,, is an estimated signal of x.
Let 7, = W in an iteration of Yang [8] and 7,, as (1.6) in an iteration of Gibali et

al. [10]. We choose the parameters p,, = 3.5, = p = 0.5. and
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. 1 .
0. — mln{nl.llxn_a;nlIQ?e} if z, 7é$n—17
=

0 otherwise.
The programme is implemented in MATLAB 2018b. We consider two cases as follows:
Case 1: M =256, N =512, m =10
Case 2: M = 2048, N = 4096, m = 100.
Then the numerical results are reported as follows:

TABLE 1. Computational results for weak convergence theorem

Method Casel Case2
CPU TIter CPU Iter

Algorithm of Yang [] 1.0991 69 535.6640 76
Algorithm of Gibali et al. [10] 1.7102 84 953.0753 94
Algorithm of Kesornprom et al. [11] 0.0314 43  1.8135 42
Algorithm 3.1 0.0302 32 1.6537 37

Next, we present the comparison of Algorithm 4.1 and Algorithm of Kesornprom et al.
[11]. We set the parameter o, = n%rl, z1, Tg and u are generated randomly. Then we
have the results as follow:

TABLE 2. Computational results for strong convergence theorem

Method Casel Case2
CPU TIter CPU TIter

Algorithm of Kesornprom et al. [11] 0.0088 39 1.7686 48
Algorithm 4.1 0.0086 30 1.3352 36

We plot the graphs of original signal and recovered signal.
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Original signal (N=512, M=256, 10 spikes)
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1 Recovered signal by algorithm1 (32 iterations, CPU=0.0320)
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FicURE 1. From top to bottom: original signal, observation data, re-
covered signal by Algorithm of Yang [8], Algorithm of Gibali et al. [10],
Algorithm of Kesornprom et al. [11] and Algorithm 3.1 in Case 1
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Original signal (N=4096, M=2048, 100 spikes)
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Recovered signal by algorithm of Kesornprom et al. (42 iterations, CPU=1.8135)
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Recovered signal by algorithm1 (37 iterations, CPU=1.6537)
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FiGURE 2. From top to bottom: original signal, observation data, re-

covered signal by Algorithm of Yang [8], Algorithm of Gibali et al. [10],
Algorithm of Kesornprom et al. [11] and Algorithm 3.1 in Case 2
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The error plotting of Algorithm of Yang [8], Algorithm of Gibali et al. [10], Algorithm
of Kesornprom et al. [11] and Algorithm 3.1 is shown as follows:

107" F T
—=— Algorithm of Yang
—— Algorithm of Gibali et al.
—— Algorithm of Kesornprom et al.
—*— Algorithm 1
1072 ; 3
w
@
=
1073 E
104 E x i
0 10 20 30 40 50 60 70 80 90
Number of iterations
F1GURE 3. MSE versus number of iterations in case 1
107" E T T
—=— Algorithm of Yang
—— Algorithm of Gibali et al.
—— Algorithm of Kesornprom et al.
—*—Algorithm 1
102 E!
w
2]
=
108 =
10

100
Number of iterations

FIGURE 4. MSE versus number of iterations in case 2
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Original signal (N=512, M=256, 10 spikes)

100 150 200 250 300 350 400 450 500

Measured values with SNR=40
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50 100 150 200 250

Recovered signal by algorithm of Kesornprom et al. (39 iterations, CPU=0.0088)
T T T T T T T T

50

100 150 200 250 300 350 400 450 500

Recovered signal by algorithm?2 (30 iterations, CPU=0.0086)
T T T T

50

100 150 200 250 300 350 400 450 500

FIGURE 5. From top to bottom: original signal, observation data, recov-
ered signal by Algorithm of Kesornprom et al. [11] and Algorithm 4.1 in

Case 1
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Original signal (N=4096, M=2048, 100 spikes)
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FIGURE 6. From top to bottom: original signal, observation data, recov-
ered signal by [11] and Algorithm 4.1 in Case 2
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The error plotting of Algorithm of Kesornprom et al. [11] and Algorithm 4.1 is shown
as follows:
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FI1GURE 7. MSE versus number of iterations in case 1
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FIGURE 8. MSE versus number of iterations in case 2

6. CONCLUSIONS

In Table 1 and 2, we see that the convergence of the sequence generated by Algo-
rithm 3.1 and Algorithm 4.1 have number of iterations and CPU time less than Algorithm
of Yang [3], Algorithm of Gibali et al. [10], Algorithm of Kesornprom et al. [11] , it shows
that our algorithms have a better convergence than other algorithms. From Figure 1-8,
we can apply our methods to recover the original signal.
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